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Week 1 : k Nearest Neighbors and Bias/variance tradeoff

Core Regression Model

· Y = f
*

(x) + E

· X is feature rector

· Y is numeric response

** Som relationship

· E is random noise

Identity : E(Y)x = x] = f
*

(x)

The regression function is the conditional mean.

Training Data

· builds estimate for
*

· used to predict new inputs

Training -> Estimator -> Prediction at Xo

k Nearest Neighbours (KNN)
· Nk(xo) - The number of closest training points at20

· Euclidean
,

assume no ties

· Prediction based on average nearby points

Training error vs Testing Error
· The training error is evaluated on training data

· Always Optimistic
· Testing error is far more accurate

· For KNN : Training error goes down as K goes down

· If K = 1 (1 group of cluster)
,
training error = o

· Testing error U Shaped

small k- overfitting -> high test error

Large- underfitting -> high test error



If K is chosen from training
error . The training data is

used twice, Once to fit the

model, then once to evaluate.

Cross-validation (Breaking Loop)

· split training data into m folds

· For each fold train on m-

· Test on remaining fold
· Average error

Important Identity

E(Y(X = x) = +
*(x)

Y=
*
(x) + E

Expectation is linear

True regression function is average output

at a given input.

Average out errors for m folds

Once you calculate all possible

L
,

cross validation candidates

Then choose lowest average C

error.

Then retrain all data.



In Sample Risk (Errin) : Error on a special testing set that

has same input but new Yi.

The gap is the difference between In sample risk and

training error.

Total Risk : gap + training error

Quantifying Optimism
· ECErrin] = E[Errirain]+ [Cor(ki , Yi)
·

covariance is how much models prediction

changes based on training target (Yi's)
· High covariance means Noise is followed very

closely. (High opemism)

Effective number of parameters (w)

· This is to minimize the total risk

w = Cov
· large w - > complex model

, gap is large

small w -> model is simple , gap is mall

Bias Variance Tradeoff
· 3 sources : irreductible error (02)

↳
↳ natural noise in dataset

Bias : too simple does not capture patterns

-> variance : too sensitive,

Emperical Risk Minimitation

· low training error does not always mean good

· Simple model F (high training error (

· Rich/complex models (overfitting



Week2 : Linear Algebra Review

Trace
· For square matrix

,
sum of its diagonal entries

Tr(AB) = Tr (BA)

Linear Representation
· rectors can be linear combinations of each other

n = [3)
,

vz = (() ,

v = [ =)
v3 =

- 2vi + vz

· rector is linearly indep ,
if it can't be

made up using other vectors.

· rank is number of lin indep vectors

in matrix

Col Rann(A) = Row Rank (A) = Rank (A)

Sub spaces
· two rectors are closed under addition and multiplication
· R + yEV , aXEV

dim of subspace v is largest subset of lin indep rectors

· Span : Smallest subspace contans every possible

linear combination of those vectors.

· Basis : Span is equal to subspace . Minimum building blocks to create

every vector in that subspace.



Orthogonality
· two rectors are orthogonal if their inner Product xTy = 0. A vector

is orthogonal to a subspace where its perpendicular to every Vector inside the subspace.

Orthonormal matrix : every vector perpendicular to every other vector and unit

magnitude of one. (Preserves angle and length)

Property : UTU = UU" = I

· For 2 by 2 Orthonormal matrices
, these are ones

that either rotate or

reflect

· Preserves length llUxIle = 1x1l2

·Preserves angle <Ux , Uy) = < X1 Y

SUD
· Breaking down Matrix into X = VEVT
· U has orthonormal columns

,

V is an Orthonormal matrix
,

E is diagonal matrix.

Spectral Decomp : symmetric square matrix
,
Ax= *1 (A times eigenvector)

Positive Def : X"Ax is always 0

Positive Semi-Def : XAx is always 10.

Eigen values also determine definiteness

=

Projections iver
2

· Vector V, subspace S S

v - v + S

The residual is perpendicular to subspace ,
because removes all components of S.

Minimizes distance

11V -USE = 10 - VIP + 18
- up

IIN-rl2110-ll

Iterated Projection : Drop VI into S2
,

then drop result ins ,



Week 2/3 : Optimization

· ERM/Emperical RiSk Minimization)

↳ finds prediction rule F = Efo : 00) that minimizes average loss.

· gradient : direction and steepness
,

Vector of first derivatives

· Hessian H : tells You curvature

· Taylor Expansions - (B)T8 subject to 11011 = 1

8
*

=
-B)

· approximate complex functions (Jf(B)/
· Fastet descent (-JF)

j = - JF(B)
· f(B + b) = f(B) + J 3B3

x 7f(B
· f(B + 5) = f(B) + St(p)i5 + =0 Hf(B)o

is proportional soon
· g(0) = f(B) + 58(B)Tg

Local minima

# (B) = f(Bo) if llB-Boll < &

If you pick any B close enough to Bo.

the function value at B is not smaller than Bo

local minimaE global minima

(maybe)
Necessary condition : Yf(Bo) = 0

, Slope is 0
, can't have immediate decrease

Sufficient condition : JHBol = 0 and Hf(Bo) is positive definite
,

Bo is local min

(guarantee)

Gradient Descent Algorithms
· take small steps down till flat hill

· First Order Algorithm : XnH = Xn-an &f(Xn)
L

· Stop when 118F(x[ nextrent
Newton Raphson
· uses second order E Hessian

curvature

· Xn + 1 = Xn - Hf(xn)
+ ]f(Xn)

· uses slope and curvature
,

faster but more expensive



Convex Sets
· A Set A CIRO is convex if :

for any two points 4,9 in the set
, every point on the straight line between

them is also in the Set

A ,
1A2 is convex

xx + (1 - x)ytA ,
for xE(0, 1) if they are individually convex.

·

A

:

B ~
Connex non Convex

· convex functions:ax + 11-919) x-Flnation
value in

· convex means : curve stars Middle
under line

· Examples : F(x) = (x) · convex set Ex : F(x) 13
f(x) = max (x , 0)

Proving Convexity

1) Hessian is PSD

2) First order tangent line condition fly) ? F(x) + JFCX" (y -x)

if JF(Xol = 0
, xo is global min



Week 3 : Linear Regression
· linear regression Fis(x) = Bo + Bixit .... BpXp

B = EBo ,
B ....

BP) unknown parameters

·

model predicts number Using weighted Sum

· Loss function (RSS) : RSS(B)= (gi - Po - B, i- .... Bpxip]

· Matrix formulation :

x = [i] cnx
· response rector : Y = (g) ,

prediction : XB = all predicted vasas

RSs(B) = 11 y - XBIR

· RSS is a quadratic function of B.

↳ gradient Trss(B) =
- 2xY + 2 xiXB

HRSS(B) = 2 xX

· solution is unique when Vank(X) = P + 1
,

colums of X are lin indep

·Projection matrix : p = x(xTx) "xT
Y = PY

Subset Selection
·

choosing subject of features instead of all of them in lin veg
· reduces error, avoid overfitting

2 ways

1
. Search Strategy (try diff subsets of predictions)

2 . Scoring rule (find best subset

· Score = Fit + Penalty
Rss(Bm) = residual Sum of squares for

m

· Common Choices include : Mallows CP
,

AIC
,
BIC



KNN 7/9
- non parametric

,
supervised,

no functional form

- K is only key param

- distance based Votingaveraging
- No training Phase (stores datal

crossfoem fars
- train on m-1

,
test on leftover

-

average outerrors
, choose lowest K

L
.
R- has effective number of params - P +

kNW-effective number of Params depends on 1

E . P=

↳ how flexible model is

small K- low bias , high variance (wiggly

Big K-high bias
,

low variance (smooth

Bias = error from simplifying assumptions

Var : sesitivity to training data.

Ax = matrix. Scalar (weight)

xiy = 0 Orthogonal

vir = UUT = 1
-> Orthonormal preserves angle/length

PSD => Kouvex function

P -> projection Matrix
, clostest point to subspace

aTx + 6 -> affine -> convex

Gradient Desc XnH = * R + <TF(X)

Newton Raphson XK+ = X x - [Hf(x)] "JF(X)

If convex
, global min= local min



Midterm 2



Quiz Content() bullets)

Linear Regression
Ordinary Least Squares solution

supervised learning predicts numerical response
TRSS(B) =

- 2x(Y - XB)
model formulation : Y = X B + E :

XT(y - XB) = 0

YEIR" : response Vector

x
+

y - xxB=en
E is noise

xTy = xxTB

·

minimize : Rss(B) = 11y - XBI
L . R : Objective :

B = xTy(xxT)
-

· Choose Best B parameters
RSS (B) = 11 y - BX11

Proof for solving:

Trying to choose Best B coefficients
- 2x[y - BX)

so that we minimize RSS
xT(y - Bx) = 0

x Ty - BxxT =0

B = x
+ y(xxT]

Projection Matrix
y = XB L . Ri 11y - XBI

sub back in : y = x(xix) "xTy R
. Ri 1ly - XB12 + 183B

L
.

R : 11y- XB1R + 141B

|t = x(xix)
+ xiy

⑰3
Projection matrix projects y onto column space of X

Linear regression Ridge Regression

y = XB + E -> y = By + 1xB12

Minimizing RSS :
B = (xTx + + ]) xiy

as X increases
,

less flexible,
min 11 Y-XBIR less effective param

OLs : B = XxixJ'y -> if pin
,

not Harsher penalty ,
lower variance

unique

projection Matrix : Should Shrinkage
shrinks by · G

6j+4

H = Hy For 4 = 0
, df = P

where H = XTx (xix)
Projection

matrix is H= H
,

H = I

symmetrix
and indeponent trace (H) = P

number of Params

high variance
,

low dias



Ridge Regression given BOL= (3,
1
, 5) X = 2

OLS : minlly-XB1
show variable Selection

B Bi = + 1( + 1)

Ridge Adds : 12 Penalty =/

B x
= arg min (11y-XBI + X11B1)

Biz = ( + 1) ( - 1)
= - 1 - 0

Bjz = (+ 1)( + 1)
40 = /

11 Bl2 = BTB

Penalize large coefficients to reduce variance

Shrinks them toward Zero

Sx =
matrix that mapsI to

fitted range

Closed Form Solution For ridge, yo= Say
JB = -2x"(y - xB) + 24B

Sy =
x(xTx + 41)

+

xT

0 =
-2xT(y - xB) + 24B

xixB + +B = xTy Not orthogonal projection

Factor (xix + x1) B = X Ty Ridge Shrinks regularization projection toward o

B = (x+y)(xix + XI)

model behaves as if it has less effective parameters , Shrinkage

dr=
arg 117-XBI + XIBI

Ridge Main Takeaways B = (x +y)(xix + +1)
· shrinks coeffecients xix + 4 I

·Smaller coffecients -> lower variance = (9) + [0i) = (12)
· Shrinkage pulls away from truth -> bial inverse

(2) (2) = [5 17

Higher 4 = more penalty
- lower variance

,
higher bias

TwoForms
only penalize coeff ,

not intercept,
that

1) Penalized : Min /19 - XBI + XB
X would only shift up/down

eigenvals
· Eit

2 . ) Constrained : minlly-XBISE /BIR It more

of XTX

of radius It
3 intuitive singular

: E
only allowed to choose is inside ball vals

of X

For every
,

there exists radius t



Lasso Regression
· stands for least absolute shrinkage selection operator

Core Definition

· minimizing RSS with an L , norm penalty on the coefficients making the

Objective function is : min lly-XBI + X /IBII
BEIRP

- is a tuning parameter
,

controls bias/variance trade off
. Larger X

,
more Shrinkage

key properties
· variable Selection : Unlike ridge, some coefficients can be set to

↳ performs automatic featureSelection if Bo
,

feature does not affect final
Predictions

· Lasso constraint region is diamond shape. geometry ?

· Lasso objective is convex because RSS term and 21 are convex.

Meaning : local min found is global Minimum

· Equivalent Constrained Form : #
=

solution under orthogonal design
-

Each Prediction is

uncorrelated and
· closed form solution exists if design matrix is orthogonal (xix = 1) contains completely
↳ solution for each coefficient given by soft-thresholding

independent information

lasso - Sign(B)(14% 31 - +(2) becomesO
if magnitude ofLeast squares is smaller than 4/2

,
lasso estimate

= + 1(2) = 2EX . GivenXT3)
plasso

plasso - -I (0) = 0

4 = 2 = 1(-0 .
5) =0. 310 = 0

· Lasso lacks closed form solution, therefore uses coordinate descent (good for

large Data)
converts High Dimensional -One dimensional problems

· optimize one coeffecient at a time



Coordinate Descent process

Bj = Sign(2i)((zil - 4)
1) Compute residual : V = y - XB

2j is partial residual correction

2) Measure correlation with residual : Zj =I
Big value -> feature matters r= y - XB

small ral - feature useless I = XTj

3) Apply soft thresholding whereIj is correlation

Bi = G2i
- + , 2591

12i1 = 4

zj + /zj) - 4 Bols = (sign Bi) (Bil-4)
= + (3 - 1)

= 2

Gradient Descent : 3 -> (2 , 0)

· update all parameters at once
= O

Bk+ 1 = Bk - xJf

nexstep last - learning times gradient
v = y - XB [it] (003 = 0

, 07
SEeP rate z = Xip

v = (2) - 10 , 0]
v

= [2 ,
0] (h) + (3, y

2 : [it] . (20
2 = 59

, 03 -> Sort threshold

(1 , 0)



Polynomial Regression
- type of linear regression

· Linear regression we assume data can be fit using straight line Y= mX +

· When data is non-linear or curves
,

we use a bending term x2
,

x ...

Higher Degree = more flexible But can overfit.

· f(x) = Bo + B, x + B2x

· uses expanded features
,

that are transformations of X

↳ Basis expansion

· splines are broken down parts of small polynomials together
↳ Breaks X axis into pieces.

· The joining points of these polynomials is knots

· cubic splines : each piece is knot of degree 3 Polynomial

↳ smooth curvature :

function is continuous on both sides of knot

first derius continuous

second derius continuous

· spline basis functions : prebuilt building blocks automatically Create piecewise Cubic behaviour

and enforce smoothness at knots.

Natural CubicSpline : Forced to become linear at boundaries
-> Piecewise Cubic Polynomials
-> smoothness at knots

-> boundary constraint
,

second deriv=

How to find "solution" Dimension of CubicSpline Space

1 . ) choose I nots
· k + 4 -> -conditions

2. Build spline basis function

3 . ) Fit usingos : B = (xix)"XTy
· Natural Cubic :

KnewboundarieSe



smoothing splines

· Fit data, penalize curve
· knots at every data point.

min & (yi-f(xi)) +Pr(x))dx
· controls complexity by Penalizing Curvature

from 4.
-

fit data smoothness Penalty
· Degrees of freedom for smoothing splines

,
same as ridge = Say

,
If = tr(sa)

· I controls tradeoff

& large -> almost linear -> lower variance

4 small -> high curvature -> higher variance

Questions - Practise

Ridge regression : Objective function is : J(B)= (yi-Bo-EBixis)+ X EB

X = 0 -> same as OLS

& increase means less flexible, effective number of params decrease

Coeff's Shrink toward Zero

4) +(x ,
B) = (1 - x

-B)+ (a) + B
3 .) 10 knots, 11 intervals

g(x) = Bix + 2 : means

Using Coordinate Descent :
I slope param B;

I intercept param Xi

Fix &
,

minimize over B
2 x 11 = 22

f(x) = (1 - x - B)2 + 1x1 + const

22-10 knows

(1 - x - B) + B
minimize : Dimension = 12

c = 1 - x

(c - B) 2 + B2
M Knots

,
I extra conditions

Expanding
,

we get B= on front and last
, meaning

dim = mPlug back
: 1 - X - B = 1 -a

into f

i

long expansion : min(x-11"+ 1 . 14)

1 - 1 =0

2 = 0 · (0
,

(2)



Regression Trees

· Building Predictive models by recursively partioning feature space into smaller regions
· Top-down greedy approach

· partition feature space into non overlapping sub regions . RI
,
RZ .

... Ri

· Tries to choose smart splitting rule to give greatest reduction in RSS

· greedy nature is from making best split at that moment.

· predicted value K is average of response variables (yi)

·

growing tree until every leaf is small leads to overfitting (high variance)
&

↳ cost complexity purning

cost complexity purning : instead of minimizing RSS
, minimize penalized version

PRSS(T) = RSS(T) + X1T1
, where tis number of leaf nodes and

alpha is tuning parameter

& large values -> smaller trees

a small values -> Larger trees

· Effective number of

key Properties Params = number of

· very interpretable and easier to explain lear nodes .
· automatic feature handling
· invariance

· high variance

·Predictive power



Midterm 3



PCA-Principal component Analysis
· finds new principal components that capture as much variance as possible
· Reduces dimensionality , clean directions with most signal
· all principal components are mutually perpendicular

· works best for linear models/distance based

Computation Process for PCA

· Center the data (subtract mean from features

· compute covariance matrix : > E = +xX
↓

· Find eigenvectors and eigenvalues of covariance matrix
n is number of observations (rows)

↓
~ ExplainedPrincipal how important

components that PC is

(variance)

· sort by importance
,

then project data onto top K PC's : > z = XVk

Ex
UK is top k eigenvectors

given 41 = 3
,

02 = 2
, 43 =

Find amount of variance per PC
Find number of components needed to keep atleast 85% of Var

1) PC : 58 = 62
.3%

62 . S + 2S

PC2 : E = 25%
3 = 87

. 5 %

PC3 : g = 12
.

S%
keep PCI and PC2

To find eigenvalves Jet (A-11) = 0

(A - XI)v = 0

variance lossed = Sum of unused eigenvalves



Need to Memorize
- overfitting higher variance/low bias

-underfitting : high bias , low variance

Linear Regression
- Model : Y = X B + E - Objective : min 11y-XBI
- Prediction Y = X (xix)"XYy closed form solution : B = (xix)xTY
- Hat Matrix H = X (xix) " XT

- Hat matrix projects y onto column space of X

- Effective number of Param = trace (H) = P

↳ Equal to number of p features

- 2 main properties of Hat matrix .
H = HT

,

HE= H

- affine function : Bo + B, .... Bp2p Often better in Practise


