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Lectute 2 - Complexiby

Compaimg  Algorithms

" Offimali by

* Elegance | pAPinability
* Time complexy by

¢ Spae Complex. &y

Otder oF Glowth
© PloblemS  qrow n dec.‘éewbih'@
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Lectwre 3 - Reculsive compexity

Reccuttence  Relation - Math Quatron thab defines o ualve vSing  enflief
ValeS of i3l

Recursion - func brows colling  Ehemsele

é&neml FO\(M: On = ‘F(ﬁn'l,an'l--') mio  Smaller  Versions oF  Same WOHQ’V]

i - Recursive Algor i thms

~ browbh  Processs Bose use. Mosy  Simpe  Vefsoon of
- Time  ComplexitY Problem. [ Tetm inator.  Cond réion)

Comelerrby and  imgementation  Mateel, (tefatVe  SolubronS  afe  hardel 40
undersdand.

Recuitence —> Time Compexity
Somelkimes  (Lewsve ey Wovse  Lime (omplexatY

T(n) - Actval funning  dime  qun algor shm

Recursive function complexity

Process
How do we find O(T(n))? . Wtite Clean fecLyviente  velation
Substitution/Expansion UW:’Y\d

T(n) = O(1)+ CAdd bese Case

T(n) =0(1)+

T(n) =0(1)+0(1)+

T(n)=0(1)+0(1)+0(1)+...+0(1)+T(n-n)

» Unwind ond do ik n o Hines.

Recuisive  coll 45 nop  T(n-) PO Many
Cong bant (educkion: erpryples

Tn)= OL1) + T(n-¢)
* Unwind ¥ Tln)= 0Cl) + T(n-c)



Lectkvie 4- P and NP

'An o.ll:]oh'bkm S 3006 it Scaies waul ay  infut SiZe ﬁrg]u_s

0(1) = oflogn) - 9ln) — Olnlgn) = 0(y?) o'V ocn!)
N iS  NiXe dpp number of bxe>  you musk Check

. Easi’] P(OEL@M'S on imn POlnyc;w‘,‘a,] él'k/le,

-2 up o 0(n"

- Hard  Problems  have 1m0 Poly pomiaal bimg  aWorithm

C i ad Polynomal  bime aS  real wond  problems>  swould be 'easys
Ly closed omder  cormposiiron ( theovy)

ook -Levm  Theorem

« Let % be oang froblrt n NP, len % & SAT. Roplean Sou'rrsft'ab{'h‘éy.
* BNety  gioblem g0 NP, cen  be  Hansfoimed ko SAT in polynomial Lime.

Chss P : Polypomial Trme- ProbemS we  (an velitya (oluion $ast
Class NP: Non  debel ministie Polynominl  Bime. (Bagd 4o Find  Soluidion, ey o Check.

Df:c{s\‘on Plobems ~ P ond NP o deeined  for Oy yes/NO  pueshiong

* Relabionshiig: PLNP, % vu can Solre a  probem st Mov can Ven 'y
b ofosk (W P frobgm s in AR)

- 15 ?l= NP (if/ We  tun VeAYY oo Solvgon quitkleyy, can we  alwaps ftind one
QUICKiey,

SAT is e \wtdest problem in NP, ewely wp problm Cun be  hunsiabed 60 Polnomeal
bime. K £ SAT. (on be (eduat 30 SKAT  n Polynpminl  {ime.

NP-Complete . hatdest  Problems i AP

N9 -haid: i€ o Ploben &4 Con be redted 30 B Whie B is in g o NP



Requcdio

* Wway 0¢  Solying  Problen L , ysing o Solver for problem Y - TE voy can
SOWMY Y aly Solves X, S X is nO hatder bl Y

ot of  Transformation,

tufin y

*Bvery  inStance oF 2 Shoud be  pyamsfoimed 0 g insdance of V.

Cond rhions ;

_ X ¢p Y

V) Fosd  bransformabon;  (takes polynomnt time)

1) Amsuy s Pleserved ;o [ Awer iy Same
ﬂ/\m o

Reduckon s by we PIOVE  PobiemS  afe AP-hafd

" Tlong rLive, Properdy: X¢Z and Z2Y

Thea: X Yy
CSAT s e & bepch madic

(™ 4P prgpiom Com be Hanslotesd 40 %A'I)_

X s np-complede ifT X s in NP and ewely NP Prodem  vedued Y0 X

mio Y,

in both x/Y) X 1o N0 hafder

A is N -had if fr all BENP, B SpA
A i Np-complde 6 A s MP-hatd  and A GNP

16 A w5 NP-Complie ., AEP, P=ANp, (it it con be Soled in Yotyromiat Firme )

Montw, Revise

D) wiite down  “YeS! yusions of each  Proplem

2y what 90 lugSe ploblms have in Common [ f100F of obyects)

B) fore  oxe o ok Iike be ope, (Chovse Paiemedess,add mombess nods ...)

bl) Qrove  Ihe  {wo difelbimS Presefve  riethness



Quiz: Complexity and M-LOmPlet eness

) I €f lop - 0ln)
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Slatement adfe; oLloqn\

o(n)
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ﬂé/ Tmesiot — colours  (K)

adjacency , no Hue etoms that | Swdei hes
Can ¢ Same Lime slok

Nodey » Erxams

Shudents: (M Wk G0 Clams in  same  bmedlok . They

afe (Crfrtnied by ed9eS. Pease MO bwo podes
set of ColoY is a4 Same  bime (ho 40 exms) Can bt

Same  Coloufl.
At mosk & Skt wiul hae 2 €XemS

When  Conwlbing #om  Kcolowfing b0 £75

Claked  f(elabional mappimg  4on  input fo  BST

2) Show WAV S Polypmal bime
* 1) Swow (=K in bl Podbems (,00))

L 2 ) Made grafh wibh nodes — examg 0(N)
! 77) '!TU(",EJ CAOM/S 'EO Shﬂaﬁ — O (VL) a_“) mﬂ-d@, {Maﬂlﬂ'oml mf!)y W' P 2
ZxXom S

“A) D S ogomal  fime
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Lectre S-NP ond Reduck ion

Integer
factorization,

Sorting, summation, searching

1 Polynomial time
reachabili Solutions

Polynomial time
Verification

SAT,
Suz_ioku_, Hardest
Hamiltonian problems in NP
Cycle

A problem X in NPis
called NP-Complete if all
problems in NP reduce
to X

A Probem  x in NP, 1S NP- CompiciE iF
all Poblens n NP ledee 4o XK.

I‘F any NP-Compe te has o Polynosin
bime  solvtion P= NP

onie o Poblem s N§- (omnflete
Cror lool/m'my folr  Solubion

To Plow, ApP- (ompeteness
) Show Poblem in NP

2D SR EGR P TR | AT T e popi C/VF/WJ)



Tudorial 72 - Pactition Reduckion 10 SubSet Sum

Derinimion: The Parririon problem is defined as follows: Given a
set S of n positive integers, can S be partitioned (ie. divided) into two
subsets S; and S, with the sum of the elements of S; equal to the sum
of the elements of S;?

DeriniTion: The Susser Sum problem is defined as follows: Given a
set S of » positive integers and a positive integer k, does S contain a
subset that sums to k?
1) Showing  Palbition ¢ Subset Sum

furbivon: 2 (8) = Z(52)

Sbsed w95 gy E(5) =K

2) by Tnsegnb

Sl =5 (s0)- zi?

YIS kg n Suker whose Som s half dthe fopal

3) Degine  v1edaciivn

given  an  nSkang  of Palkibion:

K=%1(9)
—z

Qubgud bo kel Sur inglance (S,
Compuping  Sym &5 OLn)
© The veducton S in Powmommy  bime

4) Coffeliness Plook
I Yoy Can falbibon  Subees  to  Somi eanmily

Dk musk by b o6 ok som.
2= 2(8)/z =&

iF O Subsed  SUM ig Afde dhek viean §om
Y by Positie cven.

£lw) = 2(5)-2$) = i—%)—

o 4,5, fom Vatid  Pafbibon

%) NP - Compledeness  concluson
shed sumcs € NP [0Ln) dime
Pafdilion £ Subset Sum
Parbition 5 NP - complete

Sublek Sum s P-CoMPlle

S % X |,xz,>¢%,x'4§

St fa,ny saire 2l

S L,AN27¢ 3.
by 3

<=5

S Lsum) = K2,

sum(s)) = 3um(sz)



TU{Ofl.ﬂl

Z- Sulset Sum  Reduckion

1o ?ar#h‘on

T Wb wm (€S Lo pagsition, Pabbion 5 WP-hard.

osonee  farfoon wg in NP, pa (47 dom

Why pbvioss 1des  faild
b= (9
v Subset SW has  Solubion Si

52 = 9/s,
ond 2{51,) =4 -K, whee {7265)

Doy, e need g (s)=%052)

K=t = 1= &

Only woths ¢ z

Key  Tdea
ndd  an

e model %o So bawane  foiqg)
s 2= LK

L=t - 2K
Defive  reduction
b= ¢(s)
A= L-2lk
Mw el SI'_ SU%Z}

¢ o1 the Meu ek b6 paitition

Compubimg  SUMS 5 O(n)  olynomisd  hime

7y NP-Complebe.

(orelénss  Proof Subset =7 Pefliyion

Assome, Gubsed Sm (5,K) = Yes
<3G ¢S with 2(5):K
o leh S Hu S0 Z(g)y = b-K

Now iF, . suby
put S =S5V EJL}
$2' =52

4 (s))= xrle-ay spn=E05T)

PACLition =9 Subsel  Sum

' Thya 5 SPNts w0 AB
Avuming  Palbon  €xistS
opil ¢ o AR With earn syps
5 (8)+ b+ (p-2rty = 2(L-K)
4(m=208):= X
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Thin 2(#/,‘_/-5)7[4;4&)«[_}-”\):{(

AN G2y LS

Ssum S IN

subsessum & Palbilron
Subset  Sum vy NP-Compleie

Pageem s WP —tompisy,.
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Lectvre & - Divide and  Concquer

- follows  recursie  Stretwe  baded onm N
€ n s Srall , Sole  problem directly

Loacge M

1) Divede: Bfemk intd  Subprobkers

2) (onQuer. S0We  Suppiobkm  feeyrsivey
3) Lombine: Merge g4 problrm

Meige,  So(t
divides list  based on  Pesition
©SpIiEs sk indo  dwo  halves  fecursively  bors  Ehem,
Ues  mMege  Funttion o Combine  Sorted  halves
© Complex ity O(nlogn) — fof al  Caned>
Ly Space Compexity: 0(n)

Merge Sort
[7,2,6,3,9, 1]
[7.2.6] «— = [3,9,1]
14 % [2.6] BRI
\ 214 ™8] &) el (]
bl 70 et (1) (el
en* [.3.91*
A [1,2,3,6,7,9] &
Quicksor &

. divwdes  pased on Vaue rtath  thon POS jtion
¢ Pivot  element , Parbitons  ligk  int0 2 SublistS.
Greater tuon. :

ek cwse  bo o 0(nY)

* Best/ Aveamge Case 75 O (nlogn)

» Advonbage: SPace  Complexry oll)

‘Pivob Stiateqy  Stays  Same

Binaty Seafch

SRS 1St o (logn)
)
Merge is: 00n)

Less  bhan, equel o

< divides  Seamth Spay  in haf, Pk Subpropltm bk @ndaim borges

%

S0lubims, Sewthes Lased on 2 foun d &

and



Lectue 7 - Divide and  Conquel 2

* Maximum  Stoeke Pofit = S fow and Sl hih

" Brute Force APproath:  envmemte  an buy and  Sen dys . .0 of oln?)

Divide and C(onquer  Apgloach:

o Divide: SPLE st inko buo  halves

v feLoiwly  fmd mMax ot

» Combine, the kst Pofé. May be  in poth Sepelate gropps. (alculnbed &
max (pr) - min(p)).

© Resvll: cetuns mMagimom  OF lete Profre , rignt  Proee  and Crossing
Pios /s,

Con e uef- Beot Prose #0119 inside etk it
fbesd  Profie Pully M (9hd half

fbexc  crossing SO0, buy in P, Sell in P

it best f:ug s in left, (wbl- Sell-m  righ

Aax (P - min (p))

* Complexity. feccorente romgron  T(n) = ZT(N2) 4 o(a)
* Peoblem  drans tormasion - Change [i] = Priceli] - price [i-1]

Oftun. Checkng 3
The  maximem Swbajay  Qroblem Cutey.
L eind laesh  SVEE 0¥ (onbiqous e riay
* Stock PIOEIE  kigns rorms  Lhis by Caltlating
datily  change, Chamgecd = ricelid -Price (/]
v S 0F e Change  avfay S bosk Stgo Prosiy (Posikive  Change is)
Jood doys



Divide and  Conaver Al%oﬁ'khm

‘SRl Atlay  ap midpoint

CYeLUSiely  fid Pak stbaftay in (et and gt e

© o (ombing; find MALiMOM  cfoSSiNg  Sybafiay by ,-H,%.ylj from  midpomy
ovbwards L0 Fhd btb UM by sppes both Wawes

r LoMmplexiby 5 olnlogn)

Real  World

* Bivinfofmatics | Sposs  ounalyics, {mAgy  prOLESSY



Divile and  conavel -3

. How 4he Yame dUhermines  When 2 Players &re  Cclose enwyh to  inteact.

Brute Forces
© Cheek  ailt possibie  paic of Players . Buk S 0(n?)

Divide and  ConCques

'f’rLPfoCesjmj © Soft PomiS  based on XY Coord inases. Olnlogn)
spid inbo 2 halus: P oand Pp
’ Raursfvu3 fid  Closest paiy  in lefé Ol and  (ignt half Sp.
* Combine: mys: Cpesle iF  AbSolube Closesl pat (orAsseS  of one  Poing from
P, bo Fp.

e 9t x4 vals, SPit down middle (Left and 2r9né)
¢ § s khe mitimure oF  bL, 8R
L need 2 distuniey ——  min(6L, 6g) — one 01 Somee
conly cheoll omts 6 withn  midde line
bhey  Cant  beatr oot cotfent  besr 24
“Ofeen  (Ulangie o 25 Widih
conly points  with ks dssbane  can be Smalles

¢ Only Checl o Pinike (Clbungoler Lox OF 6 <26 (¢gion  asoond

- Sof +ed 173 9, have £0 Cherk next S poinss, quatantee 0O
Culboh )l PoSSide Pairs

10 0(nlegn) = petter than biuke Fovce



Divide and ConQuer 4

Yair sub Problem

'if Seh S contins, two elerentS that  Sum o baGer K.

* Blute €ofCe  Olp?)
v

OPLimized  Solygion

©Set St gelS sokd  O(nloygn)
* USe  dwo Qointers L at the Sdalt M\J Cdontel o} the €r7a/ ¢

S.’_ é‘;/ nit, n3_...v\n}
inker

foinbe( | pey

o if e ek Sum o £L¥K mute  efd Poiber vp L4t i€ b5 K, Mol

e (¢ pomber (-,

© This impioleS  corpiexidy  vO  of nlogn)

Two-Set Pair Sum
v s vartant  daldd o gbu from  Cam Set CS., S2) whith sms vp to K.

*Sume  apploatht Sz § 5| ¢ -t %
7 ‘?;b’tf N
Ponvi( L s
Subset Sun

o Find  Subseb o elomeds  Hwig add to K.

© Shndord  Biute folce s 2" possible  Subbeds

cOpLimized  Vesion

« Divde  info 72 teds  eawally

« ANt Ol gossible  Gums el Cach Walt, ({eMPRY GudS A aq.
Theoe nev Sl have 2% elements,

» Combivie - USe  dwo  Set ?ki( Sum  on A Az bo see 2 ary - Sum flom left ¢
Cant is carl do K. Tolal Lo i SRR

Y pporentaly Better



Paiv Sym - Mam logec —  TwSet farr Sum (SK)

def  pirsom(s K ’ s"s"{mc
n=s.leqth | DR
L=1 while 1 &=n and (>=17
r=n
¢S 1)+ s2Lr)
g= [+ 5[”’] 6 L==kK:
¢ b==K: (etom (S01], 52[0)
L
cetom (SC4, 5["3) v £ 2Kk |4=]
elif t > K FARYS -=1
Sin) = sfn-1
(r] 0 ] (ttvtn nene
elif ¥ <K
s(L]) =5 [1+1]
(ttuoin  nome

Longest Tree gt~ Tubo rio]

Tnitial T Jeay:

« SPUt subifee based on  noded, splie
Ly of  sSubbies with x ameé of edges

- fom exch. Sibtfee  We feed Lo Caleglate longeyt edge, then odd tham
- fecorsive call Should e veduerney Whére Space  While Combing edye,
- abovt 2 fUMhet aPore  node

‘ Key Tdea s Z cosey: Mok heghl s erthel  throwh Tk hode of  child Pt

lengphe bt child + second 280 child 42



Q/UI'Z Z

N - Pile of gems
“lon only compare firs:
- only Cafe abuk min/max

PSevdocode:

funcChron minmaxge (A, L,R):
# Buse Cese
¢ L ==

(tuin (Al[L] I A’[KD

it Aln)==2:

i A[L) < 4Lr]:
(ebven (4[L], ACRD)
else

pesin ALY, AlL]

mid = n/jz

(minl, Mmal)= mm-mar- Jna(ﬂ,lcfé mid
(ming, maxR) = Minuax. dne ( 4, mdad, it

oveq)_min = pin (mnl, mne)
OVEIR((_ Mo - mar (Mmax), muxl)

(tuin [ ovemll. min, overli_ max)

Key Tdeas: (omfde 2 ab o Lime

ICetp  Rdieing Sample  Size
ano‘ Compare Ovelall o
end

[%,ﬁs][?/ﬁf/e,lj
e

D %
2

Q/Z) Ik wibh bobh f5 and ny

Weep  fedwing Subsprce amd Corpaing
Bat Cme # ise is | clmmt
SUictly qiented

[3,7,6,-2,-5,3.24

[»7 ]

Cui_Count s |

Solwe (&, L, R)
it L=< R
Negum(best =l Pef ol Suff =], £z 13,

mid=( 1+) /2

Size L= mid-L +]
SvZe L= R— mid

iFlayil £ wirsel:
Crosy = Sufrl + Prefr
iy
closs=0



Q)
det  minmayx—_dnc( A, L, r ): -wheke L oond  V are
if lm(,ﬂ - = indexes
feom (AL, AU]>
e olench) == 20
(ebuin @fﬂ[/\f'},/‘wz])/ Y"LAK(A[I),,A[LD)

mid == fentA)y2)

(minl, maxl) = ml‘n,r'lax_dnc[/-\/ L, m,‘c/)
(minf, Pty = pin max-due (4, mid, )

global oy = max (maxl, MaxR)
3[0};0([, Myene < V"\fﬂzcw\l'l/\ L/ Mmin [Z>

Tetumn (cjlobal -Min, 9 lobel - mox )

Q2) - (etuisiVely Call Coffent elem, * Mext clem
— Strictly qewter base cCoe
- Base Cye. i€ len(A)==|:

10 be Checked, CUIMeME [ongese  Streak

def  MaX— i nfease - InC C A, Cut-elem , W Xb- tlem, lomm#—Stme)

i halk) ==L
(etuin |

longeyy - Sbreak =0

i Cul-e\em « next —clem:

fongespd Stleak +=1
fCtum Mok _intaxy ~ dnc [ A, Gi-clem ¥\ vext- elem 1, tongesi-SienK)
else

(ttuin  wmax _incrtmc,dnL(A/ Cov-tlem + 1, mexl_elemil, \omfest Steatc)

it Lertlisk (1) £ Riqhdlist(L):
ONest _Shvear < longey Sttak + ten [/ighildY)

(torn  Vongest- St fear



v3)
le¢  name_dwe (A, L, r)

i lenld) £=1°
(Chun False Key Tdees
mid= n/z:
‘C)) heck.  lept Side and 1ot
(dpel, Seel) = nage-dipe (A1 o Side fof  dupes Bhen  C(ossolef
¢ dupL: retun Tiue betweon e 1.

(dupet, Seir) = nape-dute (&, ™oL, y)
ik dup R rluin False

i€ Sep L indesSects St 2
febum Tloe;

fetuin (FalSA, £A3

Qy)  key Tdeas: it left and Tk
Ehen add P ElVen and odd globaly
khen  final  conpatt

—fcwrswu\‘j Lall  SMallr  Sobset by fedweing € [ ncreage wmid

def Mﬂdown‘fr‘dfevm/aéé (AL, () idop T gk 0 gual- ]
tolal.odd = odd-f +odd-L

iF P _elen 5 tolnl _odd:
fetuin  Ygven

Mafolity = hone
it len(a) ==L
iS.owen = A(L) /2

T clit tola) _cwn ¢ bobulodd ;
A 1Soeven == True:

febur\  oppu
f¢turn (,110> else  fetuin 4Tie’”.

Lise
Yetuin (C’l ’5
mid = (140 72)

(&VUL,J'/ cvcrLLy = M&J'Of-'bj _cvm—odef[ A, L, yvu‘d)
Todd T, 0dILY = Mo ofiky— eameodd( A, mcd FL, 1)
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Greedy Seafch - lecture | [vnib 3

afe  OPtirization Probems deFined by Seb 0f  Podeptia( Solubrons, Feasiblity

< greedy  problepms
of finding min)mar  valde.

Conskfaint , Lbarger functeon ond gox|
L‘? how gaod F(o?os.:d Sologim s
Roadtrip Problem

' Toudbip elctiion  Vehle, minimizwy rombel of Chelging  Stops
* Yreedy Stlasegy:  Soft  Chamging  Stakions  based on diStance Fom Stait.
From  Curien+ locabrop - rcpaat—edlj drive b0 fulthest (tathable Siation before SbuFf’,‘ng

¢ ComPleny s: oCnlogn) fol inituml Solting , oln) for Seue(v\g

"
&

A Sy sz S3 S4 §s5
R 1S distance mMoSt disiancy You Can tiaw) Si = Cullent_ position iR

<t 15 net gas Stagvon Mot rachable |, 4ol | poye reachabe  Statron.

mVl'VLg t!EI:mah'Ej USing Laduction

- deedy  wlgos awie eayy bo design but haid b prve 45 pptimal  SOlutn

< to Plove oftimaliky:.  ardue loculty opgimal  Choice is palt oF  4lobelly
0peimal  Solvgion , when  4ieedy  Chorce s made, feraining  PlObLM S 0peima

Prou ¢ L(; lngh!(ﬂh'gn

'Bae Case: deskiation s feacnabe i simgle Chage . (2e0 Siors)
Indeeie Byp o ASSume ik works  For Size K
o Induckive Skep Sow b works  for x|

Optimal Solvkon praot G Y P P B e
*Starky at x [ thndd buy) bo d Cr*laﬂifcnl)_ DIve do fullheytr Slatwn Yoy con feach ,¢hen Vepeo &
ernovglh O Skops of

D Base Coax: n=0, best  Case  no  Stops Needed , Strawnt  drie s

no  Charding  Sig Lions
2) Inductie  Hyp: ASsume. for any {rip wewn K of lexs  Stakons
8) Tndvetie Stop. i¢ thews K4l Skazrons , 9leedy Picks €l theyt
94 cven 0 = éal,oz.--- d3 Jthe most 0Pl vop, o Cang be

beture, Staft and destination
ftathabe S, not $,+]
post  the  forthest

Stakion . 0 £53,
Key Tda, OStoPfing at S Aives ok lasi as mes, ay ol , You Can (feage
Sume  AMOUE o  Skaps £ — 43 plus opkiuna (eraindes

ansthe/ play  With Same



ExChunge Argoment

* Replace 0, with S
Degrpne o 's(Sl,Uz....d)
If 0z reachaple From ol,

$1201, then S Jks
Ahegsy a5 Muth rcach ;

o'l =10l

beneal (oeedy Patadiam

¢ 005 0bjertS  based on  chcberio (specitic)

H ?\6?&0&513 Selett next ke in Soreed (it

if Tt dles yor Violate Constraint. COMkmung Until no more fossible Selectins.

T¢ then exiss €esitie  Soltions , thee 15 afleaye 1 opeimal

MatioidS  Thepry 7

Jof  waderip (i, Stagoms())
n= len(stasvors) -1

+ = 0+
while 4 LN and Teachable (4, Starims(+3)
4+ =
if £ ==
[eAum  n
cise

cebvrn L2+ G“DMHV.‘PU/ Stations)



é(eedg Algos 7

Oﬂj iMiZa£ion F(o[)[@ ms Feasibility Constraint? élj

+ H wdin | parks 7 SO o

= 5S¢t of Pokentin)  Solgkrons i

= feasibiliby  ConStraiwy

/V‘tﬂfﬂef funck con (t0 maximize of W\[m‘MI‘Z&) STUGM 800 | 830 | 950 | 13:00 | 13:20 | 14:30
= Yoal o find  the ];&54; Valve SOEOM 10:00 | 9:20 | 10:40 | 14:30 | 14:10 | 1600

T Fend {Le OPLIONS thapr Setisty i Feas.‘[,{l,'&j ConStraint }73 SOI,kMg,
'HA(’/V\ ({era tC &Vd 6"(’,(,1( |'|F Sa-é—\‘ﬁf’l‘ﬂtf .

Actividy Selection Poblem
CMakimize  {otal  numbel  of activitres  Stlegted fom  setr A, €ach @lkivky  has
Stery  Lime  Si eand end bime  Ci.

' P@asf{m‘h‘ég Constyaid: ~No 2 oackiwkies Can ovellap , Stark  OF ney/
aChivity  mosy be  z  (labefafter FISt  ackivby  FincShe)) elaSdtbrmtiniy |

0640y T€ait €N engr vike:

L'> Finu'Shn‘Aj ecvﬂ\l! leans mMax  (oom  for  Obhed Glhwbces.

G(eedbe 4130{.’%@ Pseudacode

. Sork ackiwipies A by end Limes
. Ad FiSY alhivity ol fo Sobkin ser S. Cuflent cend = el Finsh Live

e for eath next aCHUEy , iy Start 2 last  Fmosh, Choose .

- Thele  {hough  obhd  aCEViEes ik NS Sar ke 15z Coprenk —end
add v o ad  vPdade  cotrent end .



OpLimal Proof

'P>0-)¢ (ase n=l, Only {ime Fr Iuo{—rw'ly
©inductive hyp:  assumg K| Llhvegres
indUChive SHP: 4leedy Choos  eqqiesk finsh  Eme

H"I)Z"l, becavse G| Eincshes caflieyt

Placus 0 wren ar,
| Finisnes wo later Fhaa 01, 30 ¢here Myst e

Anfbhing  Compatille  wrem Ol iS Compat e  with &l

removny  all dvefla PPing QGiveres, | €8S Llan LK clbivice rwam.-n7
FL 2 F(0)

The €inish ke can - only be a3 aut &y oppimal
Fnish fime,

/\/0-66'- ¥ ackivitres have  Sane Juration, bhaos.-n3 cafliest fnwsh  Lime = C,hbﬂsl'nj
enfliest  Start  dime. Beavte  Finsh  kime = Seait kime  # Conskand, S0 EFS, iy
defindent om St time

Jef  activiey Selecton (ackivises):
Solt  ackyities by ascending  Finsh limes
wvewe = [ 7]

lugk #ipssh =~ 2
Least  OVeflapS, o0eS  yot Guarentee

i ] Tk M
foY every acdivigies: OH,L'WL.II,” pecacic ! ay blost Shotter
3 'Fn'r\n‘sy\‘-' £ Stwfidy Chivibres.
aePend  to Rleue
losk . pinsh = Fimdhj

else
brea ks

{ebum  QUeve

T€ activivieo Cally  ¢ifRehent  weagnb, (int Use greedy
myst  ose dYnemic F1og fammig,



6(664\50 Algos 3

Coin Ohan%c’ Lroblem

‘Povide exact chowge VSR fewest possible  Coins

"t Stmbeqy: Cepatedly S€ect Mok toin Valte bhat > cless buen o eamal o Yemaining
aMpmi.

— Fearibikty ConStraint: Coin VaWwe < Tfemmining  balonce

oY  Cuffent Coin Valve < Mo inmwy balance

'?“UdOCOJGf while Ye,MMVh’VLﬁ amomt (1) Ylatel bon Zeo, ¥ind lwges% Coon Valve (\/g()

add it o solvbim  end Subbrack  From  Yemammwg  balance.

* Lot tions: 3rca43 apP(oeth  wofkS Wibh  Slandafd Conadian momey bud may

forl  With wead  coin vales, OF i we donk  have  Unlirvbed  Coms

PSevducode.
- Take lofg es ¢

Coim 2m Change = [ ]
= subbret it femamng = M
- Repeat untill  femacndel = O While  femaining _ balante >0:
V= max com Valve
Change += V
femammg _bulance = Yemacnng. Jatence — V
fetom  Change
bimgly i :

DBase Case:

Y otheek sman amoungs Manvelty ML S, best peanies

5<¢dnMe lo, uSe fennces + mekel.
4 Mm=200 = | toonie

3

) Indvctie  Hyp:

L qreedy quses 0P Limal Solozion  for

Cve/:j Valve K
Whye K 2200,

aSSume  wolks up ok

2) TpduCtive Step:

bosime k#2200 fecdy myxr  choofe @ foome Fivis, S =% Zco, ekl atpel fomoviwy 20,
KHi - 200 2K,

fertaming  Past-  pexy  pag,



ComPare  Wwith omy opLimul Solution

let o be optimal  ror Krl,
any  gpprmal Solv FiO Mus - Condarn toonre dle 4o hihest wawe,

¥ Kyl - 200 £ K , rf—"’\m'nfM-ﬂ Pa{_t myst  be Olﬂh'm) for  smalel \ale.

Plakfoirt ASSignment F# of OWlgps s # of

F S
n (o, de) PlatformS  needed

EPlabforms qiways  engu For N Erams

T Minvmm Plattorms, meams OS5 Miny ¢mms n assyued as, posscble

) sore Arams by arroval tme
2) Keep track of Platform alailability,
L M hap 20 Quee Up, Whith Plathymy Free op ot

Mdocithm
) Pladfoim thevt frees op cafiiest

2) if  thab  feparivre 2 Lulrensy afival:
7 revse  Plakform

3) €lSe make wew Plat¥om, add bhs deurs dime to heap



éreec}g Alcd{os 4
lénagiagg problem

*A bag with  capacity C
c Ttims <ache with & —vawe: and weighi ; PICC vhems  do  maxirnze.  dotal  valve,
Wwi'thoub mcc;udfnf/ werght  ca Patity c|

¢+ O/1 Knapsatk. Poblem: Yoy muse take oo Vull rékem 07 Jeaw behmd. Mo qreedy algg fithm

Wel b oprirmdl  FOf ERIS ) eiteon oF  no Polynswiwal  trme  algonthm.

L, Yard  to: balanch Wgh vt iboms low wegkt  TbemS, Capatity = solved by dynamic
P o vamming

v Ff&(/h‘Ona[ K/Lqp%a_cﬂ; iF You Can  SPLE (kems  gfeed wovrs Pk best
Va IUL/U/LITﬂA t (atw #7/SE.

é(eedg Ldeo:

© Calcolate wnik vawe = LY Serp thase tems
mass
¢+ Keep pros'.ng bes & Une Vi lved [tem  wtcy) £ Cafacty of bag
¢+ Tuke Fol (¥ o SSible, ir noi , faUe &S Moch & psSible
* SHP e wprerty = Ay

/

Opbimatity Proot

- it idemr doey rot +taw, &5 Mwh ad podsible of  hwyuest
Vawe reem, iF dhete Y wmpthing of lsser valve, it Cant be Opijmal

- Base caye: |Al-0, no Obsects

- lnduchwe  Hyp:  aysume FKS #mdS  Opdimar  SOWEM e, 2k objects  Whet O£ k.

- Afber veduciny Projigm, b works locully with Smaer Subses,

5= Ep0 - Perl?
0 =80, — Ok+13
fist chorce hay bo be Scme, 0¥ 01 SR, gken  bhere  &itS 05 P, oany welmk  from (bem)

Wwould wot Change beyy bale (ncrease



sz 2 Questions

T/F Questions

D Tlve | would mean YO Cani Finsh the  drip /
2) False, Fneshng eajty  SEU mateess, po Start next activity

3) False, Glway fake  WThae  fato  possi)jo J

/

Af) Troe, Coin  SeStem  not CanCrml/WOMd Mesy 0P how censt ale Qalcvinte)

fSeudo codes

) MisSen  — deadline (dongg)
L amt or 9em)
L—% | dJoy bo Compiese
L—a | masiun 26 a brme

Maximize  fafget funchon FOr - Gems,
ConStrame:  Chopse Next  Soomest d&dhu, if Tt can b Compieped befor b expired, it tie

{hen Chodse  wiguey Gom IS,

PSevdocode 1deas
. — Sort  fems, .
Sofb  mssiuns bﬂ 96/"13 (d&SCcnd;‘V\"/) — SChedule Thest missions
let M= max deadline on  last Possise  Jaws
(leate  Schedu g Qe = fv's:;mcss,;hsd[ Have
e a, Ma, Chocke
For every  mdScon in soreed sy WIhel Seom  on,

for dwy  fom J éo |
TF Quee(dey | Cmpty:
hWeqhadt Jom  vavsion thete
add 9 Lo Lol

bremL

EVUY  misswn = same duf khion
“de

bty availabe dey ¢ dead 'dC.

WOrK  pacKwoyd From  deadline.

Leavey more bwe  fof  eafiie/  ddline wmissans

Protects  bighiel dadlines



) Rouwp Iduwms

- diff  size €qqs

A= [g/SI Il-ql

EILCvtms.-hg arder

2]

PSevdo T dead

“only  foverse K eggs
- K Sewlenge - feduce mber OF K pedded b0 Sord Iy
- Sway tong  of ISy (n & lkelnabrons
DM K bt of gleneis, —cko:saf l:qeuf K valve , then KeeP  fewersiag
fonckom dakes i (1sp)
Find loiqest glow in list Nz lea( 1i5t)
(+ alredy i st imde, swi? Soﬂu/:#«(.z
else flip Lo Frond While |16 | frared
bhn FLP to  Firal PoSi4ion foc eum in wge dwap
with K=y
al  most 2 Flips Per eltm i€ Ungyrped
With K:zg
(7[!4&3 natove. heeps Piuding larqest femacn ing. soped * d1ve
velwn K€ Seavence

SPonn fee



Unit 4




Unib 4 - DynamC Progiammng Lecture |

*Premis e h/ay o Solye big  Problem by breatcny it down o Sup Prodlsme  and

Steps:
VAR H Saves you bime , prom  Vepeated  Calculadions
D Bieak Pobirm inko Sub Probiems

¥ TfeS  Cuigul Feons
2y Sole each  SVbPrOblem
2y St answess

4) Revse tuem rgpead 0F Caltviabing

Descrive  State
- USe  indiey O deSCIThe Whith Sub Propiem  We ale  Solving,

- USe  vecurienee  feladion t0 fescribe how €0 omPue bi99%er Stare  Using Srmlid Stage

C oin Change  Ploblem -resisited
“%we  exarl (‘,hanae Wwith fewest Coins

T Jeedy  spias . ke thoosing next highest Valwd coin.
U not dlways opkiwal. and hay limibagians (tyPe of  Lurlngy, number of  comy)

Dynam,c piogramnm ;i ng Saluf 1on
* Plohlem is VeoKen indo Fmike  decison tee, €ath pode S SUbProbem .
“Tdentiey idmwl Sproblems O bem  do fuf oPdimal Pt

rTecCorvente fefapion: defins OPhimal Solohin  based on  Syb Hobioms

— whefe  Cl,C2... ¢k afe Valey of +the Covns.

* Logic: at min Yo heed | Corm, then add Coins Necded For  Vimainimg Vaive:. |t min Coins tv-9)
Minloins(u) = Min nuymbes 0f Corns  Needed 60 Mare  Lawe v,
MinCorns Liz) —  ¢r'es an 3 Coins )1 kmmcoms L), 2) 1+ Mincons(g)

) le l/'lrn[o,'w_;[2>
'P>"~5& Cases. Min -COMS(O) =0 and Am,Co;‘ns(x) =R ,i¢ rlo

L? O Money needS 0 Coyng L_; invatid S0Wdon | they oue yy, mongy

Two table typs
"BOLEOM- UP, UStd Whyn  oided  of  SUBPOBERS (S KMown, Stoe

Smalkel  pygpiems «t €op
« Top-down, Subf’roblms Crent  Oburovs  Start flom goul fccws.wg

exprave
* Curvens  Stape -

Fonction(s»ally  spates)

(w;rua theo! GHSueyg



Time Compiexi ey ©s O(K"), fecwsion s Slow, becase & boilsS o hvge #ee. Buy dacs gives
an ofbymal  splygon always.

* Slote apgwes owe Tn basle, O(nK) - Whae K is numid OF Coin byp, n = Chamge

Dynamic Programming Solution |¢)§ Actun|  T.C Usmmg Dp s o(n)
def Min_Coins(n):
Set A[e] =0
for 1 = 1 to n:
Ali] = 1 + min(getval{A,1-1),getval(A,1-4), getval(A,i-9))
return A[n]
A (o] | (1) | (21 | [3] | (41 | [S) | [6) | (7] | (8] | [9) | [10] | [11] | [12]

va|012312\3421233

Trace back - ALr]= 1 + AL8], whab Coins Created  tht  angwer
1z 2824

mwma_%wmg_

) find & tecute (thbion  and s (ases

2) Dewemne  Pofometers  that define  €adn SubProblem

D) Define  buble = Stne OPtmal  Solyprgns

4) Deteming 0f0U 7 Fill babe  ehsve  subpovlms suve) befole lager owed
) Bwtt  Solotion - NOMRing  buKwordS of  Shoriag  exdia infolmation

' ime Compexity; 0 (Kn), X &S numby of  Coin bypes
+ TJratebuck eXtcting  coinS  fom table s 0(m).

c 0nte m gets by ey, andve/ Wil &lowfs Use q.ﬂrud‘-f WOVIKS
Afte g

DP  Solves  SMmall  cases, Greedy  woiks  Fol by



D,Yno.mic Programm.'ng -2

Piobiem Poard Cutting

< Cub * hoatd OF lenggly N imdo Smaller Pieces to  achieve the  maximum posdible Plofit
based on Yovided Frice bable

/

' Bivke force by ChuK(nﬂ all  n-l Pesible Cub points, TeSubing in  eXPonential bime Compe
L yime Complexiby . 0(2""

'6[@&]5 Stuategs: noe wwess  opimai, Jetbig  woss  valygpe

‘ Piece  mMay Mok leaw room for  Swalle(
Pietes igh  bettol Selling  prices.

To Selve ony Yemuh 0, 41y evyy  £Ss cut. Pl pax  VRWC

) Rec urrence Relubion :  dp (n]« max tpree i +dpln-1]1), Firsk prece vawe + best vare o femainng
7 Sbaft Witk Some firh cub, |0k B4 «y Possble Optums, pick  max  0F  the  fgmaiming
booAd:

* Base Capes-  mox -vare (0): np wood lefE = no money  #PLOT =0

maX-vawe (x) = - o r¢ x .p Jinvaied  pouid  Cod

Psevdoode: tleete Lst

Cot -woad (P, n) \00p ¢hiovin board Srae
H=rl beve tved  FirsE vt
wid O compyve  Vale

K= lenle) Keep  pest

Yoi  gyely MOVE Store  answes

tvLmax =0
fol §j fro™M | fo K

Vi Max = max ( C0ms —max, pLi), prli-5])
addg 46 r

TLevin
2 Dokine Puiameters. Subpioblems ate deFined Ny Sy parameter . thg foard Size

%) Defire Tuble: only ow palameber 1D tube Usd bo Skore opiomal proviv for <y lagn \ ton.

4) order o Filling: kable is Filled in mtrearmg otder of board lemgth, ensuiing  Solbions For Simaljgr
boudS are avaclaple , when Calidabing max  vale Fof  larger boudss.

9) Extwst Solpion: debenie Spucisic cuts made, algouthm  Sppns \emth ¢ piny c,
Yol eag, oftmal  subproblm, bhip eusy  (LCoLyLiL LM,

Z MelhodS

“Priee [i ]+ dp(n-i]
< dpLidy dpfn-i]



Defining a table based on the board size I:E SI'MF“'FWA APP{W‘L“
+ What Is the optmal cutting for a board of length 122 - douple  fof looP, ¥irst thiovgh  each Jengph 1-n ¢6

Compupe besh First  Cup, then  Second  Lime Wwith  hi), jo Find
hext  higheyt  value.

wgh | 1 | 23| 4|5,6|7|8|9]|10
Seding

Pee | 1[5 89|10 17 |17 |20 24 |30

A N[ [ 1051 | 18| 171 | 8 | 19 | [o] | [ | [az]

w |16 % 13171822 2530 31 25

W

Y/
Value 5 beyt price for that Speciric  boasd Tenggh
Whith vsey  best #irsSe CutF bedt feraiming

T¢ #inding val  for  Cefdain Doald lengzh for 6.

1-5 afe  Filed, tly ol firstk tvg ¥ best femaming oand faxke max

pest (Z;rsh bess feraining,
Psevdo code: Mmay -Val (n) =max § ,————'1"
seliing Préce( ) v Max-val(n-()
Sy Price ) ¥ max—val(n-2)

{{o]=0
for i in mme(), ne)-
besi <o
Fof j in fange (1, 4):
best = rmax( best _ficse-Cot, price(s] +ifi-i])
(LY besr
TLivin ¥(n])



Dynamic  Proafomming 3

Crid Trayesal Probkm

- iven gcid inkorstﬁéx‘an_g/ eath yopd [_\’—dﬂe> 1\43
Skt bop -lett (0,0) . 40 4o

only Ly

choose  Pathy  wogn  down SVeqhg,

NaiVt Wway, brying ewsy possie men,  Sides

Gieedy  Approach

c dreat gqud as  graph, Qoack  (nterSeCiion

L Cxpand  node Wibh Swmollat Cullert 005 Fanye
T WOVKs fa( only Posidive edges,

Jrow

b

ost, only  {igng awd  domm  povements ose  allowed
botbom  viang CMM).F(PLO( mincmvm  botal  (oST

1) (ann)

= node, eoch road = edge wiih cort

from Setaft

USeS prioviey @uewe  OfE 1og v]

= dist[neighbor] = win (dist(neshlor] | disk [Cormni] ¥ edge—ose) — Cheapest Plale we  Con feach nexy

DP Appcoachh

* OPLIT [J] = min cosy b0 aen Cey (4)5)

- musg

Come  From  0i-L ) apore
(i i) » ey

Ceath (o Y besy  padh to Neighbowy

o Olmn)

Yiwe (q1:0 size)

de{i1li]=

min(

)

dP[r“f] [)} 4 Cost_down
1P 073 (5-1) * cost_rrgne

+ edge

Bose (aye: Mm(o,0)

Cofz

Building Dp Table

2 D15 —9—tp
IAREIR = e
715 | 812, Goumi s+
n | 708 [ 3] 5el, S
1/_‘@' q 12/ 12 Todal

ComPlexcby.  O(mn)

Table Only  telis M (oSt bo feath dat
Cell, need Lo trace dbatkwa®s o Find

te pabh (Follor Weighpow  Yhag tecrentes )



Dyaamic Programming - 4

The  KnapSack probles
- boch rem hay  WHIGhE and  Vale. The Capocisy iS ll'Ml'bLJ by batkPe

- Choose vhems 8.t Yotal Wit 2 Caparidy  while  Mavmizimg  Vale

- 0/1 problen only  Chapfes d (€S Todal 2" pessibilibies. 2o tbems= | milon comtlnn b

dvhﬂ-'ﬂ’h‘f— ?ro‘jfammmg USes S malisy/ JthSfOM , by {;uK,;n_g 5t not HLV\\'vuj Choms ) becommg € rukel pi0bm,

Dyromit.  Pro grammng  Solyion

2 2 man (e

Case L inClude ibem n Cuse Z - 9ony include

- Vane  gained = Vae[n] - Vesk-Vawe [n-, C)
- femaming Cafachiy = C- Weias [n]

Then  Spve  Smalld  bacK Pack Cowbma al/u; lake AMa.

itemg: ... Nt 1 |

copaciiy ; (- weifht [n] ‘lKe lager or 2

vale (n] + \est Vale( -1, C-weight tn1) Magwal (n, c) =

— M, (
et ftMarucng Vﬁ.luc[n_l +  bept-val (_n-ll ¢- Wg.‘cmg[n])
best -va| (n -

"By Sobrorem 1S Sekimed by N se-val (n-1, ¢)
Mombel 0f iberS  (ongideed and fomaining capacizy.

Bﬂbﬁ [a—Sl,S'. if eilhef n=0 {nD mole féams) ol Caml‘.hj = 0( £ull bﬂ-ﬂqﬂ&{_)

item 1 2 3 4 5 ] — Compexity. O(n )LC)
mass 7 4 & 4 3 5 "
- o(n

value 100 70 40 80 25 80 p— T % : C )

ol ST 3 — WSS/CQPM'.#&
o 0 O 0 O O 100 100 100 loo Still  Np-Compete , depends on ¢
el O O b 70 70 20 100 (00 (00 00y vaigne=ma Oln x2")
3 O D O 70 70 70 |uo 100 IDU “0 v +Max Val(n-L¢-m ) P“-ﬂlf]
B 0 0 5 %o 30 30 00 150 150 10V cur] desv) pesh
Ol 0 O 25 g %0 %0 S S0 (50 1$6 | ¢ While  cor=1 1

N ditk, meant ke ibem Cuf = prevcor]

(Ml 0 0 25 %O %0 30 105150 [ép 160 5
. 14 Y everse ( paéhy
.E\MB TratehatiC: take layt Column frnd  difrerence
i

MnkTy |, means  you koK i,



Tudovial - Longest (Common Subseawence

-find  longest Seavence of Charackess

that oppesr in both  Strings ond
COfdel Matieys, SKipPng 5 wllowed

Hnm.( E[agiawm.yj

- DRG] = lengih Using  Fryse i Chas of s, and j cChrs o 5o

“Bose cwert o Seamne s prrorrileo, DRIl =0
ab eqm wmaich fake it of leawe it.
B seq 1: X= ABC/E(?-?P*E
y= BEABLSC
AnSwer = BEGS -7 Lengbh =4
«Time Cum?l(,xfig: O(n- m)
« Space ComPlexity - 0 (n ,m)

ih

the Same

X x=ABC Compare & Li-1) = S2{§-1]
LY .
"o 'f coval add 2
A < DPLiTCi] =1 +opLi-1] (-1}
Ny (5} (o] 0 BT
A ° l \ oe(iJLi) = max(vef00i], o (:)(j-1)
]
® P j Dn‘aqana( M kch
¢ 0 1 Z

Obhuwrse move  max (up, lep)
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