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Lecture 2 - Complexity

Comparing Algorithms
· Optimality
· Elegance /Explainability
· Time complexity
· space complexity

order of Growth
· problems grow in decideability
· rate of growth relates to constant

, linear , polynomial , exponential

· Beyond"Problems are undecideable

·

Big 0(0) : upper bound - worst case

· Big Omega (11) Lower bound -> Best case

Big Theta L@) Tight bound -> average case

For any 2 functions f(n) and g(n)

f(n) = e(g(n) if and only if ful = 0(g(n)) and f(r) = -- (g(n)).



Lecture 3 - Recursive complexity

Recurrence Relation - math equation that defines a value using earlier

values of itself.

Recursion-functions calling themselves

General Form : An = Can I , an 2 f into smaller versions of same problem.

EX : - Recursive Algorithms
- Growth processes Base Case: Most Simple Version of

- Time complexity problem. (Termination condition)

complexity and implementation matter
, iterative solutions are harder to

understand
.

Recurrence- > Time Complexity

sometimes recursive has worse time complexity

T(n) - Actual running time, run algorithm

Process

· Write clean recurrence relation

· unwind

· Add base case

· unwind and do itn times.

Recursive call is not TCn-) Do many

Examples
· constant reduction :

T(n) = 0() + i(n -c)
· unwind it T (n) = o() + T(n- C)



Lecture 4- P and NP

· An algorithm is good if it scales well as input size grows

0(1) -> oClogn) - 0(n) -> O(nlogn) -> 0(n2) + 02") + ocn!

· n is like the number of oxes you must check

· Easy problems run in polynomial time

-> up to OCnH
· Hard problems have no polynomial time algorithm

·Split at polynomial time as real world problems should be "easy"
↳ closed under composition (theory

cook-Levin Theorem

· Let X be any problem in Up , then XI SAT
. Boolean Satisfiability.

· Every problem in Up
,

can be transformed into SAT in polynomial time.

Class P : Polynomial Time - problems we can verify a solution fast

class NP : Non deterministic polynomial time . (Hard to find solution
, easy to check.

Decision problems - ↑ and NP are defined for only yes/NO questions

· Relationship : PENP
,

if you can solve a problem fast. You can verify
it fast. (Every P Problem is in NP)
· IS P = NP (if we can verify a solution Quickly , can we always find one

Quickley.

SAT is the hardest problem in NP
,

every up problem can be translated to polynomial

time . XI SAT
.

Can be reduced to SAT in polynomial time.

NP-complete : hardest problems in NP.

NP-hard : if a problem a can be reduced to B . Where B is in all of NP .



Reduction
· way of solving problem t , using a solver for problem y . If you can turn x intoy ,

solving y also solves X
,

so X is no harder thanY

· Form of Transformation.

· Every instance of a should be transformed to an instance of Y
.

conditions :

1) Fast transformation ; (takes polynomial time
XpY

2) Answer is preserved (Angwer is same in both x/4) X is no harder

than y.

Reduction is how we prove problems are Up-hard.

· Transitive Property : XZ and 21Y

Then : XY
· SAT is like a bench mark

(any up problem can be translated to SAT).

X is up-complete if : X is in UP and every Up problem reduced to X.

A is up-hard if for all BEND, BE PA

A is NP-complete if A is NP-hard and AENP

If A is Up-complete and AEP
, P = NP.

(if it can be solved in polynomial time

Mental Recipe

1) Write down "Yes" versions of each problem

2) What do these problems have in common (proof of objects)

3) Force one to look like the other (choose parameters ,
add numbers

,
nodes... )

4) Prove the two directions preserve correctness



Quiz : complexity and up-completeness
2) first loop is o(n)

1) 1st for loop - O(n)

Then I cases inside if
then second loop is 0 (n)

statement are : O(logn) ↳ but actually i x2 gets

o(n) dono faster. So logh
would think its 0(n ?)

but this case is negligible due
:. on logn)

to the exponential increase of z
in if statement.

.. O(nlogn) 4) 0(0 . c) + 0(c) ·0return)n -c

3) T(l) = 0(1) 0 (1) + 0 (logn) · 0 (n)

Base case : OL 0 = (Hlogn)

T(n) = O(n) + T(n/2) log

van= 0(n) + o(n) + T(4)

T(n) = O(n) Ollogn) ->
how many

timesn isk
= 0 (nlogn)

If we can prove K-coloring can
5 .) E = Genezes ... 3 Student mapped to exam

be reduced to Eis
,

we can say

k 13 ETs is up-complete.S = 351 , 32 , 33...3 K = time Slots

I timeslot> I exam

-coloring
a = 3

k-coloring 2 ETS
A

⑧ k colours min up complete

⑧
⑧

1 .) Proof in NP

go through every exam (n exams)

ensure only 1 per timeslot
. Verifiable in OCn)

check each Student
,

exams against every other exam.

Do this for m student
. So 0 (m) · O(n

2)
This is polynomial timee.



Timeslot -> colours (k)

# adjacency
, no two exams that I student has

- I

-

can be same timeslot

· Nodes -> Exams
-

3

Students:
can't have two exams in same timeslot . They
are represented by edges. Because no two nodes

set of color is at same time (no two exams) can be

same colour .

At most a student will have I exams

When converting fromcoloring to ETS

created relational mapping from input to EST

3) show reduction is polynomial time

· 1) Show = k in 60th Problems (02)

· 2) made graph with nodes -> exams O(M)

·3) turned edges to students -> 0 (n) and made relational mapping with 2

exams

· 9) : O(u) is polynomial time

4) Answer preserving

· Assuming coloring is "Yes"
, we know there is distinct colors such that

adjacent colors are different and each edge connects two nodes (2 exams)

↳ this implies the students have 2 exams at different distinct timeslots/
colours .

· Assuming ETS "Yes" theres a number of students and exams
,

sot there

are no two overlapping exam timeslots which implies no two same colors

is touching.



Lecture S-NP and Reduction

A problem x in NP ,
is NP-complete if

all problems in NP reduce to X.

If any NP-complete has a polynomial

time solution P= NP

once a problem is NP-complete
Stop looking for solution

To prove Np-completeness

1) show Problem in NP

2) Show every problem in up reduces to your problem [NP-hard)



Tutorial 2 - Partition Reduction to subset Sum

S : 3 x 1 ,
x 2

,
x 3

,x43 sum(s)) = sum(se)

51 : (x1 , x33 S2 : &x2, x43

S :(Ex , x23x3 ... 3
I

k = 5 JS(sum) = R)

1) Showing partition- Subset Sum

Partition : [ (si) = E(S2)

Subset sum : SES
,

s . t Elsi) = k

2) key Insight

E(si) = E(S) = El
"Is there a subset whoseSum is half the total "

3) Define reduction

given an instance of partition :

k =22
output to subset Sum instance (S

, K)

computingSum is O(n)

: The reduction is in polynomial time

4) correctness proof

if you can partition subsets to som equally
that must be half of total sum. .

Elsi) = E(s)/2 = k

if subset Sum is true that mean som

must be positive even.

3((z) = 3(s) -E(Si) = 2)
So size form valid partition

3) Up-Completeness conclusion

subset Sumis [Np(O(n)) time

partition I subset Sum

Partition is up-complete

: Subset Sum is up-complete



Tutorial 2 - Subset Sum Reduction to Partition

If subset sum reduces to partition , partition is NP-hard.

Since partion is in NP, partition is NP-complete.

Why Obvious Idea fails correctness Proof subset => Partition

t = E(S) Assume Subset Sum(S, K) = Yes

if subject sum has solution1 : S2 = S/S · JS,
Es with E(31) = k

and E(S2) = t - k
, where t = E(s) · Let Sc = 5/s, so &(si) = t-k

But, we need E(si) = E(52) NOW if s = SUEX3

put
Si

= Si vEx

only works if k=-k => k = E S2' = S2

Key Idea E(si) =
n + (t - 2) = t - x = E(s'z)

add an extra number X
,

so balance total

k + x = t - k Partition => Subset Sum

x = t - 2k · Then s splits into A ,
B

Assuming Partion exists

Define reduction split s' into A
, B with erral sums

t = E(s) E(s) = t + (t - 2k) = z(t- 1)

x = t - 2k E(A) = E(B) = t -k

New Set:
3= 50 EX3

Added element x must be in ye sets

s is the new input to partition Then &(A/Ex3) = (t -1) - (t - 22) = k

computing sums is O(n) polynomial time

A\Ex3 ES

Sum is1

· subsetsum Partition

subset Sum is up-complete

Partion is NP-complete.



Unit 2



Lecture 6-Divide and Concover unit 2

· follows recursive structure based onn

· if n is small
,

solve problem directly

Large ~

1) Divide : Break into subproblems

2) Conquer : Solve subproblem recursively

3) Combine : Merge subproblem

Merge Sort
· divides list based on position

splitting is : o(logn)

· splits list into two halves
, recursivelysorts them, ↳

uses merge function to combine sorted halves merge is : O(n)

·Complexity Onlogn) -> For all cases

↳ space complexity : O(n)

Quicks or E

· divides based on value rather than position
· Pivot element , partitions list into 3 Sublists . Less than

,
equal to and

greater than. -

· worst case t
.

c is O(n
2)

· Best/Average case is 0 (nlogn)
· Advantage : space complexitya
· Pivot strategy stays same

Binary Search
· divides Search space in half

, picks subproblem that contains target
Xsolutions. Searches based on z rounds



Lecture 7 - Divide andConquer 2

· Maximum stock profit : buy low and sell high

·

Brute Force Approach : enumerate all dry and sell days : t . C of O(n2)

Divide and Conquer Approach :

· Divide : Split list into two halves

· recursively find max profit

· combine; the best profit . May be in both separate groups. Calculated as

max (Pr)-min(p1).
· Result : returns maximum of left profit , right profit and crossing

Profit
.

conquer : Best profit fully inside left half

Best profit fully in right half

Best crossing split
, buy in P.

,
sell in Pr

if best buy is in left,
best sell in right

Max (Pr) - min (P1)

·Complexity : reccurence relation T(n) = 2T (n/2) + 0 (n)·
· Problem transformation : Change (i) = pricedi) - priceSi-1]

Often checking 3

The maximum subarray problem cases.

· find largest subset of contigors array
· stock profit transforms this by calculating
daily change, change(ij = Price (i) - Price (i -1)

· Sum of the change array is best stock profit (positive change isgood days



Divide and Conquer Algorithm
· split array at midpoint
· recursively find max subarray in left and right halves
· combine : find maximum crossing subaray by iterating from midpoint

outwards to find bet sum that spans both halves

· complexity is onlogn/

Real World
· Bioinformatics , sports analytics

, image processing



Divide and conquer-3

· How the game determines When2 players are close enough to interact.

Brute Forces
·Check all possible pair of players. But is olny

Divide and concaver
·

preprocessing : sort points based on X
, Y Coordinates. Onlogn)

· split into 2 halves : PL and PR
· Recursively find closest pair in left OL and right half Or.

· Combine : must check if absolute closest Pair consists of one point from

P, to Pr.

· get x
, y vals

, split down middle (Left and Right)

· G is the minimum of OL , OR

↳ need 2 distances -> min(OL
, 82) + one distance

·

only check points 8 within middle line

they can't beat our current best =

· green rectangle of 28 Width

only points within this distance can be smaller

· only check a pink rectangular box of o x 28 region around
each point

· sorted by Y ,
have to check next s points, guarantee to

catch all possible pairs

T
. C : Onlogn)- better than Grote force



Divide and Conquera

Pair sub problem
· if set s contains ,

two elements that sum to target K.

· Brute Force On>)
*

Optimized solution
· Set S : gets sorted O(nlogn)
· use two pointers (at the start and counter at the end

S = En , n2 , n3
.... nn3

* ↑
pointer

Pointer ( j

· if the current Sum t < K
,

more left pointer up Let ·
if t > K

,
more

the r pointer (r-- .

· This improves complexity to onlogn)

Two-Set Pair Sum

· This variant takes a number from eachSet (S
,

32) which sums up to K.
· same approach : 31 = 3 3

,
s = 3 3

↑ #

Pointer ( pointern
↑

Subset Sum
· Find subset of elements that add to K.

· Standard Brute Force is 2" possible subsets

· optimized version

· Divide into2 sets equally
· generate all possible sums for each half , creating gets Al ,

Az .

These new sets have 2 elemente.

· combine : Use two set pair Sum on A
,

A2 to see if any sum from left t

right is equal to K
. Total t.

C is 0(2 . n)
↑ Exponentially Better



Pair Sum-Main logic -> Two Set Pair Sum (S
,
K)

def Pairsum(s , k)
· Sl

. Sorte

S2 . Sort()
n = 13 . length
1 = 1 While 1 = and r = 1 :

r = n
t = S

, [1] + Sz(r]
t = s(l) + s(n] if t == K :

if t = = k : return (s
, (1)

,
Sz(r])

return (SCL] , S(n])
elift < k : 1 + =

elift > k
elser - =

S(n) = S(n- 1)
return none

elift k

s[] = S(2 + 1)

return non e

Longest Tree path-Tutorial

Initial I deas :

· split subtree based on nodes
, split

↳ or subtrees with xamt of edges

· From each subtree we need to calculate longest edge, then add them
&

· recursive call should be reducing subtree space while counting edges

· about 2 furthest apart nodes

·Key Idea is I cases : max height is either through root node or child path

·
length= best child + second best child +



Quiz 2

1) - Pile of gems
- can only compare pairs :

- only care about min/max

Pseudocode :

function minmaxine (A
,

L
, R) : key Ideas : Compare 2 at a time

# Base Case keeprducing sample size

ifL = = R : and compare overall at

return (A(L)
, ACR) end

if A[n] == 2 : [3 , 35][ ,
9

,
6

, 17
if A(l] < A[r] :

no

min/max 11

else

return (ACL]
, ACRI)3 L R

return ACr]
,
A[L]

mid = n//2

(in,manmadem]
Direi

overall
-

min = min (minL, minR)
overall

-
max = max (max

,
maxi)

I

return (overall -

min
,

overall
- max

Q2) list with both pos and neg Solve (A
,

L
, R)

keep reducing subspace and comparing if ( = = R :

Base case if list is I element return (best = 1
, pref-1

, Suff = 1
,
first

, lat,

strictly greater mid = (Itr) 1/2

[3 , 7 ,
6

,
-2

,
-3

,
3

,
2
, 3) Size( = mid-1 +

Size R = R-mid

[3 , 7 J
cur-count : 1

if last2 FirstR :

Cross = Suff + prefr

else :

cross = o



Q1)

def Min
-max-dnc(A ,

L
,

r ) :

- where I and r are

indexes
iflen(A) == 1 :

return (AS1] , A(1])
if len(A) == 2 :

return (min(A[I], A[2]) ,
Max(A(1)

, A223)

mid == (en(1)//2)

(minL , max1) = min -
max-dnc (A

,
L

,
mid

(minR , maxi) = min -
max-Onc (1 ,

mid
, r)

global-max = max (max L
,maxr)

global-min = min (min L
, minR)

return (global-min , global-max)

%2) - recursively call current elem
,

+ next elem to be checked
,

current longest streak

- strictly greater base case

- Base Cage: if len(t) == 1 :

def max-increase -
One (A

,
cur-elem

,
next-elem

, longest-streak
if len(A) == 1 :

return

longest-Streak = o

if cur-elem next-elem :

longest Streak+=

return max-increase -
Onc (A ,

cur-elem + 1
,
next-elem + 1

, longest-streak)

else :

return max increase-one (A, cor-elem + 1
,

next_evem + 1
,

longest streak

if Leftlist(r] < Rightlist[L] :

longest-Streak = longest-Streak + Nen(rightlis)

return longest-streak



N 3)
def name-dupe (A , L

, r)
if len(A) ( = 1 :

return False key Ideas :

mid = n/2 :

check left side and right

(oopeL , Sett) = nape-dupe (A ,
1
,
mid side for dupes then crossover

if dupt : returnTrue between the 2.

(dupeR
,

SetR) = nape-Gupe (A ,
mid + 1

,
r)

if dup R : return False

if Set L intersects Set R

returnTrue :

return (False, 3A3(
-

&4) key Ideas : Split left and right

then add up Even and odd globally
then final compare

-recursively call smaller subset by reducing /increase mid

def majority- even-odd (A
,

2
, r) total-even Even-r + Even-1

total .
odd = odd-r + odd-l

majority= none
if total-even >total-odd :

if len(A) == 1 :
return "Even

is - even = A(l] % 2
elif total-even (totalodd ;

if is - even == True :
return "ODD"

return (1 , 0) else return "Tie".
eise :

return (0 , 1)

mid = ((1 + u) /2)

leven-r
, event) = majority -

even-odd (A ,
L

,

mid

Codd-r , 00d-1) = majority - even-odd) A , mid + 1
,
r)
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Greedy Search-Lecture I unit 3

· greedy problems are optimization problems defined by set of potential solutions, feasibility
constraint , target function and goal of finding min/max value.

↳ how good proposed solution is

Roadtrip Problem
· roadtrip electrical Vehicle , minimizing number of charging stops

· greedy Strategy : Sort charging stations based on distance from start.

From current location : repeatedly drive to furthest reachable station before stopping
· complexity is : Onlogn) for initial Sorting ,

o(n) for selecting

imme
R is distance most distance, you can travel : Sj-Current-Position &R

· t is next gas station not reachable
, t-l

,
most reachable station.

Proving Optimality using Induction

· greedy algos are easy to design but hard to prove it's optimal solution

· to prove optimality : argue locally optimal choice is part of globally
Optimal solution ,

when greedy choice is made
, remaining problem is optimal

Proof by Induction
· Base case: destination is reachable in single charge . (zero stops)
· Inductive Hyp : Assume it works for Size K

· Inductive Step: show it works for K +

- n is number of stations

.OptimalsolutionPro eto (montreal)
.

Drive to furthest station you can reach
,

then repeat

1) Base case : n =0
,

best case no stops needed
, straight drive is enough O stops or

no Charging Stations

2) Inductive Hyp : Assume : for any trip with K or less stations between start and destination

3) Inductive Step : if theres KH Stations
, greedy picks furthest reachable S ,

not sit

given 0 = EQ
,

02 .... 63
,
the most optimal route a can't be past the furthest

station. OI ES

Key Idea: Stopping at s gives at least as much as ol ,
you can create another plan with same

same amount of stops 331-63 plus optional remainder



Exchange Argument
· Replace O

, with Si

Define : 0' = (S1 , 02 . . .. d)

If oz reachable from ol ,

S1201
,

thens gives

atleast as much reach :

1011 = 101

General GreedyParadigm
· sort objects based on criteria (specific)
· RepeatedlySelect next item in sorted list,

if it does not violate constraint . Continuing until no more possible selections.

If there exists feasible solutions
,

there is atleast I optimal

Matroids Theory ?

def roadtrip (i ,
Stations (3)

n = len(stations) =

t = i + 1

While En and reachable (t ,
Stations(t +3)

t + = 1

if t = = n

returna

eise

return [tS + roadtrip (t , stations



Greedy Algos 2
Optimization Problems
· 4 main parts
-> set of potential solutions
-> feasibility constraint

-> target function (to maximize or minimize
-> goal to find the best value

To find the options that satisfy the feasibility constraint by sorting,
then iterate and check if satisfied.

Activity Selection Problem
- maximize total number of activities Selected from set A

,
each activity has a

Start time si and end time (i.

· Feasibility constraint: No 2 activities can overlap , start of new

activity must be 1 (later/after first activity finishes) (start ; finishi
· Sorting Strategies : earliest Start time

, shortest length , longest length , Optimal is

sort by earliest end time.

↳ Finishing early leaves max room for other activities.

Greedy Algorithm Pseudocode

· sort activities A by end times
· Add first activity al to solution set S

.
Current-end = al finish time

· For each next activity , if Start I last Finish
,

choose it.

· Iterate through other activities if its start time isI current-end
add it to s and update current end.



Optimal Proof
· Base Case n = 1

, only time for 1 activity
inductive hyp: assume K + 1 activities

· inductive Step : greedy chooses earliest finish time

F(01) :F1
,

because as finishes earliest

replacing01 with al ,

al finishes no later than 01
,

so there must be

anything compation with OI is compatible with al.

removing all overlapping activities, less than EK activities remaining

fief(0)

The finish time can only be as arick as optimal

finish time.

Note : if activities have same duration
, choosing earliest finish time = choosing

earliest Start time. Because Finish time = Start time + Constant, so EFS
,

is

dependent on Start time

def activitySelection (activities) :

sort activities by ascending finish times

avere = [ ]

last finish = -x

Least Overlaps,
does not guarantee

for every activities :
Optimality because it may block shorter

activities.
if Finish ; 1 Start ;

append to Quere

last
- finsh = finish j

else

break

return a veve

If activities carry different weight, Can't use greedy
must use dynamic programming.



Greedy Algos 3

Coin Change Problem
· Provide exact change using fewest possible coins

·

Strategy : repeatedly select max coin value that is less than or earal to remaining
amount.

-> Feasibility Constraint : coin value - remaining balance

or current coin value remaining balance

· pseudocode : While remaining amountcr) greater than Zero
,

find largest coin value (VER)
add it to solution and subtract from remaining balance.

· limitations : greedy approach works with Standard Canadian money but may
fail with "weird" coin values ·

Of if we don't have unlimited coins

Pseudocode:

-> Take largestCoin Im Change = []

-> subtract it remaining = m

-> Repeat untill remainder =
while remaining-balance > 0 :

V = max coin value

Change += 1

remaining-balance = remaining balance - v

return change

Optimality Proof induction

1) Base Case :

↳ check small amounts Manually mcS
,

best pennies

...... if3 < mc10
,

use pennies + nickel .

...... if m = 200 -> 1 toonie

2) Inductive Hyp:

↳ greedy gives optimal solution for every value EK

Where K < 200
· assume works up to k

3) Inductive Step :

↳ Since K + 1 > 200 : greedy must choose a toonie first
,

S = E200, rests
,

after removing 200,

KH-200K
, remaining part

, next page



compare with any optimal solution

Let o be optimal for k+,

any optimal solutio must contain toonie doe to highest value,

if FH-2001K
, remaining part must be optimal for smaller value·

Platform Assignment
# of overlaps is # of

platforms needed
n(at , (t)

↓ platforms
, always enough for n trains

Minimum & platforms
, means as many trains n assigned as possible

1) sort trains by arrival time

2) keep track of platform availability,

↳ min heap to quere up,
which platforms free up fastest

AlgorithmPlatform that frees up earliest

2) If thatdeparture current arival :

-> reuse platform

3) else make new platform
,

add this depart time to heap



Greedy Algos 4

knapsack problem
· A dag with capacity C

· Items each with a value and weight
, pick items to maximize total value,

without exceeding weight capacity C.

· o/l knapsack problem : you must take a full item or leave behind
. No greedy algorithm

Will be optimal for this
, implication of no polynomial time algorithm.

↳ Hard to : balance high value items
,

low weight items
,

capacity -> solved by dynamic
programming

· Fractional Knapsack : if you can split items greed works
,

pick best

value/weight ratio first.

Greedy Idea :

·Calculate unit value =ave ,
sort these itemsa

· keep choosing best unit valued item until 1 Capacity of bug
· Take full if possible

, if not
,

take as much as possible

· stop When capacity = full

Optimality Proof
- if item does not take as much as possible of highest

value item
,

if there is anything of lesser value
,

it can't be optimal

- Base case :Al = 0
,

no objects

-Inductive Hyp : assume FKS finds Optimal solution when IK objects where OK.

- After reducing problem
,

it works locally with smaller subset.

s = EP. . ... Pr + 13

0 = 20...-
Ok + 13

First choice has to be same
, if 0P1 , then there exists O > P ;, any weight from item ;

would not change best value increase



-Quiz3Questions
as

1) True
,

would mean you can't finish the trip ~

2) False, Finishing early still matters
,

to start next activity

3) False
, always take highest ratio possible

~

~
4) True

,
coin system not canocical

,
would mess up how cents are calculated

Pseudo codes

1) mission-deadline (days)

↳> amt or gems

↳> I day to complete

↳ I mission at a time

Maximize target function for gems.

constraint : Choose next soonest deadline
,

if it can be completed before it expires
,

it tie

then choose higher gem mission.

Iserdocode IdeasI -

- sort gems,
sort missions by gems (descending)

- schedule "best"missions

Let m = max deadline on last possible days

create Scheduling Quere -
if + missions have

same deadline
,

choose

For every mission in sorted list higher gem one

for day from d to !

if Queve(day] empty :

highest gam mission there

adda total

break

Every mission = same duration

latest available dayI deadlide.

work backward from deadline .

Leaves more time for earlier deadline missions

protects tighter readlines



2) Rough I deas
A = [3

,

3
, 194, 2]

- diff size eggs
- increasing order

- only reverse k eggs
Pseudo Ideas

- k securence -reduce number ofa needed to sort list

- swaps k number of elements, -swap front of list in alternations

-Choose largest K value ,
then keep reversing

function takes in (list)
Find largest elem in list

n = len (list)
if already in last index

,
Skip Sorted = false

else flip to front, While list is unsorted

then flip to final position for elem in listSwap

at most 2 flips per elem
With K = 2

if unsorted
with k =

Greedy nature : keeps finding largest remaining. sorted = true

return K Sequence

Spanning Tree

#



Unit 4



Unit 4 - Dynamic programming Lecture

· Premises: Way to solve big problem by breaking it down to sub problems and versing their answers

Steps :

* saves you time
,

from repeated calculations
1) Break problem into sub problems

* reuses Calculations

2) solve each subproblem

3) Stone answers

4) Reuse them instead of calculating

D.escribe State
- use indices to describe which subproblem we are solving.

- use recurrence relation to describe how to compute biggerState Using smaller state

Coin change Problem - revisited

-give exact change with fewest Coins

-greedy strat : Keep choosing next highest valued coin.

↳ not always optimal and has limitations (type of currency,
number of coins)

Dynamic programming Solution
· Problem is broken into finite decision tree

,
each node is subprobem.

· Identify identical subproblems solve them to find optimal path

· recurrence relation : defines optimal solution based on sub problems

-> Min
- Coins(n) = 1 + min Smin-Coins (n-c)

,
min-coins (n-(2) ...... Min-Coins(n -(k)

- where Cl
,

C2 ... Ck are values of the coins .

· Logic : at min you needI coin
, then add coins needed for remaining value; 1 + min Coins(v-c)

MinCoins(v) = min number of coins needed to make Value v,

Mincoins (12) -> tries all 3 coins 1) 1 + Mincoins (11)
,

2) It Mincoins(8)
3) It Mincoins (3)

· Base Cases: Min-Coins(0) = 0 and Min-Coins(x) = N
,
if x o

↳ O money needs o coins L invalid solution
, they owe you money

Two table types
· Bottom-up

, used When order of subproblems is known
,

store smaller problems at top

· Top-down
, subproblems avent obvious

,
start from goal recursively explore

· current state = function (smaller states)



Time complexity is O(KV)
, recursion is Slow

,
because it builds a huge tree. But this gives

an optimal solution always .

·Store answers once
in table

,
O(nK) · where K is number of coin types

,
n = change

Actual T
.
C Using DP is O(n)

Traceback : A[12] = 1 + A[8] ,
what coins created the answer

12 -> 8 -> 4

3 Steps Using Dynamic Programming
1) find a recurrence relation and base cases

2) Determine Parameters that define each subproblem

3) Define table -> store optimal solutions

4) Determine order -> fill table ensure subproblems solved before larger ones

3) Extract solution -> working backwords or storing extra information

· Time complexity : O(ku) ,
K is number of coin types

· Traceback : extracting coins from table is 0(n).

· oncem gets big enough,
answer will always use a greedy works

aftera

· DP solves small cases
, greedy works for big.



Dynamic Programming- 2

Problem Board Cutting
·cut a board of length n into smaller pieces to achieve the maximum possible profit

,based on provided Price table

· Brute force by checking all n -1 possible cut points , resulting in exponential time comple

↳ time complexity : 0 (2-1)

· greedy strategy : not always optimal, getting most valuable piece may not leave room for smaller
pieces with better selling prices.

To solve any length n
, try every first cut

. Pick max value

i) Recurrence Relation : Op[n] = max(price(i] + op(n-1))
,

first piece value + best value of remaining
-> start with some first cut

,
look at all possible options, pick max of the remaining

board.

· Base Cases : max-value (0) : no wood left = no money dP(O] = 0

max-value (x) = - if X 0, invalid board cut

Pseudocode:
create list

cut-wood(p, n) loop through board Size

v = [7
test ever first cut

and O compute value

k = len(p) I keep best

For every more Store answer

curmax = O

for i from I to k

cur-max = max (current-max
, p[i] , + r(i -i])

add to r

return p

2) Define Parameters : subproblems are defined by Single parameter : the board size

3) Define Table : only one parameter
:

ID table used to store optimal profit for every lengthI to n .

4) order of Filling : table is filled in increasing order of board length , ensuring solutions for smaller

boards are available , when calculating max value for larger boards .

3) Extract solution : determine specific cuts made, algorithm stores length of first cut,
for each optimal subproblem

,
then easy reconstruction.

2 Methods

· Price (i) + dp(n-i)
~ Op[i) + Op[n -i)



Simplified Approach
- double for loop

,
first through each length 1-n to

compute best first cut ,
then second time withht1

, to find

next highest value.

15810 13 17182223303135

Value is best price for that specific board length

which uses best first cut + best remaining

If finding val for certain board length for 6.

I-s are filled
, try all first cut + best remaining and take max

Best first best remaining.
Cut

Pseudo code : max-val(n) =max- 1
selling Price() + max-val(n-1)

Selling Price () + max-val (n -2)

:
3

r(0] = 0

for i in range (1, n + 1) :

best = o

for j in range (1
, it) :

best = max (best-first-cut, price (i) + r[i-i)

r(i) = best

return v(n]



Dynamic Programming

Grid Traversal problem
-given grid intersections

,
each road ledge) has cost, only right and down movements are allowed

- start top-left (0, 0) go to bottom right (m
, n) . Find minimum total cost.

- only can choose paths with down/right.

- Naive way: trying every possible path
. Slides grow at 0 (2mm)

Greedy Approach
· treat grid as graph , each intersection = node

,
each road-edge with cost

↳ expand node with smallest current distance from Start

-> works for only positive edges
,

uses Priority Quere OCElogV]
-> dist(neighbor] = min (dist(neighbor]

,
dist[virent]+ edge-cost) -> Cheapest Place we can reach next

DP Approach
· OP[i][j] = min cost to reach cell (ii)

Base case : MinCo, 0)

-> must come from [i-1
,

i)
= above

(i , j - 1) -> left

· each cell is best path toneighbour + edge cost

· 0 (mm) time (grid size) Building DP Table

dp[i][j] =

min( g I 6 14

Op[i-1][i] + cost-down 7 S 812

Op [i] (j - 1) + cost-right 11 78 13
O

C 14 9912 12 Total

complexity: O(mn)

Table only tells min cost to reach that

cell
, need to trace backwards to find

the path . (Follow neighbour that recreates val



Dynamic Programming - 4

The knapsack problem
- Each item has weight and value. The capacity is limited by backpack

- choose items St total weight Capacity while maximizing value

- o/1 problem only chooses full items. Total 2 possibilities. 20 items = 1 million combinations
-

dynamic programming Uses smaller decisions
,

by taking or not taking items
, becoming smaller problem.

Dynamic Programming Solution

-> 2 main cases

Case 1 : include item n
Case 2-Don't include

-value gained = value (n] - best-value (n-1
, C)

- remaining capacity = C-weight (n)

Then solve smaller backpack Combine and take Max
items : 1... n -

capacity :(- weight (n]
· Take larger of 2 :

value (n] + Jest Value (n-1 , c-weight (n]) Maxual (n, c) =

~ max (
best remaining

value(n] + dest-val (n-1
,

c-weight (n])
· Every subproblem is defined by

dest-val (n-1
, c)

C
number of itemsConsidered and remaining capacity.

Base cases : if either n = 0 (no more items) or capacity = 0 full backpack

complexity : 0 (n xC)

T . B : 0 (n)

-> mass/capacity
& 0 0 0 0 0 100 100 100 100 Still NP-complete

,
depends on C

0 0 0 70 To 20 100 100 100 100 O(n x24)
O 0 O 2070 70 100 100 100 110 path []

F cur best path
000808080100i so iso Iso

while cur =!
0 O 25 80 80 80 los Iso Iso ISO

I diff, means take item G
cur = prev [Cur]

O O 25 80 8080 103150 160160
reverse (path)

↑
Traceback : take last column find difference

items
in entry , means you took it.



Tutorial - Longest CommonSubsequence

- find longest sequence of characters that appear in both strings and in the same relative order
- order matters

, shipping is allowed

Dynamic Programming
- DP[i](i] = length using first i chars of s , and chars of 52

- Base cases : no sequence : Dp(0)(i) = 0
,

DP(i)(0] =

- at each match take it or leave it.

EX Sea1 : X = ABCEG SAB
111

y = BEAGSCD

Answer= BEGS -> Length = 4

· Time complexity : 0 (n . m)
· space complexity : 0 (n . m)

Ex X = ABC compare sili-1] = Sz(i-1]
y = A

if equal add it
11 A C

DP(i](jj = 1 + DP(i - 1)(i - 1
III G O O

else :

A G I I DP[i] (c) = max (DPCi-D(i]
, pP(i)(i-1)]

B O I I

Diagonal match

C O I 2 Otherwise more max (up, left)

(ignoring Char from S1) or Lignoring Char for S2)



Dynamic programming Quiz

True/False

1) True - it remains valid because it calculates cost to reach that point , accounting negative weights

2) False - if you take first match
, you may block future longer subscavence

3) True-if K is polynomial ,
the DP solution runs in O(n . K) times

Pseudocode Ol

Ideas : Cell (mass
,

radius)

consumable if mass , me
,

VIL Ez

return max number of cells eaten

sort by mass and radius ascending order

DP = 1 . n > each cell on its own
,

chain =

Parent cell = 2-1] . n

for i in range(n)
dp[i] 120 : 1 + max)dP(5] for all i <(i)

for ; in range (i) if; mass < i mass

and j .
rad ci .

rad
ifi. mass <i

. mass and j .
radci

.

rad

OP(i) = max (dP(i)
, JP(i) + ) -

-> chain can be extendedif DP(i] + 1 > DP(i)
DP(i] = DP(j) + /

Parent(i] = j

max-len = max(DP) + P(j] + 1 < Op(i]

Traceback min (OPCi]
,

OP(i -1) + cost)
Chain = 1

best-end = max-index (dP)

cur-end = best-end

while currend !=

chain
, appendeur - end

cur-end = prev [cur-end]

return (max(dp)
, chain)



Pseudocode #2

key Ideas : allowed to cut words into smaller words but must be palindrome

- want to use as less cuts as possible

At every index i
H = len(s)

assume worst (cut everything DP = CO2 n- > min cuts for s(0-i]

- loop through all ;
for i in range (n) :

- if i = = 0 : no cuts
·PP(i) =i> worst case make i cuts

eise DP(i - 1) + 1

take minimum
for i in rang liti) : -> Where last piece starts

if is palindrome (s,i ,
i) -> check substring

Traceback :
ifj = = 0 :

i = n - 1

Cuts = < ] DP(i] = 0

-> whole sobstring s(0 + i) is palindrome
While i = o,

for ; in range (if) eise :

if is palindrome (s, i , i) DP(i] = min (DP(i) ,
DP(j - 1 + 1)

if j = = 0 or DP(iT == DPCi -1 + 1 :
return DP(n-1

↳ take best cuts before, add

for this
cuts . append(s(i : i + 13) Split

i = j -

break

cuts. reverse.

Helug

·okork
must land on astroid

Bug : for k in range assumes distance between astroids

are dependent on n /length of astroid list)
, which is false

Fix : Use proper distance asteroids (-1)

2) Clif num[i] < = nums[i - 1) :

this is a bug , because if caval it shoud not be

allowed in wiggle sequence.

Bug 2 :
up-down + 1

,
down

assigns a tople instead of number

should just be up=down#

down = up +



Unit 5



Branch and Bound Unit = S

· Paradigm for Optimization Problems . Try all possibilities butSkipClearly bad ones.

· Branch-split problem into choices

· Bound-estimate how good a choice would be
.
If worse than found solution

, stop exploring path.

· Lower bound : Min possible cost of any solution fully extends partial solutions. LB = current cost + guaranteed future
· Upper bound : estimate of best possible extending p

. Often found using greedy/ good guess
· global upper bound :

Cost of best solution discovered so far

· goal : minimize search space to optimal solution
,

more lower bound up by finding better solution ,
and

upper bound tells us if this bramen is worth exploring . (Locally prome branches

AlgorithmSteps

1) InitializeSet of partial solutions (Lib) With first solution

2) Each iteration choose P from Li6 that is the best current solution

3) If P is full solution
,

return it

4) Extend P by one direction

↳ if nower bound IGU
,

add it I promising path
↳ if upper bound - Gu

,
update Gu (better complete solution found

Shortest Trail
· goal : minimize numeric target function of distance

· Feasibility constraint : total time 1 a hours

· Labels [a, b] ,
where a is lower bound

,
6 is upper bound

·

computing bounds on Live being optimistic
, orange being full possible time

· path is pruned if optimistic time exceeds a hours
,

or worse than current best

Template
def branch-bound (s) :

Lib = E3 3 keeptracaFill li6 with partial solutions

while1i6 not empty

find P S . E ↑ minimizes lower bound

if P is full solution return & ifFullon

Found
else

L16 . Pop
Keep looking

for all p that exter P ] ifbetterparit is
if lowerbound ! Global upper bound

add p to lib
-> found better

if Upper(p) 260 -> better solution complete solution
6 v = Upper (P)



Branch and Bound 2

Knapsack Problem-0/
· Description : given items with weights and values

, trying to maximize value
, while staying under capacity

· empty set
,

then branch decision trees taking A or not etc

· lower and upper is eachnore having its
own bound

· prone if upper (p) = Gu

· Representation : Partial solution represented as sequence of O's and I's .

· Lower bound : cost so far (total value of items decided not to take) + guaranteed future costs (value of items

· Upper bound : use greedy heuristic
,

based on unit value (value/weight)
left out due to capacity constraint)

walkthrough maximize version

· lower bound : current value taken

· upper bound : fill remaining capacity with best remaining items

· Take item 1 : LB = 3 (val of item)
,

say leavesI weight
,

fill best remaining : Upper found = 22.

Then compare current best with global best

Minimize problem
· lower(p) = cost left out+ value forced to lofe

upper (p1 = cost left out what you could lose

Improved Lower bounds

· techniques to improve pruning by grouping into disjointed sets
,

individually exceed remaining capacity,

Forcing at least one item to be dropped.

· causing more pruning , by finding conflicts between items



Branch and Bound 3

Job Assignment
·

assigningn jobs toa people to minimize total time. Each person does exately one job
, intelligently proces space

· greedy is not optimal from O(n ! ) ->

key Ideas

· Build ression tree to assign next job
, upper bound : assign each person lowest number job not assigned then greedily

choose next best remaining. Lower bood= min possible time for every unassigned jot
· For table choosing each job best person ,

could mean I person gets assigned twice
, assigning by person , may have same jo

· calculate GFC per job/ per person . Minimum cost you guaranteed to pay for remaining assignments

· these give Eighter baseline and opperbound uses greedy approach

· Any partial solution whose LB - GU
, pruned

CSF : What you've already added

6FC : best case future (everything remaining is as cheap as possible) - lowest possible cost
,

if we ignore

EFC : actual complete solution
, usually greedy constraints

LB : CSF + 6 FC

Up : CSF + FFC

Branching choose next item
,

check if LB , UB still possible

If LB = UB
,

you can prone



Quiz S : Branch and Bound
1) True

,
if bounds are correct and search is exhaustive BnB is optimal

2) True
, Feasible future cost uses greedy to estimate opper cost

3) False
,

But can be as slow as brute force

Bound Computation Questions

Objective : cheapestPossible Path from Base to 3 different planets,
back to base .

Initial partial solution : (1
, , ,

1)

a) for initial partial solution
.

Lost so far = 0.

-
more logic to FFC

6FC : Choose next smallest each time 8
,

10
,

12 + 1
. Then back home

Nova , Vega,
Echo

take min of each column because
, we will have to more from each planet atleast once.

min (8, 12
, 10) = s GCF = 0 + 26

min (7, 9
, 14) :3 = 26

min (1
,

13
,

6) = 6

min (9
,

12
, 5) = 3

LB = 0 + 26 = 26

FFC : use greedy solution
,

choose next smallest more every time. Base -> Nova - Echo-Vega-Base
8 t C + 6 + 9

up = 0 +32 = 32

= 32

c) (1 ,
2
,
- -

,
1)

6) All possible solutions

E
21 ,

2
,, 1)

that extend one Step : (1 ,
3 , 1) I B = (5F + 6 FC

11
,

4 , 1)
LB = 8 + 20 min of remaining (9 ,

6, 5) =20

- Can Visit any of the 3 planets first = 28
es

6

Up = CSF + FFC FFC : best move is to echo
,

then echo to vege

up = 8 + (a+6 +9)
then vega back to base

a

= 32

O2) Maximization of value
,

with C = ) at most

-partial solution : (-- ,
---,

a) LB = CSF + 6FC

CSF = 0 (best of remaining possible) (use fractional knapsack ,
best unit value item)

6CF = 23 take all of item 1 Chighest unit val) , take all of 2
,

take half of item 3

LB = 23
value : group X1

, X2
, X3

,
omit Minimum = 14 +9 = 23

6)(1 - -
- - ) CSF=12

, because wecan she

Up = CSF + FCC 011 Problem , take item 1
, 2

,
thats it (0 ---- -) ? LB = CSF + 6FC

if we take item 1
, 6F2 = 9 X 2

,
43 x 3, 74 x2x4

= O (10 , 14) (14 , 9) (18 ,%
(B = 12 + 23

FCC = 69-34 (how to differentiate ?) (18
,

14
, 9)

up = CSF + FCC

= 35 FCC = X 2

=
35 (69 - 16 +18)

up = 47



Branching and Pruning
QS) n arears on nxn chessboard

. St no z areens can't share row ,
column or diagonal

s by s instance

a) representation : column of areen in row : (C, 22, 13
,

C4
, 23)

-"Not assigned yet.

root node"
-----

1

# a First Literations would be , meaning you care place are in second can
Pos (1 , 2) ,

(2, 1) or (2,
2).

So first iteration is anything inColumn
Branching C - - - - -)
Tree

second iteration was (1
,

1
, , 1)

(1 ,
2, 1. , ) iteration 1 -> (1

, , x1) (2
, ... ) (3

...n)(4..... ) (S
...)

(1 , 3, , , , 1) iteration 2 + (1 ,
1 , ... ) (1 ,

2 -- -) (t
,

3 - ..) (1
,

4
.. ) (1,

5. . . )
(1 , 4

, 1 , 1)
11 , 5

, 15 (
3C) Bound robs are valid so far : (B = UB =

if (B = UB = &
, Prune

For level I all positions are valid

For level 2 : if we use (1 , . . .. ) then

Positions (1 . 3 .
... )

,
(1

, 4 .... )
,

(1, . . . .) are valid

and founds are (S
, S]

31) Pruned solutions would be (1
.

1
. . .. )

,
(2,

2000) or (1
,

2 , 1)

4)F ABC, triangle : min 3 free a) (fa, + , B,
fc

, fe)
F3 Each entry is assigned number frequency

edges = constraints
"
-

"unassigned
-> root (-

,
- - - ,

-
, -

Multiple Vertices can share same frequency as long as

they are not connected. 6) Root : (
- 1

-
,

-
,

-i

minimizing number of distinct frequencies used
Iteration 1 : assign colors to any of each vertex :

(1
, , 1) (-

,
1 - )

....

4c) For our root mode
, we need at least 3 colors

ABC
, triangle

Iteration 2 : Assign D
.

Dis not connected to A, so

Greedy solution would use (1
,

1
,

2
,

3
,
2) we can reuse colour , or introduce color 2.

Bound : (3 , 3) (1
,

1, , , Free

(1
,

2
, 1) 2,

, , , )
For all partial solutions bound is (3

, 3) ↓ ↓

L1 , scoil 2
.

1
,
01

40) All solutions optimal
, proved you can't do better (1

,

i
.... ) (1

,
2

, sixi)
no benefit of expanding.


