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e - Vecto
- ANethbor 1o Finipe  Colmn OF  feal nymbers Vﬂ[

~WN
—J

- Veclor  OPesa tions: q
3 = -
) . = -%v= | -

Staling  Veetors:. V= [ %] o [_‘2]

Addition  Vetlors:  adding  Luo Vectors of bhe

Note: Futlidean notm or L,
s JUt  the Maghityde
Vsed for mach e ’(’Ot/n,'nj

Same  SizZe, Component \wi§e

- \ectol Norm (Magnigude)

“The  lemgin of & vectsr 2_ (s
the Sawere (vobes Sum o all 7]

[ | cpmtoe pnds o

:\ITS

-Vector dot Product: UV = UV Fotunvn

Resylts in o Scalar

“Two veptsrs  are ofthogonal ¥ V-V=0
- Un'E veclor 7S o Veltor Wk magnited _eaw  Fo |
- To Make « vectoy, o unit  Vector do V= u%l_

Linear Combinatcons
- A linear Com hnabron S

tln¥n | where ¢ 7S scalars

W= CLV[ }$C2VZ +..

- MUY each Vector Compovent
by a Sca(nf, then adl t09ciher.

~usedall  For  Colving  SyStems of  liveas rnvlefendence

€qations, Span , Linear

Linearly  depengnt
A Set of Vegbors IS Unewfly  depordent
i olleost one  Veltof can  be exfusid o8 a

Lineaf TIndependence

. ) 0r  Vectors s lineally indep
e M0 Vellor can  Le cxpmssed w3 & Iin

compo 0¥ the Ophess

Comso of the Othe . o o gop 24, nly I
Solvtion 1S
A S0 Scalnrg Cl, c2,cn «tlesdld ) S noy.zs,
33 arfe  wneally
. , ; 0 inea
Vi [o] sz [’} tnoep At lemp  0te C iy on -zt
: -

Note: Pl fanK pleans  lineany  ndep

Al ¢ mug Ye O




Lesson 2- Veclor Spates

AlStract Vector Spoces

- A Vettor space V owr o fiad F, is o Set
0¥ VeloS with  duwe opefal;ons

I. Vec tor o.dd:'i,— on.
UtV EV for al v

L. scalal My ldiplicadion .

eV for an ¢ EF Note: Dimersiong afe Minrmal
Nombef K Vetdors  heedCd Jo cComytrez V

Vector space © Axioms

IninPﬂ Lat-iray\ of & V@oéor SPaCa
Fot eny D&V ad V&V, ony XER, BER
ap +BV ¢V

Relabed Lo ay QX fgm S

Subspates

« A Subspace G¥ o Vet Space Vs
a  svbset W SV Lhad s itsely a  Vecdet  Spuce
undef Same  ofefations.

3 condifims

l. W
) 0¢& ¢V IS in Veckor Space, and v s
2.y clised  ndel addigam viv e w 7 SPle  UHv s in vecer

3-) Closed Wdet WMUlif cadion cy € W

in VeECiep

SPDLCC.
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Lincar Compinatons
a linear Combpinatbion S When you ore able
t0 Multiply ach Comporent 08 O VeCkoy by

it ealed 10 angiher

REF - £ivst Jeakng entry is |

RREF- Same thing, Just

TAllL 0vher engries are 0,
=AU 2eme5, 90 bodsom

Mt efyced,

G Sezlar and MaKe

Vector.
] V2 = L’]

\ IF ths 18 tm‘/

VI, V2 ofe o gincor
Combrnaeson o VELEOr B3

Vi = - Some Scaler C
O ¢ revz = B

Vhit VecborS
—Unit Vectrs n W-ZIIK5 J:_z_
7

= e wady itvbe OF )
-0 Je¢ x wwt Vectr, V= (3,4)

V=1(34), IVi=J32 (3.4
SSAUIER, [ 2

5
V=é%/%)

—).
ViS « it Veckor of V.

Definitions
Liteor Syspem: iS & Cetiom of Ca Untions, where
e Wohest fegree on any yunapk S less dhan oF

cuvd| Yo one.

Rank: The rone of a madiex v dhe # of
leading ones in RREF,

REF (Row Bchelon Form) “Tells S

— humbear of Free VoriableS
- pumper OF SOluporSy Lo \inear SyStem

- fank
—syShom ConSiStent [ wlonsiStont

RR - (Reued Lo Elhewn form) Teis vs

— Directly £ Solvkions O o Vingor
Directly #a} fhe ingos

—ronf-
- Cleor pite oF Yelbnshi? or vapiables

“homber or pree  varapies
- hirnewr MM\, /S'MJCMM'

Matrix My (Lielication:

Lek A[Ejil:[]é] LD;:DB [5]

0 A Shol} cathal Coouvmn oy B
oo by | matyx

colovmn
Shovid resylt

AR #RA 0l matters

/\l\MW\/S My [LiPly Row Ly colowsn

® ¢ Yam fle
-2
105] | —8
Zhy 2 x by Z VN e Z2by 2.
K. _ Yow | x colovmn |
7 1 (0w \x ¢2
S —6o ‘e, ci
R2x¢2

Paramegcized ¥ b
i vegtor y | =
Formn  \ 2
Paramesric. 2= 2t 7%
Fotm . ‘_—j = 2+ 7¢
= |+St
\SPOLVI ) 5= %Vl Vb\%elk’h The S¢k oF al|
\(Near Combinakems of VvClove OF S is
Callep  bhe SPam °FS



A Square Mmotrix A IS Symmgip't  F Ihvc({,’],le mabrceS

AT'«'A Tt & matiix & inverible, iUs  debeimman
Flowmpl when  the trupepie  ccane\fORT le caval o O.

U2 |2 'S ék& gGV/'/)g (4,23 L Ex
L] RS L B gl

L3 -2 e
2 2

]

204

FT1TIM

) A IS vhverbible
Determmant o¥ a 2 by 2 - b) AZ-T hes @ Umave  Solugm

K:.Al;‘
%} Sxy - pxe] Det =ad-be ¢) 42-0 hoe o v Soluvbim.
23
d) Rpge (£)= T

Ar=b has a vnow Solutron i¢ ¢) A (s pojut oF CEMA LY mabnveg
A has an nverse, 7 <A b AIE2ED = Tn
A= A7)b=TL =b

A S Simnenic

t

(¢

Find Tnverse
0¥ 12 -1 I 2-1|tes 1 24 \\eo
22y (7 |o2g6|%) 0| o |-3/o¢
V2 -3 0j.-z| o0l °o1-2] 90
R2<=Rz-2n| R2:z-)
Ry =13 -g A
Ri=Ri-2p2 fL]=RI-Se3 R2>B2¢30)
R3:03 -0z = WS
1 0 S |Yeo loo| tao 9 2
01 5 o?"o = ag) 0 0_4_3 = =K 'l 3
p ol |ee) op 1 |jeel) ‘oz

A Subspace  of (R" §S any coliechion S of veciors
RN Swn dhat:
@ ontarn 3

@ coset vwor  Sled AdRpon
G Closed vndery muitipicaism

Boasrs 1S always  assoCiated gl o
cubspace. Basis ©s o Set  oF lineasly
independent veckors they <an V.

| 0 b) Lineany independent
) 1 & S 3
( 6/, (0 P Pans 1R 2

S Basis of IR



How te Cheek a basis of IR®
© check i+ the given vectors ave twe Same §i Mengion oS IK3.
@ Setop Matrix , Yo reduce it
@ Té Mmatr ix oy 2 Prvoes and V'S Squere o €A
bhat meoms 4 ¢S inverdisle. \which Méans .z g
@ basis Yo JR%

To find o bosis fof o Set of Vectors:

O Setup avymented patrix cawer to O.
@ Chob Se.  \ineary (nd epéppents ColOUMNS.

Look at Ornigma \  colovmsd and thoSe  (orm
A besys,

T)?M'FS — mllYl\\V\-VM VCC{'M’S I\Md&(l to Spun
oloumn S puce - Stk 0¥ all ' combrualy'sns.

Finding the Bosis 0F Ml Space
Q 5S¢t uvp Avamente} matrix [AJO
O then rPREF

@ Patamguorze Solbims

what 15 Wil Space?
- %S¢t ofF all Veltws “uhen v lé4plird
by dhe wmatnx give yov dhe c.

(non(4))  Ax=o0

What 1S Slandard Basis
- Set or wecwrs , Whee C“‘/"\
CompoOnent ;S o0, exCept -

it af) e ool




The fowspaz or A iS the Set or

all possible \imeal Combinations of 45 rows

The coampspee op A iS the Set or
all ppssible \imeal Combinatims of it's

How +p +Find I'o\uSPaQ:/ ColomSpace

(D Pyl Matiix info RREF

v Sface
Tentiry nom zero
10VS. These rows
Rives you the basis

Yot Lhe row Space -

Coloumn SpacC

X Tow (@K = col ank = FanK (A)

To Check i¥ a gilen vecior s
the rowgpace:

()Ses  avtmentcs rotnx ewvn 1 o0
i4. Then See it 1475 a e Sq).

MLty o¥ & wmafix A, S 1he

dimgnsron of S nvn Space.

Cologmns

S IS a sUbspace:
The number OF Veckws in o basis
Yor 5 is coled bhe Imension o¥ S.

JI'M U("—, h
dim (col(A)) + dim (nwip) =% of cotwmrs

The fowe and Coloums Spaces OF matrx A
Giways hawe the Same dimension.

dim (row(r)) = dim (col (4))
= Numier of leadng 15 In REEF

—ﬂlc P\anK T]Moi’c;r),'

tank (A)+ Willisyg(4) = 1+ (n-1]

=h

1

Yank(4) = dim col (4) # or pivots
nuliy(a) = dim Al (4)

4 oF Free varsk

# 0¥ coloumng wi'thovs

Piveis
YanK(4) + hvllity (A) =hn

7\ l\-# oF

o n
+ o¥ + 0¥ hop Coloymms
Pives Prvo+ Total
c oloymns Lolppp~ns



Fundamenmr Theoyem oF
Tnver bible Measrc

L(’/’& A L& an Nxn Maérix

la) A iS invertible
IL) -AX'fL has & Vhdv Ve Sol

\o) A)\ -6 hoe a &Ernea Sp)

) RLEF or b =T,

&) rank (A) =D

£) WlleyLA) =°

6) Colovmn ve s  oF A

e [vn nien, Spam n’
And Form & bees s

)row Vectors oF A

e  [vn ‘Ndep, Spam //25
And Form & bosig

Find o bes'S for o Subgpace

D Find Coordineres
DILFF

Chelll W WHePendgn t

by (?a/a mELnizZe,

Injeltive

T is injechive  only

When {he null space only contains the &

Te thie /s o fre variables,

(ohe bo on )

thes  Zzis

for ony Yét— at Mose | &
Such bhat ¥(z) =

vs the Kefnel hos  infFitly mang 30(0E iong

Suljective (on b0)
L,]j R i?
Jl‘MCIm T) = 3= C)IQMCIEZJ

L.T iS Survelbive when Iml':lzs, or when ¢

SPwrs,  bhe Codomain.

Al y’S have atleast | z

me x qives  one 4.
Ram K (A) =
These 2 eyenss

are o Plosely indgpendent.

l:VW,J eloment. or ¢ hag  Comg x .

KMV\V\(_»H =M



Eigenvatve - & Scalat rvléPll of & magrix ,Yepersmés SEYLbh] COMP ress on

Eigen Vector - & Vecdor that cotresponds bo an  erqgenvalue. MUSE Le Mon Zero

EiqenSpate- S&% 0¥ M1 Vecles X Svon  that @'”) X=o_(l’aramwfn ond EAPESS (eingron o

No ie
Cigenvalve Con be O
CiYenvalie  Con be Complex #

Ci9enveckorS Can Moy be 0O Cramer’s Rule
-A way Lo <ol & ystem of lingar
M EQuAabysn g
- Tf & Mabix 5s inverhble 14s det = O. M
— S\WAPPing fows, SwapPs the Sign o the SowWe vsing . x 13425
dete(m rant Clamors RU’  2x328 =6

O Tare coervecient

Mubrie: 4.3
- Ahy mafrx witn an all 0 (o of [“’]

Colovmn has & deé =0. @ Find deter ninent o¢

the Coppfeciens Matrir.

- AM ‘A(IQWUZW Wby ! x Mg o ()@_[,

| deb(A)=-4
(1 oy Yo Peddichk oy e Jicgonal.
g0 o A'_/[ f] Find deé (a1)
7 l:—/?"\ = -3
otice how
[ 7 o ZXSxy YeQlaced by Ewe Ag= [ P 3] dektark -
o O = 75 24
agm ented Side.

@ = duelrm) yo deslds)
Aet(A) dek(A)
PropeltieS

Xz %,X‘z "= ::/‘/_'
det(43Y)=Jet(4) ded(n) CCramer s Rul works N makter
J&{,—(A 13: (/e'é ZAJ how many vatiables

L LA
T¢ % I.S A XK -thgy\ and W Many VNKnowns. )(, S W
JCLLBS: KA' ,AlﬁO




Rank mulity Theovew:  tonk  + noity =n
dim (Kewr)) +Jm{Inir)) = n

Ker(A) =583 imples AT s injatve Ao, xz
RiJettive implies imvelbbilty  We can  nds the s Formation,

T . .
dek [A )7{0, imPlies A s iUl , Which means  only
Vecto!  in Ker(AY) 75 the zevs  Veptor.

) chasackerisbic Polynomeas (A A L)
Z)eigen val8  det(A-11)=0

%) PIV3 cigen \alwes into A-RI meatrix

4) RREF, Paramettrize b0 ¥ingd €igenvectors | hases
fof the &i9en S puce Eﬂ




Reeall

Dizdonal Magrix: [3 SO (‘?j .
b2 To Prove A~ with o
Simivay Madrix I’V'lO(,-E( ' X P i
A~ i€ there is an inverble nxn magx S)/IOW /H) = P'?)
P Suh dat P 4P =B

Propert req,
A A
Lf A ~B then BA
Lt AR and B Al thon A~C,

Dicdonalizab ity

B7 d%’n»‘éfon:A Magnx 'S Jiagonelizabe if ther ExstS a dfﬂ.yonw Mabtyx
D and an inversile watrx P Such that  pTAP =)

* Note: This (s only fess/ble if it has lineany indep cigen vectors  and
K I Lhe olgeprac M lLiplicy of each edguale of A 1S eqvar to s geoment .

Properbies 0F  Simuliay  Madrte
suppose A T3
") det(4) =deLin)
) A s owerbible i€ oof BiS inverdib
2) A and & hawe Same  van K
) Same  Ci9en valves




O {hogonal Makrices

Defing. 4 is Zatd W be orbhogona| ¥
AT A=Tn

rofrbies : ortho Mabrices prseme lengsh ond
angles. (oréhowna( unig \Vectors)

Orbhogona  wmatyces Qe often used
I Aanstor magions - Yobagym , COHELE on.

Jet(A) = £
[#2] =)

Oréhogonal  Vegkors

~Inardel For o~ Set of \Vetkors 1o be
Olbhoymal (& Means, he Veckrs rwst e

non Zevo  and linewly indep.

—To Checic ¥ VelbrS are  offhogom)
Compike oll - Jog  Produces .

Ofthogona|  Bases

Set of Vectors:
(D ofbhgona

@éfang Vecltor Space

This implies tin indep.
USeFul  foy  projections

Oldhonof Mal  RaSi<

Frnd oféhogonal Veltors then Jivide by
the Wlﬂnl'é(/}e.(m a foo¢)

() orthogone.|

O Spans Vector Space

€ Magniyte = (

Let w be o Subspace  of findte - dimensione) Vector space V,

& W s finvte dimenSional and dim

bY dim we dim YV (£ ownd

only

W £dimV

I'F we=V.
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Lecture. | PDE _Nobes

1) Mabrites ond Lingaf  Transfofma bions
e Mabirx 1S Set of ovdeled coloumng
ch lineal  LranSformolion mas One  Velbof 0 another
biowgh  oferabim Y= Ax, whete
A is Arangs Formation
CXISinfuy  Vettor
¥ ¥ 1S Quipvt Vector

1) Bigenvales  and  LigenVectors
© Eoomettor (V) 2 A vetdr that  ouly Changes
s MAgnitde  when  trans formed by A
Ay =TV A - EYenvaive , te  Scaling  factor.

Profefdies:
¢ Gigenvectors  Keep  dilechion
‘ l",i‘]cn\/ule leperesent Mo nibude  of Scalmﬁ

5- CJ/LMCLCéef{S b Poly nwom ol M\J E%Ua%.‘an
v To Find  bgenvales

N vse (4-2T)v=0

2y det (A-2 L) =0 Lol von tpwal Solokion

o Null Sbace 5  Sek  of VelkrS V, Sucth  that A v=0

*Span and  Bagis:
© SPan- Al PosSiple  lin Combo's  of e Szt of Vecéors

Y Bas,st minimal  Se¢h of  vectorS  bhak  SPAn o Spac,.
and bt are lincasry onfep.



E iqen valve / BigenVectors Review

4 -
AZ = LX As[‘-t g]
) —5 =2 3 A
= AV AV =0
L AV &IV =S det(4-»1) =
= [a-21 ]V =3 A-%I=[9-zs
W
("t"r)z" 33 =16 -3 % +7f’°f Pre?l‘rv:cstmn
= $L’%$+7 -0
= (ﬂ-“)é %’7) =0
A=1,7
of den
e = i : i Tfj‘a"ﬂvlaf matrix
Al & tigenvalig afe 1,3,
1
dl'[ fl’z] Fol [:} Null= J 242 = JZ
N2
5, - [‘A_L For {_’\] W= (rm? =43
%
V= Vefdrees )
3 13
A'/[oz] £ = edges A‘[:?o‘ u::‘u:v eacs
Y
K()s 1] Do e ﬁ
& Congi df ;41’/1’
4“[9}’[” d%iee of Ydr-k,k#:
A:[:\ - [1] is  bhe womper of |
| ? \ertices  odjctent to  #1 madyi kv
A -’[ | ] = [ZJ

Given: ¢ (1s)) Lis1) (z50) (621) (240

Find  Laplacian : wode 1 2
Z 2z
L=D-A 2 2z
|
}’ :
A_ 0Oo0,010 3 |
i 000 1 g1
0060 ( o &
91 ep o0, 2
I S 0
°log4 00 Z“I
2 0-Lo -l o
=2z 95t s
102 0 -1 g
D-1 0 | oo
“lg-t o 2
0-1p 0 o |
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Lecture 2 -PPP Motes

1) Gragh & s defined by 2 Sets:
*Vertex sed \/: Finide, von empty Set of  Verdices

*Edge set L. Set oF  Connetiions Ledges)  bedween  Velpices
X

Gl V=9 La3 453 E=50,2),0.3, (2 3),(%5)]
Adjatency Moty ix

- The odjatency mabrwrx A is o Square Matix
Where: aij = | (F  bhers an €99y petwee Vi oand vi
0 opnermse

c SYmMrely . aij = aj
‘Dimgonal en tues all O

€
*Rea| gigenvawes }//I/On “Biparbite Graph

Dediee Matrix:
*The Deqglee  ™Mapa D s w diagona]  nmadr
Whele each  ditgonal entry f(tpefeSents — the
dcgrae, (num o¢ Uger) of a Velfex

N

e

X

-

=
!
);OQ N~

OQ(\‘O
Q- g o

—Ooo
) |



Lectowe 2-PDF Notes

Laplacian  Makrix
The la Placiane  WMatrg s defind "37
L=D—-A

* D:Dyre Matnx
e A Adjacency Magny

(o) 165,
< oymnekiC and  Real: Al €ienValves

Gle non hegative

* Smallest eigen \alve — ComnectedheS of He
Glaph

¢ WPlber 0 O egnlties  eqals  ngmber or
§afh comporgn s

Compyt ing Ry Hand

1) Wiite o-dJaCenCY Moty
1) Neyate nonsero  entres

3) (eplace drag g nay aii With dy

¢ Bi?a.f{fl&/,wg— BiPalé ke

Fiedler Vector

< The  cigemve oy

Second
Fredle !

o Clysbes elbizes based on

Shalig b
Ve Lot

Negative

v Helps

Stit  Ahe

Cotiesfonding

<igenwale

dada

nto

OF L

Ho

Lo the
'S Calied

Pod4ivie. OfF

chuncks

L



Glaprs: AdjaCency Motrix ond  Lop [acion  Modi&

Main  concepts
' Gra?k/ Vel Lices, £d9es  afe G(V, E_)
* Adjacency mai iy Ale) is symmetrc  and binary

é(qphs &
o Made wp or Veftices (v): A ron- EmpPtY, finite Sed OF foints

‘Ed‘jC’S {E )} A set g Connectrons \701':\#4:&1 VEf Lites wA'th

ho difec ton  or 7€Py4 rgion

X
7 e $Eles as], §&z>,(zz),(zs),/¢,s))?{

Definitions:

0 Eth‘j HR(A nceden £ When &hey Shak a Veftex
PVEoILS  gre  adjacent When linkel by edge

.Sub‘fm’lq! 1S oo Smallr Put 0¥ bigger  qiaph
wWhith Coutams — less d9es)less nodes.

‘BiPalbite T qath that an e Spid vp inbo bwo gmyps
S0 that, every edje  Connedts o VeNbex flom ohe Growp 4o

4 vubex flom  the otk groyp.
And, bhere wle no  edgis  bebween Verires n Same glouvp

*PDatl,: sequnce of edjes that goes From Ore VeIt 30 cumothes

Withovt  1ePeating  any  edge/Vertex,



A(‘JJQCC:’LCY Moty ix
« The

od Jatency wmabnx A is o Sguafe MAatnx
Where: a,'\j«,g | ¢ bhees an edyy petweppn Vi oand Vi
0 O {herwise
o SYmmetre . aij = aj;
‘Dimgonal en tuves all O ex
‘Rea| gigenvalives Non —Bipalbiie émfh
‘6} 3 ©
T @) .
R R TIE
l AR
4 {?oszs LAY
| L0 6o
0 o0 0]
o 00 o
Laplacion Makrix
Main  ConCef ES The laplacian  matnx is defined by
‘ Dygree matnx ) (6) br=b —1 A
"Laplacian  matric L( é) * D Degre Matny
* Fredlf Vecoy Provides broory Clusta/mj o A AdjaCency Magni
(o e
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LeCture 13: Sitquiar  valve Decomp ( SvD)
° ébn&fnhlcs eigenvalie decomp  For  mon
Key Conegls

Squarz  mMafrles.

* Ei%envestors  of AAT S lefh Singular ectors — SYmreirie, PeSigik  semi definite
* Lidenvecpss oF ATA D G9nt Singons Vecters

1. v
A’_A VAV
*Nom zero  eigenvaies of AN and ATA afe bhe Sare EPapeere | Sonp an | oféiommnn
Al s 4o analyze  €r%nValves oF a nen-satele  rMaipy
A is €l fank

L—s “Tall phin" (m7n) > AA s satar
CShorg wide” (Nym) > AAT (s tame

Lert Tronspse Product

“Lisenveglos o A4, i€ A is a tall b
Ben ATA s Smneie  Swan matny gl has
Ovthoroimal  Jidgnalizatig- A-[A, VA VT

Vors C9enwctors, A s dirgomat Magix  of € i9envates

Right  Trunsse  Produck
« Similar o (5f’l‘, o Eh

Sholt  wide, 4.AT Cn fe
diogma;zed AAT = VA0S

* The  von zaro eigenvales 0+ ,4/}7 ad ATA ar  th Sam,

i 1|1 1 [z 4 eigen vestoy [‘f{]
A4 - =1 ,
{ __l2 '
tz = [0]

By= Af T 7;;0[3]

-

- €|9enveL boxs  oF ArT @m Of{honerra)  basis



Sinquier Valve Deconpss,gion ( SVD)
> U ¥ same a5 /3,,=AAT

. For Gy feal  madfix AcR™
/ I :d Samt  as Byﬁ 41/4'

y
A=UzgV

cWhety v s mxm ofthoymal  Matnk( e sigumr vectors)
*V S nxn  offhodomar mafrix [ 69t Singuar Vellas)

+ S 15 on mep diagmal  Mafpy  wifk Singuial @ ltey

12“)?6[ k)'gé oF é o

cevey g, IS & feal Nomby
v For rank 1, e jér ben o, 0

s Vales an oidvid O 26, z -6 50

§,,6:..%r,

Re Lot jonSh P between  SUD and  Eigenvaiues
Ak I - U e éTUT
414- = VfT z \/T

o The Singular V4wes of

A are the

Saute fonis ot Mendl%S  op Ay T and ATA.
Stletches [ Eransrms Spete

* Singule vatves tell uS  how o matnx



Lecture 14




Lecture '4: ordhonsimal PasiS Vecios / SyD

Main_Concepls

Il Left  Singular Vectors, Foirt of thonafmm) basis  €0r Colom SPate (data Vecios)
jov spaee (veight Veltors)

2. (Cigpt  Singuar  VeLdors: FotM ofthonofmal bagis o
3. 5inguar Velies: Positie  Teal momels, ach a3 Senernlized  eifeniaves of  maiex

X How Lo Fnd best besis

LSVD  of o Squafe Matirx
*for o squaie  Mam mMatrix , the SUD  decormp it
A= UEVT
* U: Ofthogotal  Matrre wiase Columns afe & bhayss o6 o dobe space

o $° Diagonat Matiix with Sigular Valves
Matrix  Whese COloms ap, o bascy FOY aseighy SPace

o V: Ofthogonal
) .
- [ 4% =)o '0"”] =l 50 9 v, »[647 0%
A [o 3] U [0.'—[7 ) 1 [6 el | o ods
+ Eigenvals on  Ji%femal

« LidenVe(los afe nob indef

COVD  sgin ComPsiS  fof mom  JMgonalzabl Mo t1Cos

oL

“ -] s (20
e =[ L ] T [0 o
« Symmg e ond  Yank Jeteciont
* VD omly was One SinguilaC Vel

oS Vegsor Tepiesents ol SPace
» Sttond  Singular vethr 75 OTthoymal  Comflement

Non  Saware  Mad(ix
FoY  fl| rapk von Sauee

/‘\'5:[ _.', /\(}
T 0

‘SUD 4ivey bvest baSyS ¥l Vector Space

6 i ke

-1
A’-{—/ [-I| |X
L -
lin combo of €ach ofler
Steond ol (CPekesenty pull SPace Y Vy



5\/[) for Approximate Bayy Seleckion

Valve) 3 very Swa)

“Le 0y (Sralest  gmguiar
cb”]"—fﬂ/ ko & it Cwn pe neglee ped

©OMPIN bhe Mabri wwar fank vesion | (ke
Most  impartht  Synguiar valves
" These  are K for PCA

IMPOH&M SVD  Properdres
h=UgV" win orthopmal UV and digea 2
of A

Nonzero  Sivguar Valye in (apg
of U are basis  For colymn gpace

oF V aft pays ¥or fow  Space
Foim o hasis fof (0w Sface

¢ Decomposy Eion:
* Rank, nomber of

* Bass Selegbim: 1) fitst 0 Coloens
£) [iiSt [ Colomas
1) The lest (n-r) towmss ¢ |

v VD is a qend Mlization of eiqenaln  decomp
* Hups  basrs  Veror, peh
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Lecture 16 PCA

What s PrA?
¢ Dimensiality teduchion
v USed Lo Fim-J wmain Patterms o€ \rrinkoon in date

*Nw  Set o8 ofthogonar axes Hag Cafture ™o5t of Vafimnce

RIS principal  Compongent  Cuptuves MoSt  Variance

¢ Transforms  dato- o & lower {imgnsional 59ace

Zero—/"lean Datr  Matrix

Loading Veckol V consists of orights

"Berore Pek, Sandaddize doto Ml ffo goch| Vafiabie.
) Compue mean of each tens 20 1S {he Scote of €ach  walqhting
1) SubHact Mtan From €uh  Scow Z= Mv
M= k -k Project onto toP P ComPonents
2t 14

o0f-4iacl Mean
LIRS
with Man = 0

PLA  via SVD /_> é/_aShVué‘glrLo:me-ﬁjslwund tel Yoy how much
] .
* 1) Compule the Lovafiante Maifix % ol lel 218 O is Valiaae of Lhe eo|
= ; 25.9
fz = alp L 1S covartane ['z’;,i lzs.slié-i\“sh
m-y CAPBULS  Telatronshps
M 15 20 meapn  mMukria Must  be B ?o}iifvt Semi definite
g- [ At
2) Compube  etigenvaluess and  eigenVel tors
¢ elfnveliors  ofF B alt b focipal  Components

¢ Ci9nveles  fell s how wmueh  variance

1= [ 15.60 | =7 £t princifal  corePorens 8 T T
142 Capbuies 7S .60y = VZ'gv o R=EAY
m-|

eath CoMporent  Capbyles

0.17

3) Compube the SUD
M=USV]

* U Contars lefg Sinquar Veccors, 2 15 diagoga
« TOht Sqular valws V

MatriX ,V Conbains  rght
Sume 5 eqevedos of B g =V

3

(8]

s ZF —

m-|

Singular Vecsors
e

o« SiMylar  valy Iy (eixlc 1o eig av ks <



Computing PCA Scotes
v afld e princPal  Corponenss
Pk Seots: 2= My

7 0SS Score Makrix
‘Cach Tow vn Z fepelessmts datn Projuied on nev Pop basg

s /;\5 S} Co) (¢PS Scotes

-0D67
2= [ .%o -84 Hong - giisk priveipal  campmens
~o.§ 2.7¢

'Oﬁeéﬂ;az:qzz/j %/W‘ﬂ Patietrs vn  £ifS¢ component
VEU idern wotm o (AN Z = [ 7 maxkcA 4)

‘lamesy  Singuiar Valle

’ Eal&u{é—‘/wng Theolem

A N Ufép V;
 Best  low  rniC appior, Keepy forst P CoMPong g
(8 MOSE Vatance s captad [n Frist few, di'Stard ret

L2 norm (Sreceral ngim)
" laigest simular  vate (0, Savare reot 0F lofgest

CigenValie  of ATA).Re?cmwlS max  Stretch of

Fitss pcA  Componens iy ghe  FIrSE A When appliy to & Vetior

SCoteS 0 Meun dorbor
2=my

e Vegtor of B,
Ffobe,n,w No(m:. Mmeasyes Size of mMmatnr oS8

Sauare (00§ of Som of  &lSoluic ClemeneS

Madix Norrms: Axioms

r AN 20
V(lAll=o ifF FK=0

o hli = loc) AN

WAren €l A+ el
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Lecture 17 - Lectore Motes PDF

Statber Matbrix ond CoVoriane Matrix

o Stably matrix S: Used ‘i PCA mng 0¥  (owdrantt  rmatnx
S=MmTm
Where M S the zep Mdian  ypodh'x
cEyenvestors of S ate  the Same as  Hese of  Cowmimnce  moatrixn 3
L L
B= mnq O

v SCadter wadtix (s Staied Version oF (OVariance Matlcx
(et L AN )

SVD _ond PCA

“PDA Closely feladed £0 SID, shogn in decomp; M=UEV'

CSWd Mabix (g be  Wiiblen oy = VEVT

o (ighl  Swgular Vetbors Vo are  €igenitltas of  Scakber wajny S
¢ Singar vales n g YeWe Lo edevalts of S

PCA  Scores  (Projersion of Date)

* PCA  Scotes  (epeedent dabe frojeched onto0  Plincipal Compomenss:
Z;= Myg =0, U

v Firss FCA Score iS most ipobiart O
rfain Score Vet zp o Cafpuies o diFf  OSpect
v foim  lower dimenmsional  Tefeles endaiion

PCA o Dimm%dnal(ﬁg Red Uct ion

3 ways o redice dimengions
-« tompupe Fitse P PLA Scotes
o Compube flsi P edenntoS OF Scatber matny
¢t Compyte SUD o¥ O memn data  matix M




Sctee Plot: Choosing  numbet of  ComPonents
ToCiee Pt helps  Jetermine, wy OPLimal  Number of Phacival Components

o X -oXis  (epefesentS  Prncipal  ComPoment ndeX
< Yeaxis fePelesenis dhe \Vanante  €xplained by each  COMPoneny

" Whelt flor elpovS  org s idewl 4 of  CLompoenys

Low rank afProx ard E. Yoy Theomm

» Best approximation pf oo matrix given ; .
by i tlneating S M x Gy vl b GV Ve b OpUpVe

© Keefing largest  Singylaf  vales, giveb besi lower dim  aprox
Vsl ko nfression /C[UJI."C‘/'Fﬁ

Loptnt Veriables - eigen Valves of B (Gowfiwnte mamix)
*Fivse  PCA sote Vel 2( , apfroxivadion o, o

« Approgimate | M ag fank -p, Mp , USe ZP=Melp

o [Fchoatt Yomy Theorem

Comsidel . cank(c) =! * OPhirmal TanKk - K approx  Mewns using only tof X
Ruildh ¢ from 22 e 1" Sigutar Vales
=2
o o 2P| 7] NTTRY
_ ZZT o - 8
_[aoo0
Alerna tive vse I ww= | 2 '[553J
X =P : T
A Py A 2=q x fistcol U x §rsE Tow V

Y
OPbima] Vol 37,5 W
C ;Bl rl Vl-’

- Clhow Ly s 9000‘ K Valve for
MProR of vonk. or A.



Lectvie 17 -In Person  notes

\ - Cont Cluster Moy ways

- Quykeled by & pogbibion

wWhile

l00F - (an VoIg , o3 long as

ordur 0# S4efs 408 M3 Change
We Find 0p4imer K

How do

~

- D ocustsr s 0 sqy, or date vecsss

- If K Paftibios, K Clnberd set

Eof

Comsidet 2 Stumarnos
D Given 2 ves, fartiton % &
Caiwlade

dislonte ot 2 PointS, fake painimym

Z) fivtn bus seus, CoMPRe bhen By p,

- W gvtn  Methods
- Jepemds  on duga

- Mmirvm Ve ene e, o fbhegona)

This 15 K Med Clnéerny
quven. “U X2 x3 x4 Looks [iKe
x| 0 wighted agency
X, 0 matrr
)(-)7 2
XY

Con I'Jer:
2 Wha ¥ o5 clasSsifrctiion o€

& new  Veckor X.

_ (! 1 A

02 '[.J 1o ers

M« §1-92
m.y-P-0
b;’”r?a
Eavediom woild
Yo( cmﬂ Qar¥

o
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Leckure 19 -PDF ANozes

Supecvised vS UnSupetvised Learning

 Sufervised : Labelled dakon  (Classification/Regression)
» UnSupervised | Unlabelled doto ( Clusberin 9)

Clvskerng

* JlouPing Jate Points, So Jhat Poinés  Within Same afoup  afe
Mot Similiac {o each Ouper than 20 points in Othel 4roups .

*Eah Group S o Clodgar and  can o distinct of oveflapping

Cluster ing Def

D Cluster a5 Set: A clusker i is bhe swbset  of data ¥, Sic )
- Lach dada poing  belngs fo  exalcly  one  clusdar

2) AS o Centroid: Clusser i has o Cetsid % Sich tha:
- Bvuy  dats popgy belorgS 1o Clustes Whes  Centrold s Clasest
- ASsigning  eatn Poing o the nearese  Centppid
Sio= § Ve X -9 ¢ llu-9K\, Vo £ g; 2

K-means Clystering
P Finding 1< 9o that bes Clusker dJate
D Choose & Clushers
%) Rand omly inttialize  Centrords
3) AsSgn et data  poing  to  neary4 Ce/wrm'/
4) Urdate each  centrod bo be aVermge of (1S asSionad  Ponis
9) RePeh bl Centrosds  don¥ Change

E\mluabmg Pe(fotmance

* Accufaty  ChecK: PrediChed labels Vs Tree japels
o« MisClassitied Poings

vHoman  vs  Aigor dhpa
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Lecture 20-PDF Motes

What s Bl'nafq Clossi€ications ?

cAssiqning o dadm  Veckor to one OF +wo ClaSses
*USes  Supervised learning (each date Point hay a label)
 Llasses  ofe  non -overlapring

¢ Lebels afe  ofden  FU, —

’

Lin ePartabily 2 R3e)

0 dotaset 5 lintanty Seperable ¢ o 2D Stravany me , 3] Plane , or  hyperplase
Can SePelote the two cClasses

© Ir o dabee PoiNE 35 in class 1, Shoold b Closer o dhe fesPertive  Centroid.

* Boonduy  bebween Awo Clases s defind by Il &-30" = Ng-g.0°

+ The data Vector 1 g on the  decision boundaty i ik % equidishant
Feom  Yokh ' Centroids

H 4 Pecplane Reperesentation

“Hyperplane is o decision Loundalg that  Seferates dain into classes
*Equakion of hyperPlang: mTX +b=0

swhete m IS nofmal Veckor

* Xis o dafr Pondt

b is bres bem

E foperfies:
c ool PoindS on  Lhe hyperPlppe Sabis€y  m-£ +b=0

e Prints in I Class Mt Fb 50 Posihve ha\f Space
» foints v eSS - m-t+b <O

Mothemodicol  Derivation  of Decision  Boondarres
“bven (CentroidS g0, 4,

Vicdor Difeerence © m=34,-9;
' M[dFﬂ,‘ﬂ& ! }\_ = 9, +t32 mp (pcie) =oped

[
= g2 (%/4) ’ ‘]?«"C‘/L)

h= QLL(')Z) ,._‘{2/3)
' }‘VWP(ane Eq: ™t =m-h b= -m-h
MT&+&’0 = ’LZ/Z’)‘ 2/3): vq*éafla

bzom-h ta = 2z}t 294 - 10 =0



Genefal{za,k.'on Mate bhan 2 cluSters

" More than  Z Clusters, vse multiple  hyPelplanes
‘AML e CWSErS =  Aamt  OF  Centroids
"Eath Pair  of  Clusters has ik Own
Matrix  notafion .
M= ['”'%}

datu Pornt  belon i

55 12 l:: Bn]
C{@SS | g bis

My+b 20

“V pe(Planes
L

for  mMoldi deass  ClasSi Fitation

* (omPue

My I ¢iple  hypeplanes

e Assign  point do Closes b Claxg

Eath  Clay

5 S JbFM!,J’
LES, & (Mhx +4220) A (max Flaz0)

© % belongs ko St
Side of both Sefelating  hy Pef planes

Computing  DiStante 4o hyperplance
1) Convete  normel Veckor 40 uniy Vector: pe= M

iimil
L) TramSyorm bias  Term @ ¢ = ﬁf;u

3) Compbe DiStance -

Ex

0l a

Th

Je AM-2+b]
Nmi|

hypel Planeg

YL tayp =0
Poing P =CL 1), the distante. s
d= 130 ¥ 400 - 10) 3
S r EUTON |
Nperee 5

o ¢S how Fa( Lhe Point 15 £om

dession boundury th{?e/lene,)

if it li¢s an bhe POSTHVVe

cJ ecision  banda /3'



Rovah Aoles

Conerdel Mo ¥
U is n S, iff (S on Positive  Side of  hyPerp lune

5
wid tb2o0

Multiple  Clusiers = S, Sz, S
Ceptrocds %,92,93

Hyperptunes: | tH I
(ol T M W 0+ 20
Hazz

)
wl'S’r v P"IS 2 ¢

g2 M [tﬁ}

L\/ = \/t',;l
13 Ty

_’
-
hv J—Ll 20

DB jndex
v How qood afe thee closters.

TS, have M

in Sz, have m2 Memyure . |19 -921]
C,(/Mrdl'd 97
Controid 95 Larqer DB index, mears woise  cluster

Smallyr- DB ind%, betbel  duster

Meusult: Maan diStance  Withn Part i Lion.
Jl 'L/Z

i —  JiStance  betuween

€ enitroids
D“SP“Sl'ﬂn‘. d, #}z

D.'\S Ptrsion n o clostermg s how g,maJ vt
e poing are  within o Clyster.

- Votiance

- Standard  Dewra Lion

~ Rangg
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TaKe Transpose : A <B'0,'

How aopd 5 1, 7
1 How muag doda poines are cortecs?

e

Labels afe  + —

" - )
Clasies o0e I =9 i
1 1
2 W
N 4
Posizive  mabth 4 Vectors Trve Positire L(Tp) Corrett
Nejayes Match 1 2D vechors Tk Maoksve | TV)
Hiv many  ore  wiony? Puse oSVt (FP) Fixise Aam
fase Mgapve (FM)  Mise
Cleas w_
+ L T fos Fupe s IE—J Jensizigg
TP 7Y
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: ( % E N\_/. Chat i feally iy
| -2 t t Whot e clussipied
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Lecture 22 - PDF Motes

- eValuo. brng  Pefroimance
~ Compae lakels 4o

of  Classiricoeron
Predict

models  \gm

& (Hva) SenSidivity, SPecitic )y &
7

Confysjon Mot 1 x

PN

Acyracy: TpeTa

4 Confusion matiix

Type | and  TyPe Il ewors,

CotreCtly  idyniitied Classes

" TX2 binary  ClasSificalim  table
Sensidivivg (fecan) . TP _ Tty Poszng i spmnces
5 Trve take P
Positive () _ Py
Pos;i 4 rve 051 i TN Tdentis
SpeLifitily o 1Y Nedajive —inStances
. fFalse Tive
Nigative (- Meadive | U ; N
e Veme.  FP _ Prop os fejetting Yy
foSiiie ingtance - dabx  Poinks fate N
IYPf- Il Elrofl . _};/l_/ — frop 0OF (nloirecty LlasSy ¥y ng
T 1 crm- Flse Pos Tate P Pos o3 Nneq ¢ ive
Tpe Il ertor - Fare nefative
Pfec,'5,~ay| - (s - Mob or Predied Posisna, bned
(ithe medrc dererdS  om opflication PP are  Huly Posreives
Relulive (onfusion Matriy
s (ePTesonts proPoriions (ather Lthan (ow Counts
Preditted/ACLun! pos (+1) Nty L-1)
Pos  (41) TeR (Swsit: vits) Fep Eoth row sums to | (TPR+ £PR 1)
Ny (-v) FAR TNR (Secificiy) FNR+ TNVR=1
oy 2 Degiges of  Freedom

Example 1: Medical Diagnosis

A clas fisoase 7

Actusl | Predicted Postive |Disease) Negative IN) Dsease)

Postve (Dusease) N

Hegative NGO Disease ™

Calkculating Metrcs

reducng FNR is crecial

1 nd&?mdm% Valiables  Conngs be

(CLLcﬁorfC“I, Yoo Cant Scae Casenpy

|C{‘)(/( S J(,Pm/qz{ Var in Clediticaton

Scoing  funchion  taKes Feotures am
g

Maps  dem  Jo el pombel.
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Lectve 27

+ ReCiever Oferatbor Cherackenshic (KOC) CUY\/&S, vissually  evalvates ClesSi Fiers

PelFotmance
- FPR ,TPR, AUC (Afes under  coive)
ROC CU(VC A ROC Diata, froms Pasovet 2000
s Method Lo evalvate ClasSific ation Perfoimance
* USed n wWwl for fader detectvon 3 ‘:mgo ’ :M
6 0
» ROC cytve plots  TPR  aqainst FPR S 5 ’
3 >
TeR= & fee- %’ or - TPR
3 ots  of ROC  Cufve = FPL . ~Eath
. _ @ Point S
C Y akis of RoOC (ufve = 1PR

at diff thisi

Fach Cittle S fabio  of ATIER
) ) FPR
Ea-fl't circle St dwh contunion Mt

How s the ROC Cuyrve Genelated

) Classifid  aSSigns  Scares lo data poipntS

1) Tweshold  4PP1€D | (¢ sore 5 thieshold , kS Pes
v iF SCote < below , (65 NEg

% Changing Yhreshad — Shirts TPR , FPR  Creabing Jife poinés

Afea  Undec  Curve CAUC)

» Auc 75 o Single  numper Ummary  of ROC Perform ance
o (anyes  ¥rom o o 1:

L0 - Perfeck CasSikier, Tpn =1, FPR =0 Closer bo 1, bhe bedier

0.5 - Tlandor  quessing TR & FPR =0.5
405 worse than  Tondom, (Y \etber ofF guessiag)

'Highor Auc  idiakey  better Jistiimmaton  btbween Classes.
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Many Coneeiong eath VBEX s,

» Laflacian mabnox (L)
- L L D _ A’

" Oymne bri and Real, all egenvatves
aft fon negative,

‘TM Number OF O  eigenvaly 1§ the
Womber 0 Components

E igenvauwes / Eigunvectors

cAv= 7V

» Trace (S dhe Sum 0Ff eifemvaies
« Ded(h) s Produet  or  efepumived

Ve oot Spotes

*Olumn  space: SPan 0f  Colurmg 0F A
aNoW Space: Sed of  Vellos st

’ E&S.‘Y-

* Lintarly indep vectrsS ot Span

[L’ago neliza kion
A=PD P P IS eienVestor Matyix
(S 4 w0 ,'

D S d%Gpne mabrix Of eiten
koS disgonaliape ¢ erqeon\edn
Are \in indep
‘ SYMW&hiC Mmalrces, o [ways  Jingguarmble

Symmetric | SKew
CSYmmetne Mabrx:
' B ,/BT

e Teal eigendlves  and O7thogonal  eiy evecios

c&lew  Symmetiic

S-;’ST

Eifenvalves afe  (maginy

AX o

Lhe Spate

* 0{thgonal bag is . tach Vekor S pupengicunr o eaen  Obher
+ Ofthono MMar  WSiS: basiS Veléors ave ofthogsonal owd onidr leng



Unit ?fMC'E)'SL QuestionS

5)
) -2 4 2] RREF I 01
A= -t ! — g Vol
-z 31 90
Z (/n  inde? colovmns
Tank =2, basis  veekrs mosi e
) Y o2
1 I} 15 Coffect 6) Keer
-1

1) | 2] s l o ©
A= | - [/
ERLEIT

MO} in Col  of A all lin jpdeP
Whih Ve(w! S o |;a combe o °lhes

which Vetdof 05 ofthogumel Lo colomn $pace

A'C <o bis muléigle ot col 3
)
)
Ni=5 A:=lo

T [ l1ys S [ -2/3
L/ YV Js

A= VA VT

Lf) Tizt, rp=2 , when wcg 2|
A;[Ii-ﬁ IPEJ
o 2z

1Ty < /
ded(k -1 I) =0 T=leg Hez=?

(
[ l ] Noivally  det = ad-he

vz
=2
[ "07‘7"_1} (H‘)(z”\) —P

/ |
1=l Rp=2

(lee-MN (2 =0

\}

[o4] [42)]

Jet( & =21)=0

= [5 0
g -6 (-~ (-6-M)
[ N/
N=-5 K=6
g

in Mmend [—\ 01
o —(

.
A=k, 4 =0

Lhen X‘[,‘I'J?7 20

ef9envale 2 dog nok Change, eiderVale | inc/ewses & b4



ProLiise |- Matlab

Binary (lyStering of Graph Verérces

1) Transfofmmg an edje 1552 jnio an odfatency matrix

2-) Compuking Laplacian Magrox oF o 9 (aph

;) Using Fredld vecésl {o Cluste Vefbeces in 2 o0 PS

fdie Lese:

= Lot of Comections bedween  nodes fyefbices

E/ ‘126 | and 2 core Connected,ath weght 5
212 7
1 32

-5upleSe, You have 4 edden\mlks, Fiedlers Wecter s
asSSOcidted With  Secomd  Smanest Cyenalve.

the oOne

= Then Seperatng  pudes mto  Posi'tine /nc;auve Clustess

OF those e9envettsrs,

K&}’ Ldeos:

- Adjanc enty Matix, fepelesents  Connectios [vekdrees

~ Wweilhted ¢ades

-laplacrean L =D-A

- Fredler  Vector: eigenvectol | Corfesponding o Second  Sruallest
pas &) tan.

M Gntries = Ser
PSS Gntres = su 2

&r%nmlue of L



Helpfull MATLAR (.o mmand$

Clea bion
» Tentity putriz: eyeln)

* 2er0s matrn:.  Zefoes (m, n)
¢ Ones wmatix, ones (m,n)

Madrix  opefationd

1

* Transpose = A

¢ Thverse - inuC4)
e D eherminant - JbbCA'J
« Rank Torank (A)

£i9envaluey and figenvectors
[v,1] = eq4)
Vi Bigenvittor s
L: pragonal mabnx OF eifenvalles

Nyl Space
ull(4) = Of thonotmal  baSis for Ml Space

Gragh Coustructron :
- A< [o[l; (0o, Loo ]
' Degree matrg- = deag( syml 4 2))
*Llaflacian watroe: L=D-A




_ Content
Ke‘{ Deginctrons and ConCe ptsS wj:,lK G
Pre QCQ; , Hwi, Hw2

Ploctise ¢
(7\'0»?1'\ Mobrces CledS nokes  (—6.
*braph GV, E,w) : Set of Velpees (V), edqes (E)

and Weightt (W)

VAdistency Matix Cwhee Aij =1, i Vefwear i ond § ol Connected
v Symmebric for  mdilected Ylapns

 Degiee Mateek DG : dimdonal patnx where eack entty  Dii = degice or Verzes ;
*Laslacton Maty,:

D=4, NN Spaged  diMension = pymiber of 9k Comporents

Figenyolves  and  Eiqenvec tors Note . USe calcvlobor o #ind  inverse
Benvalue:  Ay= AV fabrx |of |degerminmant
Where v (s an eigen Ve, and R is

an  eMenvalve
‘The bince of , madix 1§ bhe Sym  of iiS egeninite;
' The doeimimny 5 dhe podut of  ejenvmius

* I€ ecfepvaluey are  diskingt, al

ergen Vettors afe  lin indep
‘If A s Symmednc,

all eijenvalrey are Real

(o one lr y

‘A pali oS dAYonalized if (A=PD P

Where D s dmgowe) , P Contains €re) enlecdors.

© Sy mmedic Magrices  are always  doogmali 2o ble
- Notral motrices (AB"= ATA) sre  dingonadizabie

18 an €iGenvalves ofe  distinlt , Metfe s J“"‘@”Mh‘mbm

S]’ea‘al Mati:Ces
* Ofthagona.| MoEtlices < Q, Q/T
cSIMMetie Matfices: A = AT
¢ SKew  Symme bnt A =

‘I'



2019 Proctise Test
D Given A = [’2 1 2]

-t 1
2
2 3 !

Find & basis fof calouma SPuce of A.

To  SPan Col(A), Coloumas  mMuyz  be lin iUndep

L2 -l R2= 221 -12
[ 2 - t -2 -1
~2 3 [ 0 -3 -3
-z 3
L3= 2R\ +R>
( -2 -1l
=3 -3
0 -) -1
NoE liw ndeP
2 lin indef Ve Las

D or e)

2 2 3
) Given A= [" \ ”] , Coloumn Space hay

JlansnOn of 2. Find Vectof not in nun Space oF 4.

In [RR‘:’)F‘ Need 4o €ind  Vettor that does
A: }

o Ll met Satisty o ocy.oy +ezazel/

] 2 v)
Cl[—i}l'czg( |S - [VZ
( \/5
To find i 4 s in dhe Coloumn Space  of A,
the Vveclor Can  he CXPsSed a5 e lin combo,
Nob  be in dhe coloumn  Space means, it Musi  be

0fdhogona( Eo all otwer  coloumns

7;) (7' e As AT i E,'ggnvﬂ.[f/ts of A afe
4, = 5, Az = 1O, ergenVelfor
)(—I = [ 20 ;2 = [_ ’Z/JE
Z/J’s /vs

44 P e _’) ——— SPectra] decomp
Z/d,
€%envectors

A=
F:“n.c)[ﬂj Meltryr
‘ 4
A - [ 5 ] [ #s
Z o | -
s 0 \% flom

Yiven ergenvawed
A4l
A- q
[ ST } D)

ar SW



o) Gwen A= [12 8= [} %]

4) Civen| A [ Lre y+c]
(@] 2 7|1f—" Ao ==-5
T¢ ¢=0, T =1, Tz=2 Re=E 1T
when €20 madtfix SimPlifies 1 1)
] . A “[o z] ATGT= 5 0
M= [5%] i (,z) 3 - ¢
= | 4-3
des( A - 11) =0 ded(4- 1
(l4c) - 71 01"0) - [S-" ’
e -6

]

0 2-n

(€ tiey - ) (2—&)

- (1tc-a) (Z’?‘)

l+c-1= 0
te= 7L|
2= N2

only Joam bda

Com»fa./,’ng €igenveliess:
Vil Chengeb)

6) A = AT POS]'&{V& Semi JC’ACI'VI:'EC,
foxtie definite, eifen

deL(s-1)(-¢-2)

= 5-x
k= 5/ %= €
orRwed )
eden Valuey ak 0 and abve

Wmiws are avove |,

Prociise Quiz #2

(112

6 7 7
Find Scaler 4, that Prodvces matpy (.

OD_'|

A Moty o5 (Singotag o i ks dLbem
Jette) =0 —> NOt inverdible.
UPPer tiangle watlix, detefminan

0¢ the diagonal
('I%CC) - 2. ¥ -
=4
z o ,

Z) A= E -z -2 !:_— ,l
© 2 I Vs T 0

2

R=[A = [ g

0 o

[, l.o 0-0

= - 1

“0.S5 0S5

nant 1S Zero,

t 'S the PfoeJUCé
(’l) =0

0



Mhat 40 Study

= Pfactise 2 trosgval( ) Fonction M matlab VS the
- Class nobes 7-13 Mtan Savared offor: Aot Ehe  foot  Fiean Sawared crroy
-~ Pre feds Propuems , hpw, Hws (R /\I\S)

Proctise 2 -fark |
o Predicting  €fa%ility index  using age qroup PVopriiones

o OnesVeCkor = ones (m,]) — cleates o Coluymn  OF Ongs (4o tacwde an intefcept m regession)
o Inctializing  Vectors b0 hold  mmS and  Slope values.
o Performing Imear reqfesseon  for eacn varmbie

A= [ dota Matrix (I/L)/ O“CBVecéar]; Add  indeicepr

w= AN\ Fer'l(Lg\/Lcéor;

tmsvare ()= (MS( FragilieyVector - k Xw), compuie Rms e/rar

Slopes(i) = w(1) ;

'Séowng Slofes  herps us deief ine PoSiéive) negative  Cofremims.

¢ Simple  lneat regression: Y= mx b
* inCloding  intereeft  teim , makes  Sate  When  you (now  fr sue, 1B dvs nox 9o

thrgom e orlgin.
o T# VYou inclde an intefCept teim, add o Colovmn of Ones 40 data matnx

L !
A- X !
o /;W wzlm; 4]
. s (L5
Do Sope | MEetCEPt

CrosS  Valda4in

tFragiigVecegr (Jefendert ariagle)

o Jata Mo piix. ( inderndent  veriable)

* Selegt Coloymn , append  « Coloumn Of onef  for the intercepd
*Debme 1 =S, crossalind () ASSERs  eacn o b2 Grovps
o Tfain  an L‘[/S data | Loyt on Le

W= X_train\ y_train



2¢el0 Minn transfoimadion: y'= X — X

q——> (&dua

élror
J= Yw te¢

\/ K‘? WO9hy  Vertor (fb‘jrz,ss,*” (\d@ffﬂﬁl\o’ﬂf)
alénm|  matrix of
infur data

we (%) (T

SUD:  iS & matirx  Factization  teChniovve  that
X mappy A e 3 A= U<V

de composes

w o {us o5 how ruch  each  infr  afrechs

the ovtpyi
Wi % Slofe of

129resyon  ine

e .
Liness (eagessom  £of A& 2 S projecsan ot © go column Space  of A

Laﬁou'. o pind weqht Weor & Suh  lat we e Clodeat o e albml  daided Jomtn  yaies

ROOL Mean SQuare efror
RMs (W, 4,8 = 1 &l

”

Ay findg  best b

find how far ?f(dl‘t Lims — xd  are from C
- =
e =AW T S eftof Veosor

Jn , Whete ™M 3 Rmber  of data foints

o Trarning  and  besting model on  Seme  daba  dOes  mor  gue  Good espimate  oF  Pefformense

L Joes no#  accomi fof UnScen data

K-fold ctoss vaidation X
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A malad s

Quiz 2

* Loy o Projection: e = C-p
*Proje(tiorn onlo  SubSpace. P=Aw

[ . T T
Normal  equafin fo find Projection weYnss: A Aw=MC
* The projection  pmagriz 43

. Projects o
Vettor ondo  the coloomn

space of A
« Rool ney  Swoag
- P
Rs(\7 4:0 = 180
m
v A=UgVT
U = Ordhogoral  madix (la'--b Srnguar WMI]
Z =diagonar malnx

VT:o{‘lkmum matix [_f:‘7h+ 5{’\9V1M>

The Projection of b onto e Space  Spamed 4y A

snquinr ¥ deb(M)=0 . A (0v/cotann S Lty degerdets

The sum of Cltgnae = brace  of A,
Progectin  Fotmula: p= A (ATA) ATy



SVD - Tn Depth
‘SUD i« Process of bfeaking dJown ony mMatrx into A=Ugy”
I¢ A gR™"

A=ugy!

U is mMam  (olunas ae  lefs  Sinqulaf VettorS | ofbuonsrma)

© S ¢ mxn disoma Makix Wik Siqoler aled 0120z 26020 Lall Posiive)

, ¥ 75 man Columns  afe  ht  Singuiaf VeClors, 0Oftho norsa]

Tmpotance
A = (X X = X { X = [J'l % T_ X
% v )‘c‘: X 2 X 02 V= by ::
x
2 Lo K, X x
Lin iygep Linindep T lf 0(thogana. L)
Le€d Simuar Complenteany Basis For nyn
veetais o¢ of~ Cot Space Basis for SPace.
™n 2e¢o  Singunr Toly
Vaes Stce of A

Boys #r Col Sace

V' Conbains eiqenveckorS of A'A
U CoplamS e@eavtttors of A AT
1
Mat rices  ATA oand A ae bobh Sy mmetnc  apd Posikve  Semti-definebe
Ls alwaygs  have

To tind eqevaies of ATA = [.Mz] [g lzl i [qsf‘;l

q S} eifen vales of Lhis riagtix
351 4k Sauvare (oabs O0F Lhe

Sylal Vawg  fiom =

Also  Share Same PlocCess  for AAT
Note: ATA ond AAT have  difrerents diMens ions.

Fiqumdecomp: A= @& A QT

(only  swoare, gingomatza ble agnces)

L L& Symmety,x; T

) G =

A= q Ao —~ Tianse 4o
a

of Ty
5(4 me magit dvagjonal e
whose  cols v friCes
Ofs EigenVesLfors OF t'Teuvay.
of A “J

SPeléval Theorem:

© €en VeClors ar D(€hogmal and o7 ¥honormecl




L"l) '/ 3, a, I?_, 20 20) PI’UJ.L[,ENP Mo fiir X -y-22 =0
) P=A & < Two  Vetlors in §ane , plae will be
&) S A ite z[ll] Colovw  Speze of 4
W =
AtA ?=(s Mg o v =0, 1 0)
‘ b Vi =(2,0,1)
[}
o= 1 73
L’[:] ‘ LJ % A - {:é}
3 0
o= (111 [5]

2 p | 2
-—ﬁ— = O- Tps ;I 0 ‘;A
W-U][,J :_,'- j_[s/z] A'A [ ,\][ lf

l
5. [k
3 [Z S/3 - 3
503 z 5
g = -u
VA Thvege 1 — . 1L
1% w - 3
) l_::('ll) P, = [5/5} P'—’{g 3]%[5 _i] llo‘:
a = (1,9) 65 ) -2 z
a.;,:,(llb) Py Vg |,$
1 P +pex b = [lflz 5% f‘/’i( For any  basrs VeCbors in Plane
he & o s 1-y-22 =0
- LUlo] The Mo iy P projects any  Vector in g}

O p= A(AT M“A“
At [:3 Izl , Fnd flojechion matiy P

Posecls  vector 3 omio pane Seanwed by &7 g a2

- -
?”'JColu)l’ = P}
?-‘:I Le A IS inVertible, (¢ Spany all
of IRZ.
I2) Project b onto Colomn Spee o A
Ahx= ATh

= 0 becase & s in Col Smae af A.



TesT 2 - Prep

test - winter 20l

Procctise
L) Veetor Space V. Spamed by barnis Vertors
What & mang o project b anto L
“The 90a1  of Ploj elhing o veltor P rs o Find
best  appiogimaiion  of b Withym U
Finding P, Sun dhal lb=Ph  eoclidean nom 3
Minimized, [Avivilal Lo el  squuns Solv ron.

2) Neor space V dhat s S?Mnd&r A=

1311l

find qpor plojellion op

(AT H

[
2 =1
[ l
rz

M0 Vestor SPate

- - -
= L2 1) zl-f - Fa i S
[—n—l (z] valf W --ll2 :z,
— | 2
AS =f
| 7DJ ~
v -2%
B-P 1) @ - | '%}
-1
P—A‘U: ! - o
[,z s
| 2
¢ =b-F
C <z P
[_g 6) Y o z tcz
3) flry=clz 4z 1 3|
M= 2z Yz |
for an points:  Aw=f [15 rER
- A o sy Y=z rez

SWS & Rl tith cl, (7




1) pomal £an (AATW =4 i

EmR G aE

"B e g

P A bl 1by) 3 [;’]
1 - “y
1.
: ;ll [+ e=1-b
. [-6 e=[=61 (4
" H e
i 5

D sz v
Aw = £

Ll of L
§ Iz( 51,‘6’[2:% 4]

USng  nefmal Ea: (ATAw =A"§

o) - e

Liya . 4y,
o © _ 17.5
¢ ’
[CZ 1 & Cl= 1.75'/ (22214
2 Eracgse |

W P29 is & projecton Mair
4 VS AN o({hogons] P roy €CHIM

The  Colomn Spae of T -p has yeehsS Projecky oo

N Pojeclim of b o we fwwah &,

.
i “TL o e= b-?

o a c=[£]_ i/g
¢z bof ? [&1

i ELRALE LT

n Ll,o)
8y ag < (1,2)

< MbT = A‘BT

P _a—:[_oT-cA ?Z ::?a’zu?_
f = fr/:‘—ql Fz’(%‘/é)

a o N
71—;('/0) Tl+pz = (};1%>¥(',/)
Vopptarmy' A ad (4747

A< [53] dedihTh) = -4

A= [12]0000 1':“1‘_‘[‘::{_}2"”
)
= [-—S/,_, 3/‘I
\/\——— 2 —I/H—X
AT_[A-(A)-I: f:L
2) o= A(A YA T
(3] 4= (3]
[+ 7))

Lbr3. 342

[: |2'_\-(=-z
Ll
,_z'z[:\',']

Complhiment
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Practise 9%

-PCA S$cote - after Endit)  Principal Com PonentsS ( eiqenve(tor of Covarianle maifix) eath data poné 1S

ProjeLted onte thede hew Axes 4o Oftam  new Coordinages.

"RInValues of  Covafiance MatfiX cipprsent the amt  of  Vatance capbured by €ach  principy

cgmfnuni'

. For PLAE Scofes, fhe amb of  {iMensions your fedicing €2 is the ome of Coloumns
¢ DB ind®&  is  uSed b4 assess  eFFELliuncy

) Find best Pair of featdles | for 2D IeP
2) Arrly PCA 1o rduce 1p wine set L@ 2D and Score EfFechiveviess

) Sfundnidize the data, apply PCA  agen

Proccess of Code

‘Tead dalq, €irsp row SKiPPEd, X mag Containg feafules, JveC Contarns Ol
+ (omputesS D index , which  helps  evalate  Guality  of Cludtes .
‘lower Index = Bepper Clusteding

'FU( 100? ibefeted  all Possiie Paifs of date feabures.
* Daja Plodbing according 40 fwo  Featvres

o Raw Dada PCA: Funttin submers 4kt mean  from  xmar,
Pe(folms PCA  using SV — Zelo Man dada

. Standardized Dot P(A: USes 2 Score ¥ Rormiou iy, prspems PCA .

Y oo mean + Spandard IV At

Analysis  of Scofed

+ SMalesy DY index - ©-7225 — Sl 9ood Clysie(
v DB index 0f faw PCA  Scores -1.5 — (€55 9ood Cluster
+ pg indix of Standidized PNA - 063 a2 —Lesy cisie

labels,



Quiz 3 Review

-S VD s Used For Mairx  approximagion
Azuz V!
" U and V afe  O(thogonal Madirces
-2 i d%gomal matix with Sguiar Ualves
- G\Ves IMFo apt each cgl of Vand U

" Modiix  ApProx

cCy= Y T Eedh G5 afank | matnx
~ 80 by ouper Produwe of SnIVET verlor paits

‘ f? C; approximies A

pE
- left Suular  Veckors wre eidenvectors oF AAT =2 oftlogoral  Jiltotioms (0w space
—CoNE Sogriar  VeltoS  age  tigenver by o¥ Al4 5 orthogimal Jifecbons Col Space
7
Co= O wv, r PP Yox;mates orgmal  Mafyx

42
n [;_74 y.52
T L A3z 6.26

oo A
“Magfin U-P Prowtdes  bogis for Spate bk caphuie  MoSt  varunie
in fwe dMa. Tf P SWail Corpafed 1o orgrpal Vor§ Ur (ee/vCes c/:'mns,'n/,z,g

“Storts  in PLA, (cPefesent tiang Fotmed Coovdinates of Yo data  (n the
SPace of Youl prive,fal  Coripmenis. Zy = [0, oty b First  few have mos:
info and ap?™* o Jaga.



In Person Quiz Reyiew

“Jiven the syp, exPlain Properties
+ SVD, PCA, DR

SVD

* Process that decompases matir A ingo 3 Scferate  patrces With USCRN  Propeqpies

Y TRV

© Madix U, 0ofkhogonal radrix (@l Colomms oy product  With eacn other vs 0, ond wnjd length)

Matiix 2, Diagonal mMaénx ( Singuiar vaives  arfaged in  deScending olkr , qives US  Weighs ofU)
¢ MALX VY Tlanspese  of  0(thogaal Malnx .

3249
A=[319]
2 Y _ 1o S 0 [ o6 o€
[OO}"[OI 00 ['080‘6
’).
imPo{ian(e
0% Cofoymns

UV ogive You  diteckions / Ofientations
Plopelties
« first  colurms  oF U, span  the colomn Spacc  of A
P FOTE T Gwnas oF vy, SPan fow Space  of A
o7 ( yows or
" Wlovmn  oF (U, that  diesnt  spon Cdlowmn Spacte  Spans ofhogone!  COMPapr OF
ke Colgymn shace.

e The  Colovmns of V. 4hat doni  Spoan the fow Space, span the Ul space.



Matx  Aeprox
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we w- eia xgdient

Bager laming faie, bignei Skers, 1K of  Pusmg  owl
lowe/ leaniny  pate, taKes Ao longy .

OVerview  flow
-taus pPsat
~ taus  sepbivary [ Peitersvon  training)

[) Avdmeny  data Xuvy: [Xmat onelSizelXmas, V0

2) stt Pparameders Cal  StP binary

eta 0.0l
imak = 500000

‘_\f_ amn , l’x] = StPbirary (_Xa(/ﬂ, YVer, e, imax);
3) Compate Wwith log  fegression

4) Store P date

g) Roc  Curve
6) inar  thiedhod  and  Aaifagy

- -

Lineaf  fespomse: J ‘_(i,/ ;
it weidht

fesidval  effor; e - actoas

Bradiene = — pocK - ProPogabm £ x

minimom

LA with

c luster. ng



Potd 2: keme' PCA

“Using Ketnel  PCA, bo reduce dataset Sl K=means  Clusgesing
* M we ot weoelksoity (Ul dodmet Species

* Goal: 1) Compu¥ qam AR fmn Kermel  funlhion
2) Findiy  Rectral  decowmp
Huse giqenve Ctors 1o Phojesd  Joda
(oCesS
Glom Mapsix - Similuky Wadrix bells you D Bud gavssen  Kemol  Jram  matrix
Wow (o each ddta Poind S jo evelf Oy daippornt O
3) Run Pea on it 4o red uCé  Jimensions b0 ZD

. 4) K-mMERRS (g5 teri »
(vooé Lian Mabiins D eailuse  squmeg disiante : {ietrs
Iy M g 5) VZualza by

3y Gomel STV matry

Actvnl code

D) COMlA g WA
) D ooy fedugkion  Sebup
Wmas, \g(en, YYnuz ¢ 2w m

D Uk biam  pieken
D= pdnbl xwel, XML eyilitmny @

Ymab=s (aabln) & Kted e (;mbﬁm)



Practise - MC Questions

- v lly-vi®
NEETCE TI]_E" 08 ) Cxel: uk o+ nd °) K{U'V); Ccful $h
- s " [he] +lellipes, ] et
l+ GCWXH’) = [I,L] + [ A
1l ~o.o§,o-l]
" eet®l = s, 2] A
9 bi= 60 vi)

# ()= 0.4(1-04)

4) whith S not s in Computing  descent  ditection di in o ?
= (1-04) (04(1-04)) 3 n kg Ieq?

B welht  veckor o

= 0.144
6) Logiste gunction Can nov be ditectly  8) = _,l__&ww ] al
USed Bdr Wulhi- Class  clatsifrc ation (re (it 3
0.
' = [-u-ss [r2} = 6.62
7) @[U)>0-3 ==L+l = <
(
vy - g [1-0.%
ai \, gleu ) D Ohethie/eost fngim 5 minirized
A ' “en (=0,
o) Two poibs: £ <f1, 0] 4 =2
%= (0,13 by = N @y = v ad
di=b 2 z-[1,0] -—[Z,a] = [u.’-{,o.(] L Eo_3 ,-0-l]
de '-le-x'Z = ~I-{_n,|] B [o)q] :@.7’ 0.7] A
d=di sdz
(J: LL,”J
X= }}27- l‘ JZ: b;xT 5
ZZZL{ \l = o.1463 [f}
= 0.3723
V3 = X3 -we
I
vi= 31 [—‘5‘5] dew =¥ b
vy = - $ 255 oums
=/ [’ e 163
23 = 6.3125 / -
ry = | -0.%775
= 0.6225

£lw x,Y) = li (b.szz_q (o-6225)

WKelz wK ¢
= 0.19325 / &

i 209 L
duv bun - 329 (1-0371)
=0.235

b3 =.6223) 15.259)
= 0.1443 \/

-2
d2= (o926 0439 0.1463]
vFg: —LBXS = -0.14643 {Z 2 \-1 :/3

= [_D.z"tze ~0.439 _o.ll-{g_g]



Uni¢ 5- Exam Practise

Hw #1|
- —0 L
') A= [; ;] W = [ 1}
X - 23 | ! .M_' Eﬂ-f& 2
- [o 2z ;] ! Defivatie: o©-23s
- Us= [231) [_'5.5] !
Ve oxo Uy 0.5 b3=0.1462
o 231 -l ) Abo
U:[OZI] ['Ij Zy = T:E_s V¥ = -bixi
U= [z] 23- 0.3775 Véy = ©.1462) §J
3 = |-o0. !
T3 | - 0.377S « —O.zq“,
RS 3] 2=[- 3 :6.62L5 3= ::,;,m
[ [ ! F1= 014375 23
X=]-1 31
(=1, 0 B
. I+e Purt 3
I ¥ 1 =0.0474 - iy
vl [-,’ AT o PALTSS
= [:l *"'5[0.4557-‘
bo=""-3 -85 o.lyjo
_ (12 _ [ -2 = [ toaq
D a6 v=[o] w= [F] [H5]
-2
1z
& ]
o= [131] [ ] Patd 4
] I ) K(aiaj) =aiaf
= 0.731 = 0.93
] 2
o= 1- 073 M= 0269 § 7 38to klyv) = € i
- - = -o. 7 13w Iy
(- o0- 0.38 f2 0.38 % 1213 6 I
o 14 lg2
4) o= [} '] Y= 0:[_"‘;_521 Q=1 < 0.0183 |
b= 0.y I eifyj
7 ey -4 -60
Whet = Wo nd d = xibi c |
I; (: ] (]
3 \
(-) = [0.“’1
0_3 o.hgy
Whi = —0.1J+ l[::,'l’;’ 0.1y
0. oy
= o4l
-0.03¢4
0.2Y4
9| oiajt
L’
5 1 [
Az (l ( ][']
4s

-2 95
K 5)1:(|
q 214l



Homework 1) - By hand

Q") Linear fe>Ponse .

Vi= X-w ResidueetS ovesall  Objective  fmcsion
U= EI 2 l’] [ll ] fr= 4 -2 p(u?,x-,’jl= f,rt‘af'f}-ﬂ"q
== {{z0 - 0028] = -0.0759 comrz  L—00
Wz -2.4 Sum ay)
) f2=06 -0.3726 = -0.377%
V2 (32 1) [_-5.51
iz -0
Sore/ log ol bivation Squated  Obechie fngtion
503
2= ¢ (w) | £ L%, )= Lz r -L always  PosSikive
2= @ (-2.9) = T Fe
) 1+ ¢ £ % (-0.005] [o.om?
2= D .07549
. Sz p.oo2q
2z - pluy o —o 1
oo £12 2 (0-3128) = oous
 Gog - i 1= (o ) 0Tl
lu"4
22:= 0.3115
&2y
Detintite of g fonction dradienb  Vri
p'w) = BLN - B ) PR RS
B'(u)= 0.0759( I - 0.0757) Fi=p.oossiz)(1 2 1]
z 0.07 2= 00883 2 |
0'ts) - (ﬁ[u,,))( |—¢(u;,)) V¢ . [ 0.00635 o©0.00106 0.0083
= 041s(1- 03772) 0.2¢652 o.l;‘-r 0.0%37
- 0239 X )(
X b X
Ba_f,‘K fiepogation
by= 1 - ﬁul)
= qo-opsa | o Destunt _vector
=-0,00 5313 1 1 . 1
0l dig - g d
by - o (A% Y -
1= (2 d[: —b.00$3 OD.LGyL
b1- -03275 « 0.235 =tlos 1o .|774,‘z )
- 0.0
bz - ~0.038 -6.0053 Sl
-
d =

_,
di +dz 4-&2 +dy

d_’-—' [o.lq
0. 6
a-'ﬁ]
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fxam Reviw All Topics BfeaKdown

* Mosily  unik 2-4. Few Uit 5 Quesirons
* N0 4ok, Afagh  WethodS

* Need ko now egenvec oS [ eiqenvaled  VBly  well

*Veckol SPaces, Matiik , colvmn Space, (0w Space, MUl spate (A2=0)

o Projection, (vector to Veetor)  (vectsr ko Vettor Space) Z’, .

Nowmas  Equadion
* Linr  Regqession, (Projection o dependene date o indep)
* Volidwkion: Rost mean Somed Efror ; MSE
« Cfoss  Volidakion:
* Dudn Skandafdizasion, Zem Man data, UNiE Varace: o)
L* inbercepy  Lum (e po)
PCA ond SVD A2 UG, 0 v g, V] vg g v] (I derendens)
L 1
o Aeue -
@M Samie OV Spa dmuin PA, is citonvectos of Comriame, whih gua You Princial Componanis
(o oot of Nvll space . FW A= S a
Cigenvalies i T
N
Y Oule Wb Sy expamed Viarance and Mt impofsanc o
PRI Componumis ok bhe  ellow. Based on  Covarine wiagnig wom

U“LSVPHVI"aed leaning, K means  clyslerng
’ CU\ETD{J is

M o Sek, prm Combotd  ¥ind  Palgegons, from Podhitims

find  Centvords

©Supvid Lewrnivg, date Obsenmbion. oi has labl 4i.
Ls Compute Hypuiplare  and  Scoves  Z.
© AseSsment: g bhreswid aeig  Qoarbizabiin Qi Chek Scove 2 of < p
Lt afe + | C on Fusy:
r mFsion  watnk  [Tp|Fe]
’ alczobl ST ) Uﬂ'wrf:wbo
* Avc/RoC Cume - Fpp vs TPL
Polar  Decomp
© Pobabiliby, oddS (ackivabin  Function) = T
LJ7 | Y o AR Az=UgV
YPer? lane IH = m, b il ]bbT for A‘Eﬂnxn A= VVTI/EVT
. N 0 -
b stic  Funckion Q( 1) A= 3 k=Q B
« Atbivegmal  weptons 0 of |\, take  daba reading wherle all =T
iz olv) —5  residwd  efror - label - Score B =g
* Descont Ve s Ne8idual  Limes  duiivabie of livear  (eSpmse, dada intuh masrue T
o Lentning  (ape Conbimely  Oy4ting  beddor



Exom Rewew- All Test Questions © Quaskions Mostly fom  Test 2- Test 4
* Few @uesions from Test 1 and Tese 5

Test |
) Finding laplacn matrix, 4iven 4t and  Welhied edge |5,
L=D-A

D s Jiagonal motry, whee  gaclh diegonal entry S the
of O A= wedhi of 9T belween | ,j

Sum of weipss of oll €d9eS Commepted doi

A IS adyalency wmatvix  diagonal

=% (130) (2 4) =1 SN welhiS fof ath node: | o 2
Z -2
Veriizes | and 3 A=[ 0 0t o040 E:xl
afe connected wi'dh 00 o0 (o) D= 2 0 p O0pg o 59 2z 2 0 -t o -] o
werqhy llogeoto g 2leojec ° 2! © 2 o -] o -
0 | © 0 oo 00O 2000 L_D_A_ -1 o 2o b1 o
) o | oeo 00 o0 | oo = - il ol b
o
2 | 0 ooo )V o o oo - -1 2 2 o
O o 0 oo ) o -l 6 o
) 4= B s F loommn  Space?
ER Wwhh (o1 vrns form o bascs For  bhe cColoomm ¢
- lovmn space o A s SPa.n o Colovwn \Vectors - C’}le 'n IlMJC'FMO/Cﬂco
- basrs  for ol Spaee S un indeP eol

vant b find Colovmng thaz are lin ndep ond CaPtule ol Pessible Combinapions

RREF = reux 2 , dimension of col Space s 2. any 1t cndef  Colovmus  Form  buod

Given: [ 597 A X o x X : Need Lo #ind eigen Veerot
Ay = 1- 3 ww' = X x X X wz| 2 ok )
LT S N 2 %Fﬂm‘)ug b0 p= -1
~ g N x o x 3 - 5
Find ww' = [lzZS]lzz AV=1V
2 + T2
Aw = (1 = ocww) w
L; - >
AV= v - 7;'\,7\4\71— Vi 4 *v-n P (L)
AV = 7-‘\'\7‘?6 W (1ee W) W
9 w M= -« (W)
= (y’ﬁy)\:} Soow s e edqavelior

\ 1+e
‘i) Givn M= [ l7¢ + J L DCELL, how b efenValey of M Chorge ?

Typrealty: tsivg In 1+ ek e %)
As[mb — deé([ o Z-—I]): (I Pé—l)(,z_

cd (V+E-7)(2-8) =©
—
det(4-%1) =0
When € =0 we ged  erpmwias ) and 2

the e valve | +2 Vnirwses o Lt
the ¢1%en e oF o Sbtuys  Hhe Sume  MOE Othepndtni on £.



Test
8) Given mobin A - [

xR X

X X X
X %

xxfg
X %X

J with H(Ag)=Nl  des(hs)= 30

- T2=3
]'. Jz g Trate s Sum ok eifevalus, Check (¢ ophime  add up 4ol
Find 73,242 ? N3 + 4= 6

Determinant = produs of eyemaives $i 7273 Ra=30

7&+7Lq—é ¢ - 13 -%4= 30

Az - 3
Lchu.l( 21y=© 1ot = 18
op tions * *9=5

= -6 5 7 A= 9

6) 4 { 33 -6 -GJ Z,=3¢ Dirgrnnl  mabr' X Symiwar o haic 4lo (Llabonswif of

¢ =
G Ay = -2 45= VG [ g g gl] VﬁT (alovrmng of Vé.

o 6 -

Aé = Vi D¢ V6T
Vp 1S rmade of erenvetors
Vi =y
Mens — of thoformaf

Aralysss: ~ Becawse A6 s dJiagowal2able, itS Symmetny
—Eigenvettons of vé axv o0rthogonal

Test 2
D A= "; :,7 find Standard. 2¢d Miz3 9 Find Squared N T
“4 - Z  valves; Yy = 2 Jeviuions J EEe=rs
\13 IL 2= X -p C-lz-3) =22 Ti=3%.08
7 o L3-2)2 =0 z, = 12 -3
[H-‘a)l = % .08
i i - T He 2y o ~1.667
F e 2, = 222 :-o
.05
2) Given: whay dres (3 Wean ko project 23, - ':_5; .
—5 .
- Veteol Space  \Y € AR T

o - =
Spuned by Vectors §al, 4t,.an ¢ *Finding  Projechkton Vecew P thap 15 Closese
t dotee  vector Cé)EH eullideon disbane 0 T,
L

. wont Lo wmMhte  drsiance

‘Finowg  osr possepe  Vectd o SPan of al

478 z

D For Ve % ) = : -

w SPoee Spanned by As=]| 2 -1l Find etror 7 - —;1 ; 2
Z- s - Proj,, (&) 2] 7 Prajecein OF 27 = g T
2Ty =A ¢
Proj (&) = Asu_f weights = "f] Kex:l 4 4w
(-289) =
€-cs-hd
Tho =
, a= 7[1]

wrsnf] " ST
L R ETARE: - [3]



H)| Given |o- inext| e A g sy pefe Projecting € onbo o
ilo ( 2z 3 K- a2 S vk I i rind Seal ot go
o 'a
4 3 = o ofigin maKe %
Ci S K= _%_ wand Lo M inirized Close a3
¥ Poss) g
B K= 1la7 Sqoare efrol |
Ke s fojecton of C onio o )
- 2
5) biven A- [2} £y = ['é] fmd RMS cfror of % €d CV  of linear regession.
2 . s
ALt N " _-> Fold L uz.stlsz R _1:_;4 = 2)as
BFOIJ (A%} Y= ““2[.;] 54-7_,
=17- = 7-3(223) = p.3 —efror\
Means  train on 2, fevt on | i~ [ |7s] ’% 3wy L_Z(_,?'__.) 0.3l
3.7 . _ — ervot 2
TePcab 3 Limes, averoges erfrof =2 9 ———LL”:H'; =217 =12-5(2.7)= L4
3 = [:L] ~€lfor 3
Q;Z 37 £ 502 549 - 15-7(238) = -\.63
.szfsz

RN woavo,
2

= 1. 1%
RMS = ,6,"4—;';4-5;"
In Jenefol linest Tegfession; then  you 9es error 7S /\/_5 3
Slore or brighg 0 _—— Prdl?gd 9 Vple e = Yactval -9
HEER st for cach fopd
W= X9, F 2292
E
Z 1 1314 i
G) Liven matix fg = s 1’7; lz,z nl;l willh ngnspae  nuit(Ag)- [-:1 -Soz] sv0 s As= Vs g, Vs‘(
; Lq 26 11 o |
Whete Vg = [ % * x X Select colovmng of V6 bhat are  bosiy for nuil(4)
X X x X
X X x x We Kmww Mol SPace s 2 die
X X X x Z ron zelo  Simuiar vValks L 7oy Ones
==
SPan Span Rant [4) =2
IR "ol space ¢ = lagd n- ranklA) colt ok V
Space null SPace  basis
Summary /Reminde : VP1 = -brxy
- —-T
S = ditgomals &, T;  Posiéive  humbers d= [V}
Sauare  foofs OF erjenvales ot ATA
V = Nt singoar Wetbors  of ATA o =J A
Ly forre 0Rhenoimal  bus)'s
Ly |} *few col of V
U = left Singuay Verdors of vl
L, o1 ofthonormal bass  for OVEE Sface



Test 3

(s-%) = |6
. 2 01 _ 5 4 T = 102 /\
D |Eren (e [0l | ald |- [l%R) | Akl ]33], Do 1, Fed] Sl vawe
Find simqular Valvey
1 - det(A-2L) square. fooks
Soyvare  roogs o¥ ergenvalve) GF A Y. Jaé( 5 A oy gg /2
v g1 2
X = ts-M)%= lg =0 (s-#)(¢-=)
—Sn-S 2
1) Given  pmadtex A s sk, 24 'Sw, T*
Y 5 X XX ~cdor da (n-9)(n-1)
Az = ":; A7A: :::(( Ad = X X xx rma, Az
o] x A x T £ <X~
R X £ & <
Fid U and V Mt describe  basy  ¥or  (olovmm  Spae  and ro-  space
U and V MusE e 7 fanKed.
U:baSi¢  for Colomn. Spete J= ﬁf
Vi basrs for  row  Spac
) i 6 1 0 07 |Analrsisi 3 by 4 wasx
It e« mainx A; z 0o 2 g ) ATA s oa oy by 4 wabrx z) Monzea Singuin/ vatves
06 o AR s e s 1y 5| wderia wourd be 1, .. g
end 3 Propef br'es S

Which ones  describe Az Property

Lf) biven zem mean M=

So by demuit ey Cont  pe /‘Jw{—,i;ﬂ 3) Rimoving  Col
Thoy cant Share the eigeniValves

# I, Joes

not Clangg 63

-1 I a =4 £ X x x
2 2 [O'Z -,z) Usg= | «x x x % P i I
-2 -2 X X X x -0.71 -o7
Frisg X KL Xy
Find A a5
Care
= /V\G?
z=Ug -
| z|l= .. X [-v.n b 0
*Lach  cologmn of 2 is o z 2 -0 .0 _203,1
Principle compment Sare Veckor 2| -t 2.34
Y by 2 Z by2
5 Pr a mabriz m = 12 ‘3' ’!;‘ >
B = . = I, -
—tr -5 24 g »|5361. z Lo Te= 2.4 , How keny Prineipy
8 3 4 Components  capiure Aby o+ exPlajned varanie m daga
*Ejenwalies  of  Comriance afe  explarmed  |/afiunce
A 22102965 —> 3167 of Uarance Thetefat 2 frincipm
N s gy —> aqy oF Larenc Qomfopensg  are
D"L = %.07
100« COF ahante

1259.5¢



Test - 4

Y Lwen 4 data  veciors
Find 2 best Sets of data

4] e 1] e

e 1]

2) For bwo Closkers , qrvin 9, 9, and  Hypiplanes  onik norwar
Find ossocrated lgfa-S Scalalr c2.
| g 0o [oeer
h: 9 92 = [ 'Z] [I} _0'%”]
= 3 v. 667 obet
= wny
L= - hm hls [|LS} /
z
b= - 0.667 b= -2.163s
"!Z!l
0.661
3) Given Hypiplanes normal  Vecwr  and  bns  Scaler,
/L/; o
n= }3‘ e3 2| -1 Xl:[:} Xz =
2/3
Clas§ityim g dada vectors a5 ps oOFf N4
d=xin - dz= %zn —\
JL: 4
=[9 -2 / z
d“[g}['% i %] -1 [?J[ 5 3 73]
4= 3 d=-3
X1 S PoSitiv, xz IS nejative
8 zi= -y s
4) WperPlare  of wm  and by Sealar L 4 - | l
. [} . . :
Find Prob xS Posiéive ey I
My = [:-;1} d= nxtc — d= | W Fp
P p= 1
Xy 2 } _T/ e
= i I
[ = P= 0.72
3/5J
Cy-

Compube

euclrd ean diNzance

°r Plos
LX)
A1
A Visile cluséers
=
=91- L
llwll= 3 g
p- 91+92 b= ~W P
z
b=z z] (IZSJ
z
b= 6.5
c= > - 2167
(jwll
4
4
!
"2 -1 65 1 15 235 50 55 6
L L N T S B B R S S
e I ) B el I AU WY
(2%
w W ep W TP T TP
y z
{ 5




Test 5

Find

linear

D biven 4s [ 23] weips Verr C):/:-'u]
rey Pord e
Ve X-w

T (%]
! [07,; /
L by3 Zbyl

) qiven a=z(-1 3

I
, Weqnt  Vecbor J = [ }

%>
V=
V=
3) Find fesidiar elrov given  the Following; A= ["“]=
: at
N = Y- éL’ll)

Y= X -w Uz = Xo W

wepan[F] G- (T

Viz

8y

= [’

=

V= 2
2 Z,=0.
2, = ~2
2= ﬁ.T 2= 0.730 [+
i Y2z 0- 0.3%
1z 1 - 013l
Tz --0.
(i =0.269 aad i
. v.8
"i) Jiven: a.=[,l l} . Y=t Wy "[—a.z 9
-7 [
Lo 0.4 WKrl =wk "’LJ
)
- 0.2 0.y d = o.l4 [i}
Wi = [_0_1_1 + 1] vy '
o.] 0.y
W =

J:[
[2]
L 0.4y o.
-0-0t%6

o.2114

%) Gram  matw

K derved  from lihewt Kefvel

Fof data matrx A= [,'_, ’] ] Find Kk

15
zs \57 2\ : lj["]
q 2l Y| ey 11

Cus) [ 4]

g.uly

Ly
e

K-

=~ a3

0.2649
o.5¢

L
oy
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