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Lecture 1-vectors
- A Vector is a finite coloumn of real numbers v= [3]
- vector operations :

scaling rectors : v= [ &) .

- 3 = [i]
Addition Vectors : adding two vectors of the

same size, component wise Note : Euclidean norm or L2

is just the magnitude
- Vector Norm (Magnitudel used for machine learning
- The length of a vector is

the square rooted sum of all

i = (i)
its components Ill=2

= 58

-Vector dot Product : U . V = Ir.... tunun

Results in a Scalar

-Two rectors are orthogonal if v . V =

- Unit vector is a vector with magnitud equal to

- To make a vector
,

a unit vector do =i
Linear Combinations

- A linear combination is
W = CIVI + CIVz +...urn

,
where C is scalars

- Multiply each Vector component
by a scalar

, then add together.

- usefull for solving systems of linear equations
, span , linear independence

Linear Independence Linearly dependent
- A set of rectors is linearly indep A set of vectors is linearly dependent

if no rector can be expressed as a lin if atleast one vector can be expressed as a

combo of the others. For a set the only lin compo of the others
solution is

so scalars Cl
,

C2
,
In atleast I is non-zero

C1v1 + c2v2 + Curn = 0

E
linearly

vi = [0)
,

ve = (i] areundep
At least one c is non-zero

Note : Full rank means linearly indep

All C must beo



Lesson 2 - Vector spaces

Abstract Vector Spaces
- A vector space V over a field F

,
is a Set

of vectors with two operations.

1. Vector addition :

· u + VEV for all U,

2 .
scalar multiplication :

CVEV for all C EF Note : Dimensions are minimal

numbera Vectors needed to construct V.

Vector space : Axioms

Interpretation of a Vector Space

For any EV and EV
, any XER

,
BER

a + BEEU

Related to all axioms

subspaces
· A subspace of a Vector space V is

a subset W & V that is itself a rector space

under same operations .

3 conditions :

1 . ) O EW
if U is in Vector space,

and v is in Vector
2 . ) closed under addition V + VEw

-
space U + V is in vector space.

3 . ) closed under multiplication CVEW



Math 110 
Notes



Linear combinations REF-first leasing entry is ( EX1
a linear combination is when you are able

- All other entries are 0.

to multiply each component of a rector by
- All zeroes, go bottom

a scalar and make it equal to another RREF-same thing, just
Ex

(6,00Vector.

more reduced .
#

vi = [2] v2 = [b] ;
some scalar c

I

> REF (Row Echeion Form) Tells US :
O (ul + cuz = B

If this is true
,

VI
,

v2 are a linear
- number of free variables

combination of rector B
- number of solutions to linear system
- rank
- system consistent/inconsistent

unit Vectors

- unit rectors in IR2 , IR =
RREF (Reduced Row Echelon Form) Tells us

1

- Directly find the solutions of a linear

system
1

- rank
> >

- cleare picture of relationship of variables
- have magnitude of 1 :

- to get a unit rector
,

V = (3, 4)
- number of free variables

- linear dependeny/indepentancy·V= (3, 4)
,

1V1=+u
Iris => Matrix Multiplication :

is a unit vector of Let A = [2 , 5
, 6] Let B = [is)
#x xBx

coloumn of A should earal colomn of B

Definitions should result in a 1 by 1 matrix.

Linear system : is a system or earvations,
where

the highest degree on any variable is less than or ABFBA Odermatters
equal to one .

Rank : The rank of a matrix is the # of Always Multiply Row by colomn :

leading ones in RREF. ① Example

parametrized :) = ( ++ [is] (Y =<]
in Vector

26y2 x 2 by 2 will be 26y2 .

x =
3 + 7t = row IXcolomaParametric

: y = 2+ It [ &Form VR-CI

z = 1 + St Rx (2

Span : S = GV . ... in3EIR" .

The set of all

linear combinations of rectors of s is

called thepan of



A square matrix A is symmetric if Invertible matrices

AT = A If a matrix is invertible,
it's determinan

Example when the transpose can NOT be eval to 0.

A = [33027is the
sam

easy A = In ][ , 2) = (ii)
Al = [ ]

F .

T
.
I

.

M
-

: A is symmetric
a) A is invertible

Determinant of a 2 by 2 :
b) A Z = 5 has a unive solution

X = Alj

1) A = o has a unique solution.[3] = -x
Det = ad

6) RREF (A) = E

e) A is product of elementary matrices
Ax = 6 has a unique solution if

A has an inverse
,

X =A 6
AElEZE3 = In

A(A ' b) = (A A
+ )6 = 16 = 6

Find Inverse

·
RI= RI-2R2 R1 = RI-SR3 RI= RI+ 3R3

10 0

13 =

43-m10S -[][001001

A subspace of 14" is any collection of vectors

in Ih such that :

⑦ contain
② closet under scalar artition

& closed under multiplication

Basis is always associated with a

subspace . Basis is a set of linearly

independent rectors that Span V.

3)) ,
(i) , (8) 3 Linear independent

Spans IR3
:. Basis of IR3



How to Check a basis of Im?
3

Ocheck if the given Vectors are the same dimension as IR.

② Setup Matrix
, row reduce it

③ If matrix has 3 Pivots and is square matrix

that means it is invertible ,
which means it is

a basis for IR3

To find a basis for a set of Vectors :

① Setup augmented matrix equal to 0.

②Choose linearly independent colormns.

& Look at original colormms and those form

a basis.

Basis - Minimum rectors needed to span

colomn space-set of all lin combinations.

Finding the Basis of Null Space

① Set up Augmented Matrix [Alo
② then RIZEF

③ Parameterize solutions

what is hull space ?

-set of all vectors when multiplied

by the matrix give you the %.

(null(a)) AX = 0

What is standard Basis ?
- set of rectors ,

where each

component is o , except1.

Standartin 13 : el =(d) ,
e = [ii] ,

es =[,)



The rowspace of A is the Set of

all possible linear combinations of it's rows

The colomn space Of A is the Set of

all possible linear combinations of it's coloumns

How to find rowspace/colormnspace
① Put Matrix into RREF

Row space coloumn spac
Identify Pivot coloomns

.Identify non Zero

rows
. These rows

Take the original colormns S is a subspace :

gives you the basis gives you basis for

for the row space.
the coloomn space. The number of vectors in a basis

for s is called the dimension of S.

* row rank = col rank = rank (A) Sim IR"= n

To Check if a given vector is in Jim(col(A) + Jim (NVIIA) = # of colormus

the rowspace :
The rows and colomus spaces of matrix A

O Set augmented matrix equa to always have the same dimension.

it. Then see if it is a unique sol. Jim (row(a)) = dim(Col(Al)

= number of leading Is in RREF

Nullity of a matrix A
,

is the

dimension of it'shull space.

The Rank Theorem :

rank(t) + Mullizy (A) = r + (n-r)
= n

rank(A) = dim Col (A) # of pivots

nullity(1) = JimNul (1) # of free var's
# of columns without

Pivots

rank(A) + nullity (A) = n
-

↑ ↑
# Of # of non

# Of

Pivot Pivot
coloumns
Total

coloumns colomus



Fundamental Theorem of Find a basis for a subspace
Invertible matrices

Let A be an uxn matrix ① Find Coordinates by Parametrize
② RREF
⑤ Check (in independent

(a) A is invertible

16) Ax = 6
has a unave so

10) Ax = o has a trival sol

2) RREF OF A = In

e) rank (A) = n

H nullity(A) = 0

9) colormn vectors of A

are in indep
, Span It

and form a basis

n) row
Vectors of A

are in indep
, Span It

and form a basis

Injective cone to on
For any yeY + at most 1x

T is injective only

When the null space only contains the 3 Such that f(x) = y
one x gives one y.

If there is a free variables,
this tells

RankCt) = n
us the Kernel has infitly many solutions.

Surjective (on tol
These I events

L . i) IR"-> 123

Lim(ImT) = 3 = dim(IR3) 3
are completely independent.

L .

T is surjective when ImT = IR3
, or when it Every element of y has some X

.

spans the cosomain .

Rank(A) = M
All y's have atleast I X.



Eigenvalve - a scalar multiple of a matrix , represents Streth/ compression

Eigen Vector - a vector that corresponds to an eigenvalue . Must be Nonzero

Eigenspace-set of all Vectors X such that (A-41) X = 0
.
(parametrice

,

and express relation as

Note

eigenvalve Can beO

cigenvalve can be complex #

eigenvectors can not be Cramer's Rule

- A way
to solve a system of linear

key Ideas equations

Example

- swapping rows
,

swaps the Sign of the solve using: X + 3y =

determinant Cramers Rule 2 x + 2 y = 6

① Take coefecient

matrix : A = (222]I
- If a matrix is invertible its det * 0.

X =-

-Any matrix with an all o row or

colormn has a det = 0. ② Find determinant of

the coffecient matrix :

- Any triangular matrix has a det det(A) = - 4

y: equal to product of the diagonal.
② A = [2] Find detail

-> =
- 8

Notice howE [022] =x replaced by the
=z = [25] detAct - Y

augmented side .

④ det(ti) y = d(HA2)
det(A) det(A)

Properties x ==, x = 2 1=
y ,

y = 1

det (AB) = Jet(A) def(B)
: Cramer's Rule works no matter

det(AT) = def (A) how many variables

If B iS AXk then and how many unknowns
.

Xi =
det (B)= KA IAIE O



Rank Nullity Theorem : rank + nullity
=n

dim (Kerci)) + Jim (Im(T)) = n

Ker(AT) = 303 implies At is injective Ax =0
,

x =o

Bijective implies invertibility ,
we can undo the transformation.

det(AT) +0
, implies At is invertible

,
which means only

Vector in Ker(AT) is the zero Vector.

Process of finding basis of eigenspace

1) Characteristic Polynomial (A-41)

2) eigen valuesGet(A-41) =o

3) Plug eigen values into A-XI matrix

-

I

4) RREF
, Parameterize to find eigenvectors/basis

for the eigen space EX.



Recall
Matrix:

ToProve A-B With a

matrix P. .milarMatrix
s an invertible nxn matrix Show AP =B

↑Such that P"AP = B

#properties

A -A

If A - B then But
If A - B and BuC then A-C.

/

Diagonalizability

By definition : A matrix is diagonalizable if there exists a diagonal matrix

1) and an invertible matrix P such that PAP = D

* Note : This is only possible if it has linearly indep eigenvectors and
* If the agebraic multiplicity of each eigenvalue of A is equal to its geometric.

Properties of Similiar Matrice

suppose ArB.

1) det(A) = det (B)
2) A is invertible ifaot B is invertibl

3) A andB have same rank

h) Same eigen values



Orthogonal Matrices Orthogonal Basis

Define : A is said to be orthogonal if
set of Vectors :

① Orthogonal
AT .A = In E ② spans rector space

This implies lin indep.
properties : Ortho Matrices preserve length and Usefull for projections

angles. (Orthogonal unit Vectors

A = AT
Orthonormal Basis

Find Orthogonal Vectors then divide by
Orthogonal matrices are often used the magnitude . (in a root)
in transformations : rotation

,
reflection. ① Orthogonal

② Spans Vector space
det(A) = /

② magnitude = (
(4) = 1

Orthogonal Vectors
- In order for a set of vectors to be

Orthogonal it means
,

the Vectors must be

non-zero and linearly indep.

- To Check if Vectors are orthogonal
compute all dot products .

Let w be a subspace of finite-dimensional Vector space V.

a) W is finite dimensional and dim W dimV .

6) Jim W = dim V if and only if w = V.
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LectureIPDF Notes

1) Matrices and Linear Transformations

· Matrix is set of ordered colomns

· A linear transformation maps one rector to another

through operation y = Ax
,

where

· A is transformation
· X is input Vector

· Y isOutput Vector

2 .) Eigenvalues and Eigenvectors

· Eigenvector (V) : A rector that only changes
its magnitude when transformed by A

AV = XV
,

X : Eigenvalue ,
the Scaling factor .

Properties :

· Eigenvectors keep direction
· Eigenvalves represent magnitude of Scaling

3. Characteristic Polynomial and Equation
· TO Find Eigenvalues

1) use (1-41)v=

2) det (A- 4 I) = 0
, for non trivial solution

· Null Space is set of rectors V
,

such that Av= 0

· Span and Basis :

· Span : All possiblelin combo's of a set of vectors

· Basis : Minimal set of rectors that span a space

and that are linearly indep.



Eigenvalue/Eigenvectors Review What is

↑ [b] = (3)
A = 2 A = (43] A (i) = (i)

=
A -

Xv =
0

=
Av - x IV = 0 det(A - 41) = 0 A(i) = [i]

= (A -XI) = 0 A - 41 =

(3-4) A(+ ) = [ - ]
(4 - m)2 - 33 = 16 - 84 + 5 - 9

=
42 - 84 + 7 = 0 ↓ ------

Presi

= (4 - 1) (4 - 7) = 0

4 = 1
,

7

j

of ten

= [4) Triangularmatre
, 316

d = (E For [17= = -

2 = (E]
For (1) (1 =G = v

V= Vertices

A = [82] E = edges t =[ =[ sumoe a

↑ (0) = (0] -
I

1 = (i) = [i] degree of Vertex
*

Consider A = 1())
A tones (4. 1)

A = (i) = ( E) is the number of

vertices adjacent to # Laplacian matrix is

A = ( ! ) = (i) L = D -A

= -2 = O
- I O

- IIo TI
Given : 3 (131) (151) (351) (621) (241)3

Find Laplacian :

L = D -A Node
!

o

I

o*
00

g

- 10

20 - 1↳
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Lecture 2- PDF Notes

1 .) Graph 6 is defined by 2 Sets :

· Vertex Set V : Finite
,

non empty set of vertices

· Edge Set E : Set of connections Ledges) between vertices

Ex
61 : V = 31 ,

2
, 3

,
4
,33 ,

E = 5(1,
2) , (1

, 3)
,

(2
, 3) ,

(4
, 3)3

Adjacency Matrix

· The adjacency Matrix A is a square matrix

where : aij = & 1 if theres an edge between vi and vi
O otherwise

· symmetric : aij = aji

· Diagonal entries all 0

EX
· Real Eigenvalues Non-Bipartite Graph

Ex ↳61: 1
⑤

3 S

oo
↑ = (d 0 1
*00. I

Degree Matrix :

· The Degree Matrix D is a diagonal matrix

where each diagonal entry represents the

degree (num of edges) of a Vertex

↳
1) =Lo



Lecture 2- PDF Notes

Laplacian Matrix
Fiedler Vector

The laplacian matrix is defined by

L = D - A
· The eigenvector corresponding to the

· D : Degree Matrix
second smallest eigenvalue of L is called the

· A : Adjacency Matrix Fiedler Vector

properties:

· Symmetric and Real : All eigenvalues
·Cluster vertices based on positive of ·

tive

are non negative negative
· smallest eigen value-connectedness of the Helps Spit the data into two chuncksgraph

· number of 0 eigenvalues equals number of

graph components

Computing By Hand

1 .) Write adjacency Matrix

2.) Negate nonzero entries

3) replace diagonal air with di

~ Bipartite/Not Bipartite



Graphs : Adjacency Matrix and Laplacian Matrix

Main concepts
· Graph

,
vertices

,
edges are G (V

, E)
· Adjacency matrix A(G) is symmetric and dinary

Graphs 6

· Made up of Vertices (V) : A non-empty
,

finite set of points
· Edges (E) : A set of connections between vertices with

no direction or repitition

**
6 ,

= 551 .
2
, 3

,
4

. 53
,

5(2)
,

(13)
, (23)

, 245333

Definitions:

· Edges are incident when they share a vertex

· vertics are adjacent when linked by edge
· Subgraph : is a smaller part of bigger graph
which contains less eges/less nodes.

· Bipartite : graph that can be split up into two groups

So that
, every edge connects a vertex from one group to

a vertex from the other group.

And
,

there are no edges between vertices in same group

· Path : Sequence of edges that goes from one vertex to another

without repeating any edge/Vertex.



Adjacency Matrix

· The adjacency Matrix A is a square matrix

where : aij = & 1 if theres an edge between vi and vi
O otherwise

· symmetric : aij = aji

· Diagonal entries all 0

EX
· Real Eigenvalues Non-Bipartite Graph

**
6: 6 ① 6

1
⑤

3 S

↑ = ( doa 1
*00. I

Laplacian Matrix

Main Concepts The laplacian matrix is defined by
· Degree matrix D(6) L = D - A
· Laplacian matrix ((6) · D : Degree Matrix

· Fiedler Vector provides Ginary clustering
· A : Adjacency Matrix

properties:

Degree Matrix · Symmetric and Real : All eigenvalues

· special matrix
,

tells us how many
are non negative

connection each node in a graph has
· smallest eigen value - connectedness of the

graph

· number of 0 eigenvalues equals number of

Properties :
graph components

-

all non diagonal entries areo

- The value in Position D(i][i] Computing By Hand

is the degree of node i 1 .) Write adjacency Matrix

2.) Negate nonzero entries

↳ 3) replace diagonal air with di

1) =Lo For Bipartite/Not Bipartite



Laplacian Matrix Properties
· Symmetric,

real

· Diagonally dominant Leach diagonal entry is greater than or equal to sum of

· Any dd is positive semi-definate absolute values ,
off diagonal entries

· (i= (D - A]T = :
=ot

· 10
,
at least one 4 = 0

· Note : The number of 0 eigenvalues is the

number of components in the graph

Fiedler Vector
· The eigenvector corresponding to the

second smallest eigenvalue of L is called the

Fiedler Vector

·Cluster vertices based on positive or negative
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Lecture 3 PDF - Notes

Vector spaces :

Set of Vectors that Satisfies 8 axioms

· Associativity
, commutativity,

indentity---

· Distributive and associative properties for

scalar multiplication

Size vs Dimension

· Size : Number of entries in a Vector (VEIRM)
· Dimension : # of indep Vectors needed to Span space

Ex v= (2* ] is ID rector in It

Matrices and Vector Spaces
· Linear Transformation : A matrix A represents

linear transformation A:- > um
, mapping

Vector in IRM to IRM

·Coloumn Space : Set of all vectors that can

be expressed as a lin combo of matrix ColS

· Null Space : All Vectors X
,

S i t Ax = :

To find null space, RREF
, then Parameterize

Subspaces and Linear Span
· subspace : subset of Vector space

-closed under addition and scalar multiplication

· Span :

Set of all lik combo of a set of Vectors

EX
vi = [b]

,

ve = (i) Span IR?



Partition :

· A partition means dividing a set/matrix into smaller

non overlapping parts

·Suppose S is a set
,

subsets are P
,

Pz....
-

each subset is non empty
-

union gives original set

- no overlap

Block Partitioning
· Dividing matrices into submatrices

· coloumn partitions of aMatrix :

· A matrix A E1Rmxn can be seen as

A = 2a 1, az ... an]
where each GjE IRP is colomn rector

· relation to linear combinations

A = [a1 , 92 .... an]
,

lin combo : Aw =C

w = (um] colormn vectora
of weights

Note :8.= TB=Ty

usually have exclidean norm

11811==

-

comes from=.

Subspace
· A subspace is a linear subset of a Vector Space

is a suset : Wer .

· closed under addition and scalar multiplication

v
,
VEW = aU + 6VEW

· Must include o

· The dimension is the min number of Vectors

needed to construct all other vectors in the Space (basis)

i= (x)
I basis Vector - > dim = I



NULL SPACE
· The null space is the Set of

all vector x that make A=5

· To Find Null space, reduce Matrix to RREF
·Pivots define constraints

· Free variables determine hull space basis

IfA reduces to :

[6")
x1 - EX2

x = t [-=) + + ()
Trivial Null space (203) :

- Happens if AW = d has one solution

- Non trivial null space :

occurs when many free variables exist
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Lecture 4- PDF Notes

Spanning Sets

· The Span of a set of vetors is the

set of all possible linear combinations of

those vectors

Span (Su, vz .
... Un 3) = Swirl + warz +... -

- WhUn(WiEIR3 .

· Describes IRM

·Spanning set may contain lin dep rectors

Basis
· A basis

is a minimal set of rectors

that spans a subspace.

· Basis Vectors are linearly independent

Properties :

· Basis for ana dimensional subspace hasn rectors

·

Each rector in subspace can be made from

lin combo of basic rectors

Rank Nullity Theorem
· For a matrix AE Im*, rank nullity theorem

rank(A) + dim(null(1) = n

Orthogonal subspaces
· orthogonal subspaces ,

two subspaces U and

are orthogonal
,

if every Vector in U
,

is orthogonal

to every vector in V :

uv = o , w EU
,

Ver

Orthogonal Compliment
· The 0

.
C of a subspace U

,
denoted as uT

,
is

the set of all rectors in 14
,
that is Orthogonal

to every other vector



Orthonormal Basis

Orthogonal Basis : (ii) -> (v . V = 0)

Orthonormal Basis :

· All Jasis Vectors are mutually orthogonal

· Each basis Vector has unit length 1.

· The inverse of an orthogonal Matrix

is it's Transpose :

Q = 1 = Q= QT

**
u = (b)

,

v = (i), us =(i)
· VI . Uz = 0

: TheSet of Vectors is an
U2 . u3 = 0

U . u3 = 0 orthogonal basis for 1123.
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Diagonalizable Matrices
· A matrix A is diagonalizable , if it is

a similar to a diagonal matrix : p pp =p PA

A = PDp
+
-> = A

· P is an invertible matrix
,

whos colomns are eigenvectors of A

· D is a diagonal matrix whos diagonal entries are eigenvalves of A
.

· pT is the inverse of P.

Notes:

· A matrix is diagonalizable if its eigenvectors form a basis (lin indep)
· If all eigenvalues are distinct its guaranteed diagonalizable

Eigenvector Basis
· Any Vector U can be expressed as a lin combo

of eigenvectors :v = xV + xevet.... an Un

· Applying A to 0 : Au = 4 , x , V,
+ +2x2 +....

· only exists if A is diagonalizable

Orthogonal Matrices
A matrix is orthogonal if :

GTQ = I and QQTI
· rows/coloumns of a form an orthonormal basis

properties :

· Preserves rector lengths and angle transformations

a
T

= qT

Symmetric Matrices

· A matrix is symmetric if BT = B

· All real eigenvalues
,

eigenvectors are orthogonal

**
B = [ ?? 2) - Find eigen rectors values

- Verify orthogonality of eigenvectors



Skew-Symmetric Matrices
· A matrix is skew Symmetric if Si= -

Properties :

· Diagonal entries of S areO

· Eigenvalves are imaginery or 0.

Non diagonalizable
· A matrix is non diagonalizable if it has fewer linearly indep

eigenvectors than its size.

Matrix Powers
· For a diagonalizable matrix A :

Ak = PDp
-

· Note : small changes to a nearly singular

matrix causes large changes in eigenvalues/vectors

A = PDPT
A

2
= A . A = (PDPT) (PDPY)

A2 = PD2p
Ak = ppkp

-

·Square root matrix :

At . At = A

At = EA"E
At = diag (Sei ,

Vir
.... Sin)

Taking square root of each eigenvalue

Equivalent Matrices

P
, APz = C

Similiar Matrices

PAp" = C
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Spectral Theorem -> only applies to savare
, diagonalizable ,

symmetric
· For a symmetric matrix BEIR

* n : matrices

B = QXQT

· where G is an orthogonal matrix with
O : matrix of Orthonormal eigenvectors

eigenvectors as colormns (GTQ =1)
A : diagonal Matrix of eigenvalues

· X : Diagonal matrix with eigenvalues of B o transpose of
,

or inverse of a

· symmetric matrices always have real eigenvalves at = a

and orthogonal eigenvectors

B = (2) B = Q4QT

Positive Definite and Semi-Definite Matrices

· positive Definite (BY0) :

· All eigenvalues ↑i <

· Quadratic form UTBuzo for any non zero Vector U.

·

positive Semi-Definite (BEO) :

· All eigenvalues &i zo

· Quadratic form Buzo

· Eigenvalues give you the important info

QuadraticsForms
· A form is UTBU

,
where :

· u is a rector

· B is a symmetric matrix

· Analyze energy ,
variance and optimization problems

· If UTBu zo
, B is positive definite

· The Quadratic form rBu is a practical way

to check if B is pos/semi def



Covariance Matrix in Statistics
· A covariance matrix C measures the variance

and relationships between data rectors X, ,
Xz ...

c = m MTM
->Idde Cov(xi

,
x2) = i did

-

·where M contains zero-mean vectors as columns. · m is number of data

Point
· C is symmetric and positive semi definite.

· d 1 and de are deviation

Learn how to find incans

and how to find zero mean vectors :

Applications in Physical systems

Spring Systems (Hookes Law)

· Models : Displacement Vector a results in

forces o governed by the Stiffness matrix K :

f = kx

· Energ :

E = xkX

K must be positive definite to ensureEzo

Difference Vector

=( = * -xE

( " 3 - x
I

a has degrees of freedom

variance : how data vary from mean

"Mean Squared Difference"



Rank (A) is the number of lin indep Note:

colormns
. (# of Basis Vectors (C" =C

Nullity/A) is the set of Ax= This is normal matrix

Rank(A) = Rank(AT) · c = c -> orthogonal

·c = c -> symmetrical
Rank Nullity Theorem

· c = - c -> Skew symmetrical

rank (A) + nullity (A) = n
+ of

num - coloumns

Linearly dim of null space

indep

coloumns

Consider a by m matrix

A matrix c is similiar such that - similiar matrix

an invertible AmB

C = PAP
+

Most Important : Diagonal Matrix Consider B phxm and R = RT
D = PApt

B = Vavl
then matrix D is diagonalizable

B" = [revi]T v =-
,

vis

orthogonal

Recall Ay = v = [v]". AT .
v

These are a basis
,

all lineally -

indep Spectral Decomposition

Eigenvalue AfR
"*

Consider A= AA

= [VXIyvt
Av= VA

=v4+

n + H

v is invertible
, because it has Consider AEID

all linearly indep eigenvectors. positiveSemi definite Matrix all 410 .

= Al- NVA Find sart of

= A= Av
-

A = v (
M4

I54254
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Lecture 7 - PDF Notes

Design Matrix
· A matrix gathers multiple data rectors for analysis

· Independent variables -> columns
·Observations (data points) -> Rows Note : Observations must be

· Example : converted into numerical representation

Age, height , weight-indep var's weighted Sum : Aw

A row represents individuals data

Matlab : A-standardized

Zero Mean Data
= (A-mean(A)) . /stO(A)

· subtract mean from each column to Center the data around o

· Relates observations to dependent variables

Aw =

1) zero mean
- A is input data

2) Unit variance
- w is weight Vector

- C is target output

Standardization
· Measures how far data point is from

mean in terms of standard deviation

2= Example A

=)=Standardize :

· Data has mean =o
, variance =

Example
-

a = ( 1S , 12
,

31
, 19

, 3)

"zero mean :[]
-mean : c = 17

02=3 + 22+ 02 + 9334
-
-Subtract : (-2 , 0

,
14

,
2
, -19] 2) Find Sta T3

.
5

7

I

variance = o 2 = 100
,

o = 10 [divide by 0 to

get standardized
(-2,

0
,

1 .
4
,

0
.
2
,

-1
. 4)

3) compute n =327



Linear Regression & Standardization

Linear Model Representation

· Matrix form of linear regression

Aw C Residual = An-c

11 Aw-CIP
· A = independent Variable matrix

· c = dependent variable vector

· w = unknown weight Vector

Standardizing Design Matrix

· To convert to Design matrix from A,

Formula :

X=man
· The dependent variable C is

standardized
.
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Lecture 8 - Orthogonal Projections - PDF Notes
· Orthogonal projection is used to find closest Vector

in a subspace to a given vector.

·Usefull in least squares regression ,
PCA

Projection Using Normal Vector
· The goal is to find the closest Vector

in a subspace to a given vector.

->
C 7

i a -

· Scalar weight for a single Vector Y
· projecting onto ID subspace p

· Given a vector C, Find the closest Vector P, some w
, makes et Perp or

that is a multiple of another vector a minimizes error .

a ↓ P =

p= a - = 0 =
· This ensures C-p is perpendicular to a

aTe = 0

aT(c - P ) = 0

· concept : use the error Vector: = -p
>

ac -
aTp = 0

Minimize the error aTp = aTC

awo =T
+

Weight Vector for a Subspace (Higher Dim) = w(aT- a) = aT

· Given multiple basis Vectors
,

we find a projection
W=

within their Span

projection Formula : p = Aw
·Where A is a matrix with basis vectors as columns

· W is weight rector that determines(in combo

e -a) = 0 A e =0
-

Az e -

az = 0
->

1 C is in null space of AT
.....pat a

,
" =0

ae= o
e = c - p

(ii) =(8)



VectorProjection
Taz

· Given matrix A with indep rectors

The colomn space of A is 11 -
->

- The projection of C into IV is - I

- Error vector is = c -
->actual

projection Vector
-weights of produce = At

P=
- Normal Equation :

A Aw = A

r
- projection matrix : p = ACATA] "AT

↳ Matrix directly projects
any Vector unto

coloumn space of A

- error rector e
, is always perpendicular to

the coloumn space

A =

[ = ) c= Find esection(
E = c - P c = [E) - [i][ii]

P=

- ↑
g weight

[i] : [ii]
26y12642



Normal Equation for Projection
· To compute weights W for projection :

A Aw = A"c
· This is derived by ensuring the error

Vector is perpendicular to all basis Vectors

Projection Matrix
· projection matrix P transforms any vector into its projection

P = A(ATA)"AT
· usesful for least squares regression/reducing dimensiolity

B = Aw

= A(A
+ A)"AT

= Pc

Note : A

only Possible ifC is in the colomnspace of A.

E = C - Aw



Lecture 8 - In class Note

Independend data :

Trying to approximate ci = ai

To find scalar w, such that ci is approx wai

Consider Al = C,

C = wi
.

Can't divide vector by Vector

ifa isnot ovea

⑤ - Exact multiple
->

ay ---p
p = Er . a

~=~

Orthogonal 1 = a(C = wEl = 0

-a · e = 0

ate = o aic = w - Ta

considerlin indep al
,

as and a dependent ?

Ex
-

a = (b)
,

a = () = (i)
spans Xy Plane

in > [ , a)(2) = P

Error is perpendicular to projection Vector
-> +

ap E-p =o

Error rector has to be orthogonal to basis

ale =o

[a) = apa w = A)C

= A e

= A [C- P]

= A(c- Am] = 0

= A "c
- A(AwT]

= ATC = (ATA)

If A is full rank
,

A is positive definite,
A is A "invertible.

solved general linear regression problem.
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Lecture 10 : Linear Regression and Patterns
key Definitions :

· independent variable (a) : value that can be controlled or changed

· dependent variable (C) : measured based on independent variable

· Residual error (e) : the difference between actual value and

Predicted value from model

· Linear regression : model the relationship between variables

by minimizing residual error

· Least savares : techinave to find the best fitting line by Eleici1
minimizingSum of of squared residuals. = 11 (ut)112

want smallest norm

Residual Error and Regression Problems
· Define model function as :

CiF(w; ai)
,

w is weight Param
,

a is indep var
,

c is depend var

· Residual error is :

ei(w)=wai),
error depanson a

Linear Regression Model
· General form :

F(w; ai) = ailwltaizwe+ ....
+ ainwn = aitw

· Error minimization leads
-> Normal Eq

to normal equation : (A +A)w = AC
· Linear Regression is an Orthogonal projection onto a vector space.
· solve as projection of tor spanned by colomns of A.



T

Hookes Law E
Y

:
·Simple mechanical SpringFollows Hooke's law : :

S
C = wa ↓

· Normal Earation solution :

w= same as projection
orthogonal on

·Shows least savares optimization is same as projection.
Vector

space

Linear Regression with Intercept
· If data follows linear trend but does not

Pass through the origin
,

we introduce intercept term : Cit wait we

Matrix Eacation : A (2] = C

Normal Faration (ATA)w = ATC
Still

Standardizing
x= y =%
Scaling Factor :

relationship between weights in original and standardized

e
model

Assessment of Linear Regression
v) Root

· RMs(A,,)=tactor
MSE

=

I
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Lecture 11-Cross Validating Linear Regression

key Topics

· cross-validation - A method for assessing a linear regression model-on unseen

DATA
·Leave one out : simplest cross validation

· K Fold cross validation

· Training vs Testing
· Measuring Error

Data representation (Matrix Form)

m Observations

n features= [ each row is one

data Point

linear regression : Au = C

Before Solving for u

A- > X inputs
X = A - N

-
o

c -> i outputs 5=

Final standardized regression : X way

Now solve fora

Training vs Testing
· Training : Finding parameters (w) of regression model

·

Testing : Evaluating model on unseen data.

Types of Cross-validation
a) Leave one out C

.
V

· Each data point gets left out once,

model gets trained on remaining but a

· Helps detect outliers

-Leavemany out C.V

· Leave many data points out
,

then test



K Folds cross Validation
· Data is Split intoK subsets

· Train on K-1 subsets and test on remaining
· Repeat 1 times

, average results

If 10 data points
,

K = S
, Split into groups

then train on a then test on 1.

RMS=w -yi(xw-y)

Xw is predicted output
Y is actual Output

m is number of data points

If error
,

on new test data is

great model is not a great fit.
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Lecture 13 : Singular value Decomp(SVD)
· Generalizes eigenvalve decomp for non savare matrices .

key concepts
· Eigenvectors of At - left singular rectors ->> symmetric, positive scri definite

· Eigenvectors of AA - right singular rectors AA = VAVT
u

· Non zero eigenvalues of AAT and Alt are the same
Eigenvectors form an orthonormal

basis.

· Allows us to analyze eigenvalues of a non-square matrix

A is full rank

↳ "Tall thin" (m >n) -> At is sacare

↳ "Short wide" (n >m)-AAT is square

Left Transpose Product
·Eigenvectors of ATA

,
if A is a tall thin

then At is symmetric square matrix and has

Orthonormal diagnalization : AT A VAVI

V is eigenvectors
, A is diagonal matrix of eigenvalves

Right Transpose product
· similiar to left

,
with short wide

,
AAT can be

diagonalized : AAT = VAUT

· The nonzero eigenvalues of AAT and AA are the same

Ex

A = (ii) 4 1
= 4 eigen rector (i)

x = 2(8)
Bu = AAT + 3 = 0(q)
Bu = [00 ↑ - eigenvectors of AAT form Orthonormal basis

Eigenvalves 4
, 2

,
0



Singular value Decomposition (SVD)

· For any real matrixAm U is same as Br = AAT

A = UEVT
v is same as Br = AA

·Where u is mym orthogonal matrix(lef sigular rectors)
·

v is non orthogonal matrix (right singular vectors)

· E is an mx n diagonal matrix with singular values 0
,

02 ... Or

properties of E :

· every jj is a real number

· for rank r
, if jer

,

thenj30

· values are ordered 8
, 1021 ... Or >0

Relationship between SVD and Eigenvalues

AAT = UEETUT

AA = VETZVT
· The singular values of A are the

Square roots of eigenvalues of AAT and ATA.

· singular values tell us how a matrix stretches/transforms space
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Lecture 14 : Orthonormal Basis Vectors/SVD

Main Concepts
1 . Left Singular Vectors : Form orthonormal basis for colom Space (data Vectorsy

2. right singular vectors: Form orthonormal basis toow space (weight Vectors

3. Singular values : Positive real numbers
,

act as generalized eigenvalues of matrix

* How to find best basis

1
.
SVD of a Square Matrix

· For a square mxm matrix
,

the SVD decomp is :

A = UELT

· U : Orthogonal matrix whose columns are a basis of a data space

· E : Diagonal matrix with singular values

· v : Orthogonal matrix whose columns are a basis for weight space

E
A = [83] v = 2008-04) 4 = (36]

,

V = (04-
· Eigenvals on diagonal

· Eigenvectors are not indep

· SVD Still Composis for non diagonalizable matrices

EX2
Az = ( - i

-

i] 2 = (28]
· symmetric and rank defecient

· SVD only has one singular value

· singular vector represents colorma space

·Second singular vector is orthogonal complement

Non Square Matrix

For full rank non Square

As = ( = -]
· SVD gives best Jasis for Vector space

If it is like

An = [= =2)
lin combo of each other

second col representsnull space for Vy



SVD for Approximate Basis Selection
· If or (smallest singular value) is very small

compared to 0,
it can be neglected

· approx the matrix
,

lower rank version
, keep

most important singular values

· These are key for PCA

Important SVD properties
· Decomposition : A = USV"with orthogonal U

,
V and diagonal E.

· Rank
,

number of nonzero singular value in rank of A

· Basis Selection : 1) Firstr columns of U are basis for column space

1) Firsto columns of r are basis for row space

3) The last (n-r) columns of V form a basis for row space

· SVD is a generalization of eigenvalve decomp
· Helps basis Vector, PCA
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Lecture 16 : PCA

What is PCA ?

· Dimensiality reduction

· used to find main patterns of Variation in data
· new set of orthogonal axes that capture most of variance

· First principal compontent captures Most Variance

· Transforms data to a lower dimensional space

Zero-Mean Data Matrix loading Vector V consists of weights

· Before PCA, Standardize data applied to each variable .

1) Compute mean of each test Zi is the score of each weighting
2) Subtract mean from each score z = My

M = A - 5 Project onto top P components
T
f original

I
mean

Matrix
With mean = 0

PCA via SVD
-

covariance Matrix should tell youhow much

each coloumn varies.
· 1) compute the covariance Matrix & is variance of the col

BB= M B is covariance L
captures relationships

M is Zero mean Matrix
Must be B positive Semi definite

B = E AET

2) compute eigenvalues and eigenvectors

· eigenvectors of B are the principal components
· eigenvalues tell us how much variance each component captures

4 = (1560
- first principal componente] cuptures 73 . 60% =V + B = EET

3) Compute the SVD

· M = UEVT
· v contains left singular vectors

,
E is diagonal matrix

,
V contains right singular Vectors

· right singular values V arc game as eigenvectors of B : E =

· singular values of relate to eigenvalues: &;=



Computing PCA scores

· after finding principal components

PCA Scores : z = MV

·I is score matrix

· Each row in2 represents data projected on new PCA basis

along first principal component

EX

-Firstcareps
scor

an
first component

· Euclidean norm : 11 All2=SmaxA)
·LargestSingular value

· Eckart-Young Theorem

A= up5pV
· Best low rank approx

, keeps first p components

· if most variance is captured in first few,
discard rest

scores o mean data ↳2 norm (spectral norm)

z = my
- largest singular value (O

,
square root of largest

eigenvalve of ATA)) Represents max stretch of

First PCA Component is the first
A when applied to a vector.

eigen Vector of B,

9 Frobenius norm : measures size of matrix as

↓ Square root of Sum of absolute elements

in
↓

Matrix Norms : Axioms

· 11 All > O

· 11 All = 0 ifF A = 0

llxAll = (2) llA

llA + C11 : ll All + 11011
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Lecture 17 - Lecture Notes PDF

Scatter Matrix and Covariance Matrix

· scatter matrix S : used in PCA instead of covariance matrix

· S = MTM

where M is the zero mean matrix

· Eigenvectors of S are the same as those of covariance matrix B

B =
m+ S

· scatter matrix is scaled version of covariance matrix
-

SVD and PCA
· PDA closely related to SVD

, shown in decomp : M = UEVT

· scatter Matrix Can be written as S = VEPUT
· right singular Vectors V are eigenvectors of Scatter matrix

· Singular values inE relate to eigenvalues of S

PCA Scores (Projection of Data)
· PCA scores represent data projected onto principal components :

2j = Muj = Ojuj

· First PCA Score is most important o

· Each Score Vector zj captures a diff aspect

~ form lower dimensional representation

PCA for Dimensionality Reduction

3 ways to reduce dimensions

·Compute first PPCA scores

·Compute first P eigenvectors of Scatter matrix

·Compute SVD of o mean data matrix M



Scree Plot : Choosing number of Components

· scree plot helps determine , the optimal number of principal components

· X-axis represents principal component index
a g-axis represents the variance explained by each component

·Where plot elbows off is ideal # of components

Low rank approx and E
. Young Theorem

· Best approximation of a matrix given

by its truneating SVD M = U vi + EUt..... OpUpUpT

· keeping largest singular values
, gives best lower dim aprox

· usefull for compression
, clustering

Latent Variables - eigen values of B (Covariance matrix)

· First PCA score velfore 21
, approximation o

· Approximate M as rank-p
, Mp ,

Use Ip = MpVp

Measure11A-CII
Eckart Young Theorem

Consider : rank(c) = · optimal rank-k approx means using only top K

Build C from EIRM Singular values

c = (a ,
anz ... anz] A = [3)

= 2T

Alternative use I= 2 = (40
x = pr
c= 2 PwT A 29X first col UX first row uT

Optimal values I

c = ,
,

0
, v,

- elbow tells us good I value for

approx of rank of A.



Lecture 17- In person notes

Consider 2 Scenarios
can cluster many ways

-A cluster is a set of data vectors
1) given 2 rectors ,

partition v of

&.. - Clustered by a partition calculate distance from 2 points
,

take minimum
*

Y

↑ - - If I partitions
, k Clustered set 2) given two sets

,
compute then BI/B

This isK means Clustering

while loop-can vary
,

as long as

order of steps does not change

How do we find optimal K for given. x1 X2 x3 xY Looks like

- no given methods XI O weighted agency
matrix

- depends on data X2 O

X3 O

minimum variance, orthogonal
* Y

⑧

consider :

what is classification of

a new Vector X.

O2 = [ !]Mythesis

-
m = y1 - 92

m . x -P = 0......
6 =-

vipt
Ty

Equation holds

for every point
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Lecture 19-PDF Notes

Supervised vs Unsupervised Learning
·Supervised : Labelled data (Classification / Regression)
· unsupervised : Unlabelled data (Clustering)

Clustering
· grouping data points

,
so that points within same group are

more similiar to each other than to points in other groups.

· Each group is a cluster and can bedistinct or overlapping

Clustering Def

1) Cluster as Set : A cluster Si is the subset of data X
,

Sic X

-Each data point belongs to exately one cluster

2) As a centroid : Cluster si has a centroid go such that :

Every dataPoint belongs to cluster whos Centroid is closest

- Assigning each point to the nearest Centroid

Si = EVEX : /V-gill <110-gKV
,

F9K + gi3

K-means Clustering
· Finding K groups that best cluster data

1) Choose K clusters

2) Randomly initialize centroids

3) Assign each data point to nearest centroid
H) Update each centroid to be average of its assigned points

5) Repeat until Centroids don't change

Evaluating Performance
· Accuracy check : Predicted labels vs True labels

· Misclassified Points

· Human us Algorithm
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Lecture 20-PDF Notes

What is Binary classifications ?

· Assigning a data Vector to one of two classes

· uses supervised learning (each data point has a labell

· classes are non-overlapping

· Labels are often H
,
-

Linear Separability & Decision Boundaries
· a dataset is linearly separable if a 2D straight line

,
31 plane ,

or hyperplane
can separate the two classes

· If a data point is in class +
. should be closer to the respective centroid .

· Boundary between two classes is defined by : 11 t-g
,
11 = 1It-9211

· The data Vector t is on the decision boundary if it is equidistant
from both Centroids

Hyperplane Representation
· Hyperplane is a decision boundary that separates data into classes

· Earation of hyperplane : mTX + o = 0

· where m is normal Vector

· X is a data point

· ↓ is bias term

properties:

· all points on the hyperplane satisfy m . t + 6 =

· Points in + class m . z + o > 0 Positive half space

·Points in class - m . z + 6 < 0

Mathematical Derivation of Decision Boundaries
· Given Centroids 91

,
92 : EX

-
g1 = (3

,
4)

, 92 = (1 , 2)
Vector Difference : m = 91-92

m = (3
,
9) - (1 ,

2) = (2,
2)

· Midpoint : h =

24592 n =(4)+
(1 , 2)

= (2
,3)

· hyperplane EQ : m . t = m . h u = - m -

mi t + 6 = 0
=- (2, 2) · 2

, 3) = -
4 + 6 =0

6 = - m - h EQ = 2x + zy - 10 = 0



Generalization More than 2 clusters
· more than 2 clusters

,
use multiple hyperplanes

· amt of clusters = amt of centroids
· Each pair of clusters has its own decision boundaryChyperplane)
Matrix notation :

M = (m)
data point belongs to6 = (ii)Class I if :

Mx + 620

Hyperplanes for multiClass Classification

· compute multiple hyperplanes
· Assign point to closest class

Each Class is defined :

XtS
,

Es (mizX + 612 20) 1(m ,X + b
,320)

· X belongs to S
, if it lies on the positive

side of both separating hyperplanes

Computing Distance to hyperplane

1) Convert normal Vector to unit Vector : n = mir
2) Transform bias Term : C =all

3) Compute Distance : d=mt or use b =nxo

EX
hyperplane :

3x + 4y-10 = 0

at a point P = (1
, 1) , the distance is

d=-10
This is how Far the point is from decision boundary.



Rough Notes

Consider "new" I

is in S, iff its on positive side of hyperplane

2 + 5 + 620

Multiple Clusters : S1
,

Sz
, 53

Centroids 91
, 92 ,

93

Hyperplanes : 1
, 2 IHz 1/2

w + bi220
H23

·2 Wist + 6 ,320

H12
..... 6 = (2)j · 93

·

gl

(t)3

w = (vi)
wiv + 620

#inded are these clusters.

·

in S ,
have my

in S2
,

have m2 Measure : 1191-gell

Centroid g?
Centroid g Larger DB index

,
means worse cluster

smaller DB index
,

better cluster

Measure : mean distance within partition.

DB - > distance between

centroids

Dispersion : dirdz

Dispersion in clustering is how spread out

the points are within a cluster
.

- Variance
- Standard Deviation
-

Range



A = UEVT
= V Sul
= rrEvT

= O

Take Transpose : A = B'Q

Consider

H + t How good is H +?
-

t

+ + Labels are + Y

= I
How many data points are correcta

classes are of
F- I +1

# I

Positive match a Vectors True Positive (TP) correct

negatives match 4 ID rectors irre Negative (TN)

How many are wrong ? False Positive (FP) False Alarm

False Negative (FM) Miss
class

t - True Pos rate= sensitivity

a
+ TPFN

Accuracy : IFN-

⑮
-1 FP TN TP+FN+ TN+ FP

Confusion Matrix

[x/17 · w = Scores 5 + 1

class
- I

⑧
↳ - 1 -

L TP FN
↳ what it really is

&

①

a

-2 . 3 t i ↓
what we classified

↳
-2 FP TN

2
.5 T

4
. 0 -

4
.
5 t

6 &

Relative matrix R
.
M has 2 degrees of freedom

hasrow sums equal to one Now Sums can be used to compute col some

0
. 9 Cofusion matrix e

FFR -> TPR

4 degrees of freedom [EPRITPR
which is independent values

↑PRT its
W

FPR ]
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Lecture 22 - PDF Notes

-evaluating performance of Classification models using confusion matrix
-compare actual labels to predict sensitivity

, specificity
, TypeI and Type 11 errors.

Confusion Matrix Accuracy : T - correctly identified class

· 2x2 binary classification table

Fake
Sensitivity (recall) : IP - Identifie Positive instances

Positive (11) Truesitive Positive

False True
specificity : IN - Identify Negative instances

Negative (-1)
Negative Negative

Type / error
: EP-Prob of rejecting to a

Positive instance - data points

Typeerror : IN - Prob
of incorrect classifyina

Type I error-FalsePos
Pos as negative

Type 11 error-false negative

right metric depends on application

Precision:-Protof Predicted Positivetoas

Relative Confusion Matrix

· represents proportions rather than raw counts

Predicted/Actual Pos( + 1) Ney 2 - 1)

Pos ( + 1) TPR (Sensitivity) FPR
Each row Sums to 1 (TPR + FPR = 1)

Neg 1 - 1) FNR TNR (specificity) FNR + TNR =

· has 2 Degrees of freedom

Independent Variables Cannot be

categorical
,

you can't scale category

label is dependent var in classification

Scoring function takes features and

maps them to real number.
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Lecture 23
· Receiver Operator Characteristic (ROC) curves

, visually evaluates Classifier's performance
· FPR

,
TPR ,

AUC (Area under curve

ROC Curve
· method to evaluate classification performance

->dotted line
· used in ww2for radar detection

is your Ho
· ROC curve Plots TPR against FPR

TPR = #
,

FPR = E or 1- TPR

· X axis of ROC curve = FPR
O-EachIt is

· y axis of ROC crive = <PR
at diff threshold

Each Circle is ratio of IPR
FPR

Each circle is its own confusion matrix

How is the ROCCurve Generated

1) classifier assigns scores to data points

2) Threshold applied, if score > threshold
,

its pos

· if score below
,

its neg

3) changing threshold Shifts TPR
,

FPR creating diff points

Area under Curve (AUC)
· AUC is a single number summary of ROC performance
· ranges from o to 1 :

1
.

0 - Perfect classifier
,

TPR = 1
,

FPR = a

3
closer to 1

,
the better

0 . S - random guessing TPR = EPR = 0.

<0 . S worse than random
, (your better off guessing)

· Higher Arc indicates better discrimination between classes.
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Lecture 25-PDF Notes

· relationship between odds
, probability,

and logistic regression.
· logistic function maps : Score -> probability

odds and probability
· odds represent ratio of likelihood of event occurring
· probability is P

.

S:p p =S
& It S

S is odds

Odds of 9 : 1 means x more likely to occur p= = 0
. 9

odds of 1 in 4means = 5 = 0. 2

Logistic Function and Logistic Regression
· linear classification

,
we use hyperplane I to separate two classes

· data point x is classified as positive (tl) if :

d(x) = wix + 620

· d(x) is signed distance
, from X to hyperplane

· w is normal rector to hyperplane

· 6 is dias term

· J(x110 classify as +

·((X) <0
, classify as -

· instead binary decision , we want a probability p(x) that point belongsGo
lass

· logistic function
, which transforms real number d into a probability

P(x)=+ed(x) > Whend is very large, function

approaches I

maps dE(- x +
+ +) + 0 PE(0, 1)

How is log function derived ?

1) Define odds as : s=4

Notes : log regression predicts probabilities

- model learns weights w and bias 6

2) log both sides In(s) = In () S
. t P(x) =

-
1 + e(wTx + b)

3) log regression , assume : d = In(s) - useful when uncertainty matters

which leads to d = in () - maps Score to probability

4) Solving for p : p:
d is score p =

1 probability its in a specific

1 + e
- d Class

(distance from decision boundary)



Neural Networks

· logistic function (sigmoid activation) is used in neurons

· logistic function allows for : non linearity in deep learning models

-back propagation

Properties of the logistic Function (maps score to probability)

symmetry : 1 - p(d) = P(-d)

P(d) isClass + 1
,

pl-d) is class -

Slope : P' (d) = P(d)(1- P(d))

Hyperplane Classification and Pseudo Distance

· a Hyperplane. It is defined by W and 6

-instead of true distance 6
, can use U(x) = wix +

-Sign of U(X) tells as it x is above or below hyperplane
-

commonly used in SVM's

Logistic regression

· Decision function : P(X) = Ten
· w (weights) and b lbias)

are learned from training data

· Thresholds
, if p(x) > 0 . S

. classify +

if P(X) Co. S
, classify -

- Being able to give a probability that a point lies in class( or 2

is significant if the Point is close to the hyperplane.

Mapping s -2 choose

z =In(s)

i s = 22

I
~ Relating score to probability
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Lecture 26-Artificial Neurons for Classification
·Can model a simple neuron and use it for binary classification

. (Choosing O/1)

Biological Inspiration
· Inputs (electrical Signals) Come in through dendrites O /sum
· These are combined in the cell body -

output
· If the sum crosses a threshold

,
the neuron fires

· Output travels through axon

Math Model of Neuron

· weighted Sum
Note: Neuron Fires whenwo

· Each input as is multiplied by weight mj. Then summed

u =a

· We include dias (threshold) B
,

so neuron fires when ULB

So
,

we get : Eajmj -B10

op

[xjwj - B20

Augmented Vectors/Data Matrix and Labels

· Data as augmented Vector = (a , 1) weighted sum for observation :i=+

· weights/ bias w = [h,
6)

,
where 6 = -B Neuron fires iff Ki10

u = x
T *

inputs weights IHI is
,

6 (pseudo distance) want
to leara

· all input Vector
,

are rows in matrix X

vi
= xiw + 6 S

· Each data point has a label Y : E30 , 13 assign vizo zo s

Activation Function Quantization-process of mapping a large
· Function decides how neuron behaves Set of values to a smaller set
· takes input u

, outputs Score z = P (v)
· like sigmoid/step function

Simple classifier with Heavyside Function
· Heaviside function converts linear som to binary class

- Just determines if

H(u) = 3 ,

0 if
o

neuron fires
v ? O

a(wii) = H(xT
,
w)



Lecture 26 - In class notes

H Racall Stationary point
consider Learning Rate : (eta)

-> f(t) = 0 at step "K"
,

direction is de

at - F'(tk)

dependent Using tkH + +k + S

is oscillation - eigenvales/eigenvectors used to

f'(t), Kit inaction
find curvature of surface

·Negale Derivative , Step

independent↳
step incos nation

Consider ful
,w2)

as derivativive

Instead partial derivative

with respect

gradient is one form The direction of Steepest ascent.

fa(w) = (i) Defines as D =

1 z]
=1. ]

Consider Hyperplane and Neuron

It specified with Vector m and bias scalar i

take data matrix putI on it

Linear response is u = A . m + b

Fact : Ju = Observation
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Lecture 28: Elementary Numerical Optimization
· Finding the best (min) value of a function using numerical Optimization.

Scalar Optimization - ID

· Stationary Point :

- point t
*

is a Stationary Point
,
if the derivative is o

f(t *
) = 0

- This is where the function stops increasing or decreasing
- could be min

, max
,

flat spot

Fixed Stepsize Gradient Descent (ID) :

· F(t) - Objective function (minimizes error Note
· tk-current guess · if h is to big

,
you overshoot

· -Stepsize (learning rate) · if h is too small
, super slow convergence

· '(tk) - derivative at current guess

· Then ta+ = +x -F'(ti)

· more opposite to derivative (keep repeating until a min)

Vector Optimization (Multivariable)
· Functions with multiple inputs

f(w) = w = (W1 ,
wz, . . . . wn]

· partial derivatives

-take derivative each variable separately , gradient
Dr() =/]

- tells you how steep function is in each direction

AlgorithmSummary
Steepest Descent (Multi-D) 1) Start initial guess to

· move in direction opposite gradient : 2) compute gradient - (c)

j =
- 8f(w) 3) more opposite gradient :

· Then update guess : MH = k - n *r(ix)

+=
k + n 4) Repeat until gradient is close to 0.
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Lecture 29-Logistic Regression and Artificial Neuron

Artificial Neuron and Data Representation
· Data matrix : A Elpm

,
labels yid So,

13
· Augmented input: = [aT 1]
· weight rector : w = (m6]
· Linear response :

u (wix) = X . W

Logistic Activation Function

· activation function : 0(u)=Fe
· properties: Continous, differentiable

, easy compute

· Neuron response : Oi = (wixi) = Flexiw - ?

Learning with Steepest Descent

· no closed form solution to learn weights
,

we use iterative optimization
· We want to minimized theSquared error

fi = t (Yi - p(vi))
↳ label ↳ score

· Find gradient :

Hi = - (Yi - p(vi)) . ①'(vi) . xiSwhere O'Cul = P(u) (1-P(0)) ?

bi = (yi - 0(vi)) . ①'(vi)

Ifi = - bixi

Single Input Logistic Regression EX

inputX = (2,
1)

w = 20 . 5 ,

- 1)

y = [1]

1) linear response : U = x . w = 2(0 . 5) + 1( - 1) = 0

2) activation : y (v)= = 0 . 3

3) gradient factor : 6 = (1 - 0 .5)(0 .5)(1 - 0 . 5) = 0
. 123

4) gradient Vector g = 6x = 0 . 125 · (2 ,
13 = [0 . 25

,
0 . 123]

5) update weights

whearning rate n= 0 . 1
w = w + n .

g = (0 . 3
,

- 1) + 0 .
1 . (0 . 23

,
0 . 123) = (0 . 323

,
-0. 987s)



Linear Activation - Limitations

· Linear activation functions just pass input through unchanged
· problem : only separates linearly Separable data

↳ real world : often non linear

f(x) = iTex

S
Semilinear range o -1

·perception - most basic type of artificial neuron

Residual Error and Functions
· logistic activation z(ii)
· Residual error is ri = yiwixi)

actual Predicted
labe la bel

· Logistic function is smooth aprox of heavyside function (differentiable
(no closed form solutions)

· Plotting errors is important for finding min values

Other Notes
· single neuron with linear activation

,
by adding linear neurons

, you still get a linear function
· Errors are added for all m observations

↳ total loss/error is computed by adding individual errors

·sigmoid activation : error and weights are nonlinear

↳ Rely on numerical techniques :

- squared error by steepest descent

-

Logistic regression by max likelihood
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Lecture 31 - Nonlinear Separation - Embeddings and Gram matrix

· How do we work with nonlinearly separable data in mL ?

Core concepts
· Embedding : Transforming data to a higher-dimensional space

· Kernel Functions :

Computing dot products in this higher dimensional space without doing the embedding
· Gram Matrix : A matrix of these dot products

explicitly

Motivation
· data isn't always linearly separable

,
like donot shaped data

· solution : embed to higher dimension
,

where linear separation is possible

Linear Separation via Embedding
· given data Points(v1

, 02]

*
(0, 02] -> (vi . 02

,
ri + -2)

adding squared norm
,

adds distance to origin

Ex
[vi , vz] -> [u?, v2

,
Ev

, ve]

·

maps data using Quadratic terms

key : don't need to compute embedding ,
if you can

calculate dot product to higher space using Kernel.

Kernel Trick and Gram matrix

·When doing PCA ,
SVM in higher dimensions :

· need dot products between embedded vectors a a

· instead of computing those directly
,

we use kernel function k(ai
,
aj)

This gives us Gram Matrix
,

where :

k(u, v) = F(u) · f(v)

Kij = k(ai
, aj)

· Symmetric
· positive Semi definite

· Kernel function takes 2 inputs ,
computes dot products of their embeddings ,

without

computing embeddings.

· Kernel formula is like : (r. V + 1 ?



Lecture 31 - In Class Notes

Consider
circle is Xty2 = ↑ Note: will treat row as a vector

10 , 0) has radius o

......... (1 , 1) has radius 2 Embedding : IR"GIRP
(1 ,

-1) has radius

I augmentation:
! I [V.. V2] G [u. VeR

Try (x, 3) =+ (x, y,
x+ y2

- polynomial ;

Fish hoimension to (v,z] [vive Er, re]
higher dimension

An embedding is a map from a low IV

dimensional Vector space to a high dimansion Vector space I

After Embedding· TheSymbol is #
,

·Original AEIRmxn

· After Ep2mxP
Deduce a hyperplane for 6 solutions.

Let is be a hyperplane with unit normal and bing scalar Then
,

apply PCA on A
1

- compute Scatter Matrix SEIRMXP

get eigenvectors ↑ ETRP
e

- o

How can we use a gasssion distribution for embedding ? polynomial embeddings are powerfull but

ev = I
,

add on term for everyia number of terms grow fast

some embeddings reovive a lot of memory
and how do we interpret them.

Examples of Kernel Functions

Linear Kernel R(v,
v) = v . rT

Polynomial Kernel k(r, v) = (r . vi +c)

Gaussian (RBF) k(r
, v) = exp(-Y110-v11)

Extra

Kernel function : any symmetric positive semidefinite function

Gram Matrix : constructed from Kernel function over all pairs of data rectors

· map zero-mean matrix M4i

· scatter matrix variables is
5y = im
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Lecture 32 - Nonlinear Separation - Kernel PCA
·

Using PCA techniques on nonlinearly separable dat-using Kernel trick

Core concepts
· Avoid embedding : Skip direct computing

· Kernel function : Simulate dotProd

·Perform PCA : on Gram matrix that holds those dot products

Why Kernel PCA ?

· PCA involves : Centering Jaza, finding direction with most variance, linear structure

·Sometimes data has curves
,

twists
,

spirals that PCA can't unwrap

↳ Instead we use kernel function to perform Kernel PCA

Steps in Kernel PCA

1) Define Kernel function :

k (v , v) = exp)- - gaussiane

2) Build Gram Matrix :

kij = k(ai
, aj)

· symmetric/positive semidefinite, represents dot products in embedded space

3) Centre Gram Matrix

· to remove bias (Shift)
, Centering matrix Gm :

5 = Gmk6m

4) DO PCA On Centered Gram matrix

· Eigenvalves 4 j

· Eigenvectors Uj

· Scores :

2 =

: now each data point is represented by projection on new principal components

but in Kernel space



Fishers IRIS Dataset

· normal PCA misses 2 Points[missclassifies

·Keinel PCA with gaussian Kernel fixes it

· choose 2 = m

· Grum Matrix -> Centre it -> eigen decompose

· top I components
,

clusterk means

Scree plots
· Plot eigenvalues of centered Gram matrix

· tells you how many principal components to keep

&

Scatter matrix observations

·Jata Matrix AEIRMX

1) Center data :

= im .A

· gives mean row Vector of A

· I is rector of ones size m

Then :

M = A - 1.

which subtracts mean from each row A
, giving mean cented data matrix M

m=m) ·1)Metering
matrixM = Gm · A

PCA : Recap
· Su = Mim (want to find principal components

,
analyze coraviance matrix)

↳ covariance in feature space

· SVD of M:

m = UEvT

Then
su =

ve rirEr = VerUT

= ETE contains eigenvalves of

n = Gm[T] 6 Kernel PCA

5 =
+

· z= Mu = UE
= Gm Gim

~
Transformed data scores Kernel Scores

2 =
· For PCA

, we can use Sv or
Slower than PCA
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Lecture 34-PDF Notes
· Binary Classification using logistic regression

2 main loss functions :

1) Squared Error Goal : Learn best way to separate binary data

2) Negative log-likelihood ↳ DefineObjective function (error)
↳ use optimization to minimize it.

Loss Functions/Error Models

1) Squared Error Loss

· MSE tz(x)= (yi - 0:
2

· bi 5 50 , 13
· Di = prediction from logistic function

simple
, bounded not ideal for probabilities

2) Negative Log-likelihood (Log loss)
-> very high prob for correct class

-better for probabilistic models

Very low Prob for incorrect class

li = 5
-In)l-p(vi))

,
if yi = 0

- In($(ri)) ,
if yi =

-can be unified as :

li = (1 - gi)(+ n(1 - tri()) + gi( - m(0(vi))

- Total loss : ((X)= li

Reflects confidence in Classification

can lead to large weights in Optimization

Visual Comparison
· USE : Errors are bounded

· Error Plateaus for wrong predictions

· Log loss

· Errors are unbounded

·Strong penaly for confident wrong predictions

Note :· Squared error are used in simple neural networks

· Log loss is standard in log regression

MSE : ( - 30 ,
+ 15]

log loss : 1-200, + 80]



· Distance matrix · weighted graph
,

gaussian liernel

· Entry Cis = llvi-will · Keinal PCA and graphs are

Define adjacency Using E-neighborhood very closely related

aij = 36 if OLCij JE

otherwise

·CompareK means

Laplacian : k = D-A

Eigen decomp : k = Q A GT

Eigenvectors : an=
On-1 · On = O

·Spectral Clustering K = 2

te = (an+ an]
applyK means with 2.
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Homework Set 3 .

1)10)4[87and (86) ((88]1 . 3
,

1
,

7
, 12

1 . 4
,

14
, 16

3
. 1

,
10

,
26

,
17

smallest subset : [0874 (b)
1 . 3

, 01 Plane 3D 16) a) dimCol(A) =
a) A = [i , ] 6) Az =(i columnspaceofsp3 by 2 matrix

,
lin indep has 3 eigen values

in 2 colomne
,

I think this
with multiplicity 3

, lin 6) dim (ol(B)= 2
represents a plane

Line

indep
. Could be all of 3D

colomn spac ofBSpan
xAz = (2) d) Point

This is a Line
An = 100

c Coumn space of c = span3[ & 13
2 Vectors which are

colorm space is line of rectors

the same, just scaled
Just a point at 0. (x

, 2x
, 0)

675

Note : Point : Coloumn space has dimension o 17) 1) Set up augmented
Line : colowan Space has dimension [22] R = 2R

plane : Coloumn space has dimension 2

3D : colowan Space has dimension 3

L-62]Rca
7)a) A = [3) ,

B = (3) ,

A + B = [33]- one indep

column

6) A = [ =][ !3 ]
,

A + B =(8) - No inder (i) R = RIS

Col

004) A = [0 B=A= I 26
0 = 26 - 62

12) Ax = 6 has a solution X
,

if 6 is in the 0 = 61 +63

colomn space of A
. To be in the colomn space Solutions

61 = 63

62 = 26
means to be in the set of all possible linear

combinations
,
that are in indep . B is in the R3 = R) + 23

colomn space of A
, then 6 is a combination

a solution X.
aof columns of A and those numbers give R1 = GR2 + R2)

1
. 4) -

14) as [30]"[5 =3)
1 . 4) (6) a) Prove coloumn space of AB is contained

Within the coloumn space of A.

"(59]4(- ) For any X
, ABX represents(in combo of the colomns of AB.

ABX = A/BX) ·
The rector in the colomn space

of AB is also in the column space of A.

: The column space of A contains the

columns space of A B.



Study Guide Quiz

Diagonalization
A = PDP" : p is eigenvector matrix

GraphMatricsSix (1) :
D is diagonal matrix of eigen

values

· Aij = 1 if there is an edge
between vertices ; and j

,
0 Otherwise

· A is diagonalizable if eigenvectors
arelin indep

· Degree Matrix (D) :
· symmetric matrices

,
always diagonalicable

· Diagonal matrix where we see how

many connections each vertex has Symmetric/Skew

· Laplacian Matrix (4) :
· symmetric Matrix :

· B = BT
· L = D - A

I

· real eigenvalues and orthogonal eigenvectors
· Symmetric and Real

,
all eigenvalues

are non negative.
· skew symmetric :

S = - ST
· The number of 0 eigenvalues is the

Eigen values are imaginary
number of components

tigenvalves/Eigenvectors
· Av = Xv

· Trace is the sum of eigenvalues
· Det(A) is product of eigenvalves

Vector spaces
· coloumn space : Span of colomns of A

· Nol space : Set of vectors sit AX =0

· Basis :

· Linearly indep vectors that span the space

· Orthogonal basis : each refor is perpendicular to each Other
· orthonormal basis : basis rectors are orthogonal and unit length



Unit 1 practise Questions

3) A+ Bi = [02)(423]
de + (A = +1) = 0"A[_ (i) = (5 .

%]
(S- x)(- 6 -4)

2 lin indep columns I ↓
rank = 2

,
basis vectors must be ·: C) 4 = -54 = 6

2D :

b) (ii) is correct 6) keep in mind [to-a J
*

If A = At
, a = oA = (+ ) + [6 % ] then XTAX 10

Not in Col of A
,

all lin indep

which Vector is notin compo of others

which rector is orthogonal to column space

Ac = 0 6 is multiple of col3

d)

3) A = AT

41 = 5
,

41 = 10

= (v = ) - 25)I
A = VAVT

1=(2 )(8) =[Y)
A = 5('4) [-28)
"

= [ii] = ( _2)

4) +1 = 1
,

42 = 2
,

when oce

A = (1
+ 2 1

+

I
(1 + E -4)(2 -) = 0

det(A -↑1) =0
/ I

41 = 1 + 242 =
2

Co2] Normally det = adte

= 2

['=
*

2
= x] (1 - 1)(2 - 1) - 0

* 1 = 1 =2

: eigenvalue 2 does not change, eigenvalue + increases a bit



Practise 1 - Matlab

Binary Clustering of Graph Vertices

1
.) Transforming an edge list into an adjacency matrix

2 . ) Computing Laplacian matrix of a graph

3 . ) Using Fiedler rector to cluster vertices in 2 groups

Edge List :

- List of connections between nodes/Vertices

EX 1 IS 1 and I are connected
,

with weights

237

132

-suppose, you have a eigenvalues, Fiedlers Vector is the one

associated With second smallest eigenvalue.

- ThenSeparating Nodes into positive/negative Clusters

of those eigenvectors.

Key Ideas :

- Adjacency Matrix
,

represents connections/Vertices
- weighter egdes

- Laplacin : L = D-A

- Fiedler Vector : eigenvector , corresponding to second smallest eigenvalue ofL

partition:

Neg Entries - Set

POS Entries -> Set 2



Helpfull MATLAB Commands

creation
-

· Identity matrix : eye(n)
· zeros Matrix : Zeroes (m ,

n)
· ones matrix : ones (m . n)

Matrix operations

· Transpose : A
· Inverse : invCA)

· Determinant : det(A)
· Rank : rank(A)

Eigenvalues and Eigenvectors

[V . 2) = eig(A) - Spectral Decomp

v : Eigenvectors
L : Diagonal matrix of eigenvalves

Null space :

null(1) : Orthonormal basis for will space

Graph Construction :

· A = (011 ; 100 ; 100]

· Degree matrix : D = diag(sum(A, 2)
· Laplacian matrix :L = D-A



key Definitions and concepts -content2
Pre Rea ,

HWl ,
HW2

Graph Matrices
Practise
Class notes 1-6.

· Graph 6(V,
E

,
W) : Set of Vertices (v)

, edges (E) and Weights (w)
· Adjacency Matrix where Aij = 1

,
if vertices i and j are connected

· symmetric for undirected graphs

· Degree Matrix D(6) : diagonal matrix where each entry Dii = degree of Vertex :

· Laplacian Matrix :

L = D-A
,

Null spaced dimension = number of graph components

figenvalues and Eigenvectors Note : Use calculator to find inverse

Eigenvalve : Av = XV
matrix or determinant

where v is an eigenvector ,
and is an eigenvalue

· The trace of
a matrix is the sum of its eigenvalves

· The determinant is the product of eigenvalues
· If eigenvalues are distinct, all eigenvectors are lin indep
· If A is symmetric

, all eigenvalues are Real

Diagonalization
· A matrix is diagonalizable if A= PDP

where D is diagonal
,

P Contains eigenvectors.

· symmetric Matrices are always diagonalizable.
· Normal matrices (AA"= ATA) are diagonalizable
· If all eigenvalues are distinct

,
matrix is diagonalizable

Special Matrices
· Orthogonal matrices : Q = QT
· Symmetric Matrices : A = AT

· skew symmetric: A = - AT



2019 Practise Test

1) Given A =[, )
Find a basis for coloumn space of A.

To Span ColIA)
,

Colormns must be lin indep

[ ] R
= I

(3)
13 = 2BI

+
indep

2 (in indep Vectors :

: 1) or e)

2) Given A = (8)
, coloumn space has

dimension of 2
. Find Vector not in hull space of A.

In RREF,
Need to find Vector that does

1 :(i) not satisfy : C . al +2-

(2) + x)) = [
To find if it is in the colourn space of A,

the rector can be expressed as a lin combo.

Not be in the coloumn space means
,

it must be

orthogonal to all other colomns.

3) Given A = At . Eigenvalues of A are

41 = S
, 42 = 10

,
eigenvector

x1 = [] =5]
A = PDP" -> A = VAV"-> spectral decomp

Finding Matrix

1 :[] ( 7 given eigen values

eigenvectors
from

A = AT
A =

( =-]D)



4) Given m = (1
+ 1 + c

J
5) Given A = (12) ,

B = (33]
02

41 = 1
41 =

- S

If ( = 0
,

41 = 1
,

72 = 2 42 = 2
42 = 3

when c =0 Matrix simplifies
Al = (02)

n = [02] AT Bi= (38 5)
det(A - +1) = 0

B= [4 =3)
det)A-7

=

((
+ x) - x(1 +c) I = (5

-

16
- 4&02 -

1

det (s - 1)(- 6 - 4)()1 + x) - 1)(2 - 1)
= 3-4

= (1 + c - 1)(2 - 1) 41 = 5
,

42
- 6

1 + c - 1 = 0 : answer a)
1 + c = X ,

2 = X2

comparing eigenvalues : only lambda
I will change . 6)

6) A = AT Positive Semi definite
, eigen values are 0 and above

positive definite, eigenvalues are above 1.

Practise Quiz #2

c =(
Find Scalar d

,
that produces matrix C.

A matrix is singular if its determinant is zero.

Jet(c) = 0 -> Not invertible.

upper triangle matrix
, determinant is the product

of the diagonal

Jet(c) = 2 . x . (-1) = 0

6 = 4

2) A = (2 ] , = (b)
R = EA =[
E = /100 .

000 &L-0 . S 0
. S 1 .

0



what to study
- Practise 2 Crossval() Function in matlab gives the

- class notes 7-13
Mean squared error. Not the root mean squared error

- Pre rear Problems
, Hw, Hws (RMS)

Practise 2-part

·Predicting fragility index using age group proportions

· onesvector = ones (m, 1) -> creates a column of ones (to include an intercept in regression)

· Initializing Vectors to hold rms and slope values.

· performing linear regression for each variable.

A =[data Matrix ( :, i)
, onesVector] : Add intercept

w = Al Fragility Vector
;

rmsvars(i) = rms (Fragility Vector - A * w) ; compute Rms error

Slopes(i) = w(l) ;

· storing slopes helps us determine positive/negative correlations.

· simple linear regression : y = mx +6

· including intercept term
,

makes sense when you know for sure
,

it does not go

through the origin.

· If you include an intercept term
,

add a colomn of ones to data matrix

A = [ put w = [mib
Slope intercept

Cross Validation
· Fragility Vector (dependent variable)

-

· dataMatrix (independent variable)
· select coloumn

, append a colomn of one's for the intercept

· Define K = S
,
Crossralind() Assigns each row to groups

· Train on 4/5 Jata
, test on t

·

W = X-train)y-train



zero mean transformation : X = X - *

-> residual error
y = /W + E

L

↓ ↳ weight vector (regression coffecient)
actual matrix of

input data

w = (xix) +

xTy
SVD : is a matrix factorization technique that decomposes

a matrix A into 3 : A = UEVT

w tells us how much each inpot affects the output

w is slope of regression line

Linear regression for Au=C is projection of c to column space of A

↳ goal : to find weight rector is such that we get closest to the actual target/output values

Root mean square error

RMS(w ,
A

,
:) =1l

After finding best w to find how far predictionsAn are from C

=A - is error rector

im
,

where m is number of data points

· Training and testing model on same data does not give good estimate of performance

↳ does not account for unseen data

K-Fold Cross Validation #



Unit 2



Quiz 2

· Error ofProjection : e = C-P

· projection onto subspace : P = An

· Normal equation to find projection weights : A Aw = ATC
· The projection matrix is

, projects a

Vector onto the column space of A.

· Root mean square

RMS) WA;)=
· A = UEVT

v = Orthogonal Matrix (left singular vectors

E = diagonal matrix

v" = Orthogonal matrix (right Singular

· The projection of 6 onto the space spanned by A.

· A matrix is singular if deta) = 0
.

A rows column is linearly dependent

· The sum of eigenvales = trace of A.

·

projection Formula : P = A (ATA)"AT



SVD-In Depth

· SVD is a process of breaking down any matrix into A = UEUT

If A EIRmXn

A = VEVT

· V is mxm columns are left singular rectors
,

orthonormal

· E is man diagonal matrix with singular values 0. 202zor > 0 (all positive

· v isnxn columns are right singular vectors
,

or tho normal

Importance

A= ) = ) 2 = [] vi =

(*)
Lin interMintp

in dep

Left StarPorthogonaspace ) ↳ Basis for null
rectors of space

nun zero singular BacisFora tvalues

Basis for Col Space

V Contains eigenvectors of ATA
U contains eigenvectors of AAT

T
Matrices ATA and At are both symmetric and positive semi-definite

↳ always have

To find eigenvalues of ATA = ( ?2)(2) = (3)
(a) eigen values of this matrix

( are square roots of the

singular values fromE

Also share same process for AAT

Note : ATA and AAT have different dimensions
.

Eigendecomp : A = a A -
(only sorvare

, diagonalizable matrices)

↳ If symmetrics
A = G AGT

-> Transpose of

↓↓ o or Inversesame diagonale matriceswomatiactors of eigenvalves

Spectral Theorem :

· eigen rectors are orthogonal and outhonormal



HW - 4

4 . 2) 1
,

8
,

9
,

12
,
2 20) Projection matrix : x-y-zz = 0

->1) P = Aw
Two vectors in plane

, plane will be

a)= A
p = =(i) column space of A

6 = (2) ,

a = ( ,i)
=

(3)
Plug in

A = (j)
= E = c - P

+ A = (i ,)()
w = 3 E = (2) - (i) = (2)

3

e =

[ Inversea =

8) j = (1 , 1)
P = (oi] p = (g) ·[*] . (oi Iai = (1 ,

0)

az = (1 , 2)

P
,=

Pl + Pz = 6 = [ ] For any basis Vectors inaare

x - y - 2z = 0

i =
= [10]

The Matrix P projects any Vector in IR3
a) p = A(ATA) " AT

A = So2] ,
Find projection matrix p

projects vectors onto plane spanned by a and a

ProScola = pj

P = I If A is invertible,
it spans all

of IR?

12) Project 6 Onto column space of A

A
T Ax = AT6

[ii]( % ) x = (ii : ]()
(ii) x

= (5)
x = [')

p = Ay = (3)
e = 6 - P

= = (3) - (3)
E = [i]

ATe = 0 because 6 is in col space of A.



Test 2 - Prep

practise test-winter 2019

1
.) Vector Space V

,
Spanned by basis rectors

what it means to project 6 into V.

- The goal of projecting a vector P is to Find

best approximation of 6 within V.

Finding P
,

such that 116-p11 ecclidean norm is

minimized. Equivalent to least squares solution.

2) Vector space N that is spanned by A = (i)
find error projection of 5 = [ = ) into rector space

[A TA]a = ATB

(i) ()=zin] (i)
An = P

↓ [09] = [-3)B- P

P = Aw = [q)()
c = 6- P

c = [] 6) you alX +2

3) f(x) = c(X +C2

for all points : Aw = f
m =[]

- A is a matrix
y = C(Xi + C2

- w is a rector with C1
,

C2

-

[, ) ,

w = (i)

[02](2) = (o]

Elli C =( = 1.

(ATA)w=Af 22 = 9 = 2
.
25

= (19] ,
Af =S:)



2) Normal Ea: (ATA] w = AC 2 by 4 n6y1 = 2 bu)8)j = (1
,

1)

a = (1
, 0)

(i) [ii] =zi2) az = (1
, 2)

- I

B= [i] [09 = (i)
P= a P=As
P=P =(

P = At 46y2 . 26y1 = (2) ↓

(ii) (i)
Pl = (1, 0) Pl +pz = (f

, 5) = (1
, 1)

p =[] -(i) 9) P = ACATA)"AT Find (ATA)
A = 202] defIATA) = - 4

e =( ATA = (ii)(ok] Inverse for 26,2

3) fi = <1 Xi + C2 =(i) : (i)Aw = f

A =( =[ ,

w= (i)
= -Sin]-

AT . (ATA) = P = I

using normal Ea : (ATA)w = Alf
12) P = A(ATA) "AT6

(iii)(i) w = [i] A = (b) ,
6 = [3)

2 dy 4 . 4 by (1 ::)(b)
1 :00y w = (10) 2 by 3 . 3 642

(ii) = ci
= 1 .S

,
12= 2

. 2 [ii]
-1 - 1 = - 2

4
. 2 Exercise -[ii]

o ) pl= p is a projection matrix =(i)
PT = P

,
is an orthogonal projection

=

[
The coloumn space of I-p has vectors projected onto compliment

1) Projection of 6 onto line through a

PtP = ()) ! )
P =

(iii)
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Practise

· PCA Score : after finding principal components (eigenvector of covariance matrix) each data point is

projected onto these new axes to Obtain new coordinates.

· Eigenvalues of covariance matrix
, represent the amt of variance captured by each principal

component

· For PCA scores
, the ame of dimensions your reducing to is the ame of coloumns

· DB index is used to assess effectiveness

1) Find best Pair of features
,

for ID rep

2) Apply PCA to reduce 13D wine set to ID and score effectiveness

3) Standardize the data, apply PCA again

Process of Code
· read data

,
first row skipped

,
Xmat contains features

,
yvec contains class labels.

·Computes DB index
,

which helps evaluate quality of clustering.
· Lower Index = Better Clustering
· For loop iterates all possible pairs of data features.
· Data Plotting , according to two features

· Raw Data PC.A : Function subtracts the mean from xmat
.

Performs PCA Using SVD -> Zero mean data

· Standardized Data PCA : Uses I Score to normalize
, Performs PCA .

↓
zero mean t Standard deviations

.

Analysis ofScores

· Smallest DB index
- 0 . 7875- Still good Cluster

· DB index of raw PCA Scores - 1
. 3-less good Cluster

· DB index of Standardized PDA-0 . 63a2-best cluster



Quiz 3 Review

SVD is used for matrix approximation

A = VEVI

- U and V are Orthogonal matrices

- E is a diagonal matrix with singular values

gives info abt each col of Vand u

-

Matrix Approx
·C= UjVj - Each C is a rank I matrix

-got by outer product of singular vector pairs

· SPC; approximates A

- left singular vectors are eigenvectors of AA" -orthogonal directions row space

- right singular rectors are eigenvectors of All +orthogonal directions col Space

c = ouvi, approximates original Matrix

A = c + C2 ↑
: A = (3-44]

- Matrix Up Provides basis for space that captures most variance

in theJuta. If p is
small compared to original vars. Up reduces dimensiolity

· scores in PCA
, represent transformed coordinates of your data in the

space of your principal components . Ip = [OU ,
o ....] First few have most

info and approx og data
.



In Person Quiz Review
· given the SVD

,
explain properties

· SVD
,

PCA , DR

SVD
· process that decomposes matrix A into 3 separate matrices with usefull properties
· A = UEVT
· Matrix U

,
Orthogonal matrix (all coloumns dot product with each other is 0

,

and unit length)
· Matrix E

,
Diagonal matrix (singular values arranged in descending order

, gives us weights of u
· Matrix VT

, Transpose of Orthogonal Matrix.

A = [8 % ]

(3 % ) = (oi]( % 8770600
↑

importance
of coloumns

· U
,

V give you directions/orientations

properties
· First columns of U

, span the column space of A

· first columns of v, span row space of A
-

or r rows of VI

· coloumn of U
,

that doesn't span column space spans othogonal complement of

the coloumn space.

· The colomus of V that dont span the row space
, span the null space.



Matrix Approx
· Uj, v ; are col vector

, row rector respectively

· Each Cj =jUjV]
,

where Oj is a singular value

· rank I matrix
,

outer product
, capturing patterns

·Original A : can be reconstructing by summing A = C1 + c2 +C3
... CP

· Dimensiality Reduction of the data focuses on most important features

Example

F2Y]
,

v = [029-0385E = /33..
926J (

- 0 . ISS

I& uT=06as

C1 = 0
,

0
,

v,

4 = 3 .398(-0 .924][-06 -o

4 =

(3 . 2683
.

768

I1
. 354 1

.
561 Cl +2 = A

&C2 = 11-06802
Example : 4 by 4 Matrix

, with singular values 3
.

3
,

1
,

0.

we can approx A = Srir .

"
+ Sere

PRE PCA StUFF

· Zero mean Matrix M
,
Each entry is subtracted by mean of its col

(M = A -T)
-

⑧ mean of of colour Using SVD : M = VEVT

EX
-

A = (g) Up forms othonormal basis for

Principal components

mean matrix: (iii) &) = (3) Up = (v
,
re]

.

This is used to project

A - mean matrix = Zero mean matrix
of data into new space defined

=-
by principal components

10/3[ 2
- 1 I

mean matrix: ITA



PCA

What is PCA ?
-

· Dimensiality reduction

· used to find main patterns of Variation in data
· new set of orthogonal axes that capture most of variance

· First principal compontent captures Most Variance

· Transforms data to a lower dimensional space

M is the zero mean matrix

is=im ,
covariance Matrix

PCA via SVD
-

covariance Matrix should tell youhow much

each coloumn varies.
· 1) compute the covariance Matrix & is variance of the co

BB =1 MTM B is covariance L
m- captures relationships

M is Zero mean Matrix
Must be B positive Semi definite

B = E AET

2) compute eigenvalues and eigenvectors

· eigenvectors of B are the principal components
· eigenvalues tell us how much variance each component captures

4 = (1560
- first principal componente] cuptures 73 . 60%

3) Compute the SVD

· M = UEVT
· v contains left singular vectors

,
E is diagonal matrix

,
V contains right singular Vectors

· right singular values V arc game as eigenvectors of B : E =

· singular values of relate to eigenvalues: &;=

B = VAv= eigenvectorin

otariana
eigen vectors eigenvalves
of B diagonal



Computing PCA scores If symmetric matrix
, singular values are

· after finding principal components
the eigenvalves

PCA scores : z = MV = UE

·I is score matrix

· Each row in2 represents data projected on new PCA basis

along first principal component

EX

=/]
First col repsee

strong patterns in first component

o I represents projection of each observation on direction of

max variance, Each number is how much along the direction it is

Homework 7

2
A =

/-
1) Eigenvalues of ATA ii) Eigenvalues of A AT

O OAA = (_ ] AAT [ -/O

L

4643x3x4

j

= [s I AAT = [8On )S

4 = [1882] 4 = [18820)

iii) o = [v8 ]

Singular values are socare roofs

of eigen values of ATA and A AT

· If symmetric and positive semi definite

iv) A = UEVT
M- columns pace orthogonal complement

- O O 0
. 70

v =J
- I O - O

I v(0001)Log
o O 0 . 70

0 - 0 . ) 0 .20
RowSpan of A

0 1
.

0 O
-

-> null space is 0 ?

(
4

.
24· Co) Space of A because

n = E3S =
O 2 .82 3 Singular values

8 8 positive definite



Question 2)
M = A - = UEVT Explained variance is like (25. 216

. 32
. 1)

A =

/10
3 Oj corresponding covariance

G 10aI eigen value is :=) + 25
.
2 =4th3

L 7 S 2

8 .2 4 . 46 . 2

viii) To find Singular values
, convert

viii) B=
to zero mean form

, then SVD

t
·

2
I =M = [ · SVD(M) I
--

5 is = [10 . 379 3 .
25. 1 . S78]

B = 3
.
2

X) Explained variance of each PC I - S . 33S
is determined by eigen values of covariance matrix

5 . 45

Eigen Values of 26
.

93 det (A- 1) = 0

Co variances : 2 .
64

0 . 63 +i = [0 .
6032 . 6926

. 93)
Explained variance : 29+2 . 64 +0

. 63)
= 0 . 89

2 = [0 .
8920 .9791

. 000]
For 0 = 85%, p=

For 0 = 93 %, P =z~xiii) Z =

Mr=ENT

I
1x =

(3 ] ,
B=

m =(B)
B = (a]



HW#7 - Again !

A3 = [8)
A =(, I

Part 1 :

1) Eigenvalues of ATA are square of singular values

4 = 36
,

42 = 1643 = 4

2) Eigen values of A AT are also

4 = 36
,

42 = 1643 = 4

3) 0. = 6
, 02 = 4

,
53 = 2

4) column Span : v=[
5) Column Orthogonal span is none

6) Row Span is : 100
7) Null space : None

1 .
6

Part 2 : As =[]= I
Eigenvalues of

co variance

Be is
4 = [2 Explained [0 . 199

,

0
.
995

, 1]
P =2

variance

In covariance matrix , you already have eigenval

z = MV In SVD , you need to savare explained Van

Part 3 :
-

rank(1) [min (m, n)

rank(A) = r,
theresr singular values

,
rest are

rank(A) = r,
r non zero eigenvalves

ATA and AAT have same eigenvalves

SVD-Sign ambiguity and can be rotated



Homework </ Practise

· The rank of Matrix A is always less than

or equal to the min number of rows. Tank(Almin (m, n)

· If v = rank(A)
, theSingular values corresponding to rank

of A are positive.

· If minj of ATA and AAT

· There are n eigenvalues

Matrices AA and AA" share the same

non zero eigenvalues

· If min
,

U = rank(A) < n
,

for certain we can say

about 4 %. There are nonzero eigenvalves & of ATA and AAT



Unit 3 - Exam Practise Questions

1) A = [2 ] ,

find error projections of the vector = ( =) 3)0
PA p=in)
P=a·

i = ()=( =E
=

[]
1) Find Singular values of A and

= Transpose Products find eigenvalves :

A = vEvT

sovare roofs of eigen values of ATA.

2) f(x) = c(x + C2

sarare roofs

I ii)=
(5s-4)

42- 104 - 9 y
are

3,

(S - 4)(S -x) - 16

2S - 104 + / - 16

- is outputs ,
X is inputs

fwX . C (x-a
X =

[ =[ , ) ,
t = (1) 2) Given A = UEUT

rank(A) =2

ATAw = ATC
A =

2)
xTxc = xif columns of Uz form

Orthonormal basis

xix= 2
-

iii)() = (2)
ATA = 2 ) I column space

AAT = C 3
x+ =

(i) , ii) [] = [*] make A unit magnitude

ATA-Span row space
c = (a)/(i] 4)z = MV

c = (2) =
46y22642

2 =

[]



Hw-S
7 . 2 - 3

4

3) given A = [& ) and B = ( ! 3)
both are rank 2

,
asked to express as som of I rank I matrices

A = ur ,

"
+ v2vzT

1 = (4)(2x] + [8720
- 200

B = ( : ] (122) + (9)(0117
BBi = (i < 3](2]

2633642
-

Trace : a + 19 = 28BBi = 2 ,9)
Det : 9 : 19-12 = 2

o? = 28
. Yes it is compressible

52 = 2 first component gives

good approx.

Singular values : 0=

4 ,
are eigenvalues of BTB or BBT

o ? + 02 = tr(BTB)

o? . 2 =
det (BTB)

Polar Decomp :

A = QS

O = UVT

s = VErT

A = VEvi = (UVi) (vErT) = QS



Unit 4



Quiz 4 Review

k-Means Clustering
- clusters separated by hyperplane
-

normal vector w
= g-g

,

point is =
- bias scalar is 6 = -wip
- prefer unit normal n and dias Scalar C

,

n= l ,

C=

Classification
· given labels Il

,

Scores ZER

· To give a class
,

you get a z score and threshold o

TPR FNR
- 7 FNR = 1 - TPR

( FPR TNR&
· 2 Degrees of freedom gives an ROC Vector (FPR

,
TPR)

so performancarea Roc curre

- Bigger is better
FPR

odds of occurrence

ru -
IHI

·Probability P
(Inll = 1

· odds of occurrence is

s = Ep
· For hyperplane IH

,
unit normal Scalar 0 : ->

If distance
is positive,

its on 1 side

signed distance of * to 11 is d = nT* +

-> In distance
is negative,

its on-1 side
· Probability x is Class 1 is P=d

- should be able to

- make hyperplane for binary data

- compute scores of data from hyperplane

- implement computation of ROC Curve (TPRVSFPR)

Given Partitions
,

compute Centroids

with Centroids
,

can compute distance to each Point

1) Initialize Centroids

2) Create partitions based on distance to centroids

3) Update Centroids based on points in partition

4) With new centroids
,

repeat process

5) Converge ,
if nothing changes



-ractiseit
-general form of linear classifier is : wil + wex2 to = 0

·Where w = (WI
,

w2) is weight rector

· 6 is bias term
,

which shifts the hyperplane
· w = N1 No then transpose for wi

Y

· bias term (6) : 6 =
-* (NI + No) - w

after normalization= = i
w = [w = b]

Part 2

·Compute score 2 for each sample : 2 = Xaug · Wavg

Xaug is data matrix with bias term

way is weight rector with bias

· ROC Curve : TPR vs FPR

· Perferire() generates ROC corre automatically

·FindPartt threshold for maximum accuracy
· loop through all possible thresholds + from roct

u = (2zT)

[[n]
·Compute accuracy=IMiles

· Jinary classifier f(x) = wix + C -> Wix1 + wex2 + 6 = 0

· P(y = ((x)=wix +

· w determines direction of hyperplane

· distance of a point x from the hyperplane

d =Mix t
· wix + C30 , point is on one side

a wix + Co
, point is on other side



Quiz 4 - In Person Test

k-means

· Each Cluster has a Centroid
· iterates between adjusting points to nearest centroids
· updating centroid as mean of points

· Binary case K = 2

· normal rector : w = g .
- ge odds/probabilities

· Midpoint : p=4+ 92
· ords s=p

· dias : 6 == wip if s = 1
, equally likely

odds
if sel ,

favorable

Hyperplane : wix + 6 = if S21 ,
less favourable

- w is normal rector to hyperplane
· d = nTx + C

P = T
- 6 is bias scalar

normal vector is W = 91-92
· n is unit normal rector s=

P
· farther d is from O

, the

Classification more confidently we classity X.

· Accuracy = I p = Fed
· Signed distance:TX +

↓

Probability or
· Label Y =

#1
, Each data Point is + 1

,
-1 class

being positive
· Scores 2 to each data point

· threshold o
.

Decision boundary applied to score data

TPR FNRS FPR TNR &
· ROC Curve Plots TPR vs FPR at different theta o values

· varyingo generatesdiff confusion matrices

· Auc-1 .
0 Perfect, os guessing.

· threshold o
,

value determines how classifier assigns

labels based on score

· TPR-(Recall)
· TNR - (specificity)



Unit 4- Exam Prep Hw#9

1)
x (4) ,

x = (a)
,

x
= (2), xe = (3) Part 1 :

1) 92 = (04] P : & (7
, 3)

,
(8, 4)

,
(6, 43

Find binary clusters
, using erclidean distance

9. = (28) P: G (1 , 7) (2 ,
8)

.
(5

, 833
x , +0x2 = 3:

. 341, x93
,

Ex2 , 233
xi + o x 3 = 252

2) given 91 = ( < )
,

92 = ( ,], = ( -%]
j = (38) 92 = (64)

6 =
- []z21 - 2]

3) E = (5 . 8) - (6
, 4)

6 wi AFind (2 =? a) w = ( - 1
, 4)

mid int = (S .
S

,
6)

↳ (13)
0 = - (i) (0 . 637 - 0 . 3330 . 007

6 =(-)(3. 5
,
6] normalized)6 = 18 . 5

c = - 2
.

1685
Part 2 : Y ;

3) Consider I
,

normal vector =() = (- )
Az=

x1 +o x4 = 12

I I
Pl = (8) ,

P2 =( I

= - 1

n =- c =
1) wix + 6 = 0

classive data rectors
.
= (3)

,

x = (*) p i = sign (w . xi + b) F2x , + 2x2 + 6

Q1 = (2 -2)[i]
6, = (2)(-0 . 6670

. 3330 . 662) + /
=

- 1 an = (2 - 2) [ 2] +

di = 5
.

001
% z = (2 - 2](3) + C

= 0
,

on hyperplane +

= + 1

62 = ( % ]2- 0
. 6670 . 330 . 6673 + 1 as = (2 -2](j] + 6

as = (2 -27(3) +

= + 1

dz =
- 2

.
0 + 1 = + 1

dz = - 1 00 = (2 -27(3] + 6 02 = (2 -2][n]
= + 1

X1 is pos , X2 is neg
= - 1

28 = [2 - 27(8) + 6

a) given m = [*]
,

6 =
I

Find the probablityx = (2) is Pos ?·
= [i] Also need to normaleather
c = (2)( -

415315) + 8 = - 5 .
25

d = 1
2) w = [23 ,

60 y :
- 111 - 11 - 11/1/

-+ -1 -11111111

= Fil = 0 . 33 d
.

= (22) (04] +6:
+

s=
- 2

d = [2 -2)(3] + 6

= 1 = 0.71

252
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Unit 5 - In Person Quiz Prep

· Lectures 25-32 inclusive
·Practise 5/HW II

Logistic Functions
· maps hyperplane distance to a value between 0 and I

,
which is probability it's class ( (t)

plu)=
·Where u is the result of lin combo

· For Single input log regression V = X . W

· For multi dimensional input . U = wix

· If data point is far from separating hyperplane
,

function gives
value near o or 1.

· can be used as an activation function

· Helps us find best hyper plane -> ↓(V) = 0(0)(1-P(c))
,

used in gradient des

· U = wix + o
,

raw score or distance to hyperplane.

· If data has rector at the end
, use wix

, if not use wixto

Artificial Neurons

· inputs multiplied by weights ,
then summed

,
then check if greater than threshold

,
if yes shoot

· Linear response : U = XW Craw score before activation (

ologistic activation/score z := (vi) (gets probability)
· Residual Error : v = Y : -zi (Prediction - Score) (guides weight updates)
· squared error objective function : F(r) = Err (cost function

,

how bad predictions are--

· Back propogation : 6i = ri : '(vi) (captures how sensitive output is)

↳ d'(vi) = P(u)(1-P(vi),

-> Long version : (g : - P(u) &(vi) (1 -d (vi)
· Gradient Vector Tri = -bisi

,
opposite direction of increase (gives a vector

· Direction where we =
- (5 fi)" = 6:

T

update weights :

Descent Term
↑

↳ use this in Wh += WK + no descent
->

· Descent rector : 8 = * 6 For single sample : di = bixT,
->

= Edi For all samples : 8 = X16
i = 1



Unit 5 - In person Quiz Prep

Learning Steepest Descent
· Design Matrix

,
each input is row xi

· Vector of all y labels

· Initial weightso are random

· Learning rate no
,

controls how fast you reach minimum/ step size

↳ gets multiplied by descent direction

· update: WKH = witn (moving toward better weights)

· repeat till max iteration.

Embedding and Kernel PCA
· deals with data thats not linearly separable
· Map to higher dimension

,
do PCA there

,
then comeback down

· compares observations, not variables

·

Kernel Functions :

Quadratic : k(v = (viv + c)
- r18 - 842Gaussian : K(,) = e

↳ points close to gener near I, high similarity

· pairwise dot products is gram Matrix
,

symmetric, positive semi def

Classic PCA
,

on matrix A
, Using Covariance matrix M.

Kernel PCA-Compare observations
, not variables

Regular PCA - Compare Variables
,

not observations



Practise 3

· I main tasts : the perception rule using steepest descent and Kernel PCA with Clustering

Part 1 : Perception using Steepest Descent

· train nevron to classing colleges as public/private
·Perception is Super simple artificial nevrons

takesSome input vectors

- multiply by weights
- adds them up

- applies threshold
- spits out predictions

Y = Sign (w . x + b)

Steepest Desent
, gradient descent

,
minimize error

w = w - eta * gradient

Bigger learning rate, bigger steps, risk of passing over minimum

lower learning rate
,

takes too long.

Overview flow

-Calls PSOr

-calls sepbinary (Perception training

1) Augment data Xavg = [xmat ones (Size (xmat, 1)
,
1)];

2) set parameters Call Sepbinary

eta = 0 .
01

imax = 30000;

[W-ann , ix] = Sepbinary (xaug ,
yvec

,
eta

, imax);

3) Compare with log regression

4) Score the data

3) ROC curve

6) Final threshold and Accuracy

Linear response : weight
residual error : -actuals

gradient = -back-propogation X



Part 2 : Kernel PCA
·

Using Kernel PCA
,

to reduce dataset
, run K-means clustering

· How well can we classify It's dataset species

· Goal : 1) Compute gram matrix
,

from Kernel function

2) Finding spectral become

3) use eigenvectors to project data
process

Gram Matrix-similarity matrix tells you
1) Brid gaussian kernel gram matrix

2) Centre the matrixhow close each data point is to every other datapoint
3) Run PCA on it to reduce dimensions to 2)

Good Gram Matrix: 1) pairwise sorared distance
4) K-means clustering on ID

2) Apply Kernel 5) Vizralization

3) Center gram matrix

Actual cose

1) Center gram matrix

2) Dimensionality reduction Setup
Imax

, Igram , Sigmaz = 2 m

3) Create Gram Matrix

D = Pdist2(Xmat,
xmat

, CUClidan) 12

Kmat = (mat(m) # Kmat GMat(m)



Practise - MC Questions
2

- VIIU-VI

3) En+ = wi + n 3) k(U,
v) = e

- Ill 51
- C

- S"T = (1
, 2) + 0 . 1) - 0 . 5

, 1) = C

= (1 , 27 + 70 . 03
,

0 . 1)
A

= 60 .
95

,
2

. 1) A

2) bi = rig'(vi)

&
'

(vi) = 0
. 4(1 - 0 .4) 4) Which is not used in computing descent direction o in log reg !

-
= (1 - 0 .4) (0 .4(1 - 0 .9) B3) weight Vector w
I 0 . 144

6) Logistic function can not be directly 8) =(wix + 6) itBused for multi-class classification

D = [s][12 # = 0
. 62

7) P(u) = 0 . 8 =-z + 1 =

q' (l) = 0 .
8 (1 - 0

. 8) 9) Objective/cost function is minimized

A
= 0

. 16 when r = 0
.

10) Two points : xi = [1 , 03
,

6 = 2

xi = 20 , 13
,

62 = - 1
11) WH = wk + n

d = 6 ,
· x) = 2 . (1 , 0) = (2 , 0

= (0 . 4
,

0
. 8) + [0 . 3 ,

-0 . 17
02 = 6 - x2 = . (0, 1) = (0 ,

+] = (0 . 7
,

0 . 77 A

d = di + dz

d = (2
.

- 1)

5 = b,
xTX =

12 I 0 . 1463(3)
= 0

. 8778
v3 = X3 . W3

v3 = (231)(-
. s] (fr = X T b

u3 =- [34] 0
. 1463

23 = 0 . 3775
=

r3 = 1 - 0 . 3775

= 0
. 6225 ~

F(w, x
, y) = = ( . 0225)(0. 622s)

WKH = wk + 26
=

0
. 19375 ~

= 09 +

derir term
= (0 . 3175) (1 -0 . 3725)

= 0 . 235

63 = ( . 6225)(0 . 23)
= 0 . 1463 ~ 83

= 10 . 2926 0
. 4390

. 1963)
-f = - 63x3 = 0

. 1463(232] 8~
= (- 0 .

2926 -0 . 439 - 0
. 1463]



Unit- Exam Practise HW #I

1) A = (2) = ( i )
part part 2

x = (831)
us = (231) (

-
is

. s) Derivative : 0 . 235

=
= xw) Uz = - 0 . 5

63 = 0 . 1462

i = (ii) (i) 23= 7f =
- bixi

23 = 0 . 3775= =

(3) r3 = 1 - 0 . 3775

0+
s = 0 .

1462)(3)
83 = 0 .

62252)a = c - 13) ,= ( +) fz = 0 . 19375

ofs = Fro2]
x = (- 1 31),

P(u) =

iTes
u = Xw

v = ( 35(i)
= 0

. 0474 !
u = - 3

3) A = [is] y = (b) w = [Y) =

(is
v = [ii]( +) Part (aiaj) zaia,
u = (2]a(v) = He Fez

[12]
= 0

. 731 = 0 . 88

ri = 1 - 0.13)N= 02 [
kav-ea

rz = O - 0
.

88

4) a = (111) y= 1 = (2002) = 1 C. I6 = 0 . 1114

+ = wo + n 8 = xibi 4

i = [ ! 70. 114

Wh = [3)+1
=
[

= [s]
5) GiajT

A = [i](13(4)
k = [ ]



Homework 11-By hand

Q1) Linear response : Vi = X . W Residuals Overalobjectivefunctioatrv = 2121] (ss] ri = Yi - zi

vi = 0 - 0 . 0759 = - 0
.
0759

= 0 .
3392 -

v = - 2 . 5 Sum all

uz = (3217 [15
. 3)

r2 = 0 - 0 . 3775 = - 0 . 3775

Vz = - 0
. 5

score/log activation squared objective function

2 , = &(vi) f(, x
,
Y) = Err 2 always Positive

2 = &(- 2 . 3) = #es
fi = ( - 0 . 059](0. 0759)

2 = 0 .
0759

f = 0
.
0029

22 = p(v2) = Few
+2 = = (0 . 3175)" = 0

. 0713
= &(- 0 . 5)=

22 = 0 . 3775

Q2)

Derivative of logistic function gradient If ;

p'( . ) = (0(v)))) - 0(0
. 3) 7f = - 61 - Xi

q'(u) = 0 . 0759(1 - 0 . 8759) f = 10 .
005313)[121)

= 0 . 07 + 2 = 0 .088[321]

q'(uz) = (O(vz)(1 - &(vz) 80 = 70 , 0053 0 . 00106 0 . 0053 70 . 2662 0 . 1774 0 .
0887

= 0 . 3175)1 - 0 . 3775)
= 0 . 235 L X X X IX X X

Back Propogation

6. = r.. Q(0)
=

- 0
.
0759 . 0

. 07 Descent Vector
=
- 0, 003313

di = - Jf ,

T

62 = 02 .
O'(v2)

Gi =

I-
dz =

(Do(62 = 0 . 377500 . 233

62 = - 0 . 088 - 0 . 0033

j=+ +⑤ +04
=

[



Exam 
Review



Exam Review All Topics Breakdown
· Mostly Units 2-4. Few Unit & Questions
·No graphs , graph methods
· Need to know eigenvectors/eigenvalves very well

· rector spaces
,

Matrix
,

colomn space, row space ,
Null space (A = 1)

·Projection
, (Vector to Vectory (Vector to Vector space) Normal Foration

· Linear Regression
,

(projection of dependent data on indep)

· Validation : Root mean Squared Error ; MSE

·Cross Validation :

· Data Standardization,
zero mean data

, unit variance : o=

↳
Intercept term (yes/no)

· PLA and SVD A = U
,
S

,
V

,

"

+ rzEzV + UsEzV] (lin dependent)

A↑ ↑
compliment sorara will space

· PCA ,
is eigenvectors of covariance

,
which gives you principal componentsrow space transpose

row

eigenvalves
· For 4j =

↳
· Scree plot : shows you explained variance and most important

principal components at the elbow
. Based on covariance matrix

o MiM

· unsupervised learning ;
K means clustering

↳
Centroid is in a set

, from centrod find partitions
,

from partitions find Centroids

·Supervised learning ,
data observation

.
a has label yi.

↳ Compute Hyperplane andScores Z :

· Assessment : O threshold assign Quantization Ori
.

Check Score 10 or 0

↳ labels are 11
, confusion matrix -> convert to

Arc = 0 .8) rate

· Arc/Roc curre - FPR vs TPR-
Polar Decomp

· probability
,

odds (activation function)

↳ for Hyperplane IH) = m
, 6 m= b= A = vErT

For AGRYn A = rvIvErT
· logistic function 4)( A = QB A = Q B

· Artificial nevron : O or 1
,

take data reading where wa = I

zi = p(v) -> residual error : label-score B = BT

· Descent Vector is residual times derivative of linear response
,

data input transpose

· Learning rate : Continually getting better



Exam Review- All Test Questions
· Questions Mostly from Test 2 - Test 4

TestI · Few Questions from Test 1 and Test S

1) Finding Laplacian Matrix
, given graph and weighted edge list.

L = D -A

D is diagonal matrix
,

where each diagonal entry is the Sum of weights of all edges connected to i

A is adjacency matrix
,

diagonal of O's Aij = weight of edge between i
, j

E = G((31)(241) ... 3 som weights for each node : 1 + 2

↓ -> 2

I
are connected with , - 10

weight I O

Vertices 1 and 3

↑
e

↳PO 10 0 o O

2 -I I o 1 o 00S O
O I

0 100 00 j 2

2) A = [! ) which columns form a basis For the column space ?

- coloumn space of A is Span of colomn Vectors
-> check lin independence

- basis for col space is
lin indep col

:Want to find coloumns that are lin indep and capture all possible combinations

RREF = rank 2
,

dimension of col space is 2 .. any 2 lin indep colomns from basis

3) Given : Need to find eigen Vector
As = I-gut =( corresponding to p =-

Find Wit = (1223] ( *) A = xv

Aw" = (I - amT) w

Av= IV- ENTE = w - xw (win
=

)
Ar

= (1 - x . win) i
A =- 4 = 1 - x(win)

= (a) : W is an eigenvector

4) Given M = (1 + 1] ,

OCEC1
, how do eigenvalues of m change ?

Typically :

A = []
Eac det(['t) =-

(1 + E - 4)(2 - 4) = 0

-

det (A - 41) = 0

When E = o we get eigenvalues 1 and 2

the eigen value 1 + E increases a bit
↓

the eigen value of2 stays the same not dependent on E.



testGiven matrix As : (* with tr(As) = 1 dett

4
1

= 242 = 3
Trace is sum of eigenvalues,

Check if options add up to ll

Find 43
,

44 = ? 13 + 44 = 6

Determinant = product of eigenvalves 41 · 42 · 43 . 44 = 30

6 . 43 . 44 = 30

34
check x + y =

6
43 . 44 = S

options : Xy = S

4
As = [366 Diagonal matrix similiar whats the relationship of

4 z = - 2 to = vo)] voT
coloumns of Vo.

A6 = V6Dg VoT
Analysis :

-

Because AG is diagonalizable,
its symmetric

Vo is made of eigenvectors - Eigenvectors of vo are orthogonal
v5 = VT

means oithoniornal

Test 2

find Standardized Ni = 3 -> Find Squared

2 values :
N2 = Z deviations

A. =

(ii) Ens= 22y)
a

Lio is 2

= (3 -3)2 = 0
21=(4 - 3)2 = 1

32
--..

=4
21 = - 1

. 667

22 = 7 = 0

2) Given : what does it mean to project 231 = = 0
. 78

->
· Vector space IV EIR" C into N

· spanned by vectors Y ,
a

.... an · Finding Projection Vector P that is closest

· data rector CEIRm euclidean distance to
C1

· want to minimize distance

"
--

· Finding bestPossible Vector in Span of at
- > a

ATE=
3) For Vector space v spanned by A3 = (1) , Find enor inE = -Projy (c)

Projy() = Asi
weights= []

Key : ATAW = A c

= - Az

=(ii)
ATA = x=)- c = () [ii] []

= [i] Ac = [ii] (E] = [in]
e = (0)



4) Given a linear model Find K , S . t Ci = Kai

Projecting C on to a

This regression goes
find scalar to

i = through origin
make it

3 . S S 8 . S want to minimized close as

Square error
possible

Ka is projection of onto
k = 1 .

97

5) Given A = (3) = (i) find RMS error of 3 fold or of linear regression .

y = w . x
-> Fold :

1sty = 2
. 23

3 Fold CV actual
M

= 7 - 3u = z - 3(2 .23) = 0
. 31 - error

means train on I
,

test on listen Fold 2 : um
C

repeat 3 times
, averages error wi = (in]

-> = 2
.
K = 12-3(2 . 1) =

- error z

L

actual ~ error 3

RMS = Pete Tad3:+b 3 = 13 - 7(2 . 38) = - 1
. 68

actual

= 1
.

18

In general linear regression : thenyou
geta value

->
error is ->

RMs=es
-

slope or weight is
-

e = Yactual - Y

y = w . X
For each Fold

W=

6) Given matrix As =[s] with nlspace nult() SVDisA = Vod
--T

where vo =

(**x]
Select coloumns of V6 that are basis for null (1)

XX We know null space is 2 dim

(xxx X J 2 non zero singular values 2 Zero ones

W L

Span Span Rank(A) = 2

row null space
null space basis= last n-rank(A) cols of

space

Summary/Reminder : &fi = - Gixi

E = diagonals 0
,

82 positive numbers : = [JfijT
square roots of eigenvalues of ATA

V = right singular vectors of ATA o = 54i

↳ Form othonormal basis

↳ last few col of

v = left singular vectors of AAT

↳ form Orthonormal basis for output space



Test 3

15- = 1

1) Given A = [i] ,

AA=[] ,

AIAT = [0) = 1
,

42 = 9 Singular values

Find singular values - det(A - xF) ↑ ~
S

square roots
square roots of eigenvalues of ATA

det(s- s -1) 33
, 13

# = (S - 4)
2
- 16 = (s - 4)(s - 4)

2) - Su - Sx + 4
2) Given matrix Ac = REL

↑ 104 + 9(x -9)(4- 1)

Az =F = ) ,

Ar = [] 4 = 9
, 4 = 1

Find U and V that describe basis for colomn space and nor space

U and I must be I ranked,

j = raiU : basis for column space

V: For row spacebasis

Analysis : 3644 matrix

3) Given a matrix As = 1008] ATA is a non 9 matio 2) Nonzero singular values

AAT is a 3 by 3 matrix
would be 1

, 2
, 3

and 3 properties
so by default they can't be identical 3) Removing Col #1

,
does

which ones describe As properly They can't share the eigenvalves
not change Oj

4) Given zero mean m =

( Un=-First
Find 1 PLA Score :

z = Mu
z = VE

· Each Coloumn of 2 is a

~

FiPrinciple component Score Vector

3) For a matrix M =

( I 0 = 33 . 61
,

02 = 11
.
04 O = 2 .

89
,

How many principal
components capture 96 % of explained variance in data.

· Eigenvalues of covariance are explained variance

52= 1129
. 63 -> 89 .

6 % of variance therefor 2 Principal

02 = 121 . 88 -> 99 % of variance 3 components are needed
W

=Vess 100 % O F variance



Test - 4

1) Given 4 data vectors

findI best Sets of Jaza"
- (s)" = (a)x = (2)x = (9) mate

evalidean distance or pot

2) For two clusters
, given g , 92 and Hyperplanes unit normal

· I

O
Find associated bias Scalar C2 . 2 visible clusters

h = 1492 I= (i)(3) =

F
b = - hm n = [i] p = 911926 =

-wip

6 = -[i]( 6 - 26 6 = (2 -12)(i)
6 = 6 . S

C =
↳

= 2
.
167

"IWil

3) Given Hyperplanes normal vector and bias scaler
.

n = [i] =-
x = ( ,)x = ( ,]

classifying two data rectors as pos or neg

d = x , n - 1 dz = x2n - 1

d = (2)( - 23x3 =3) - 1

02 =

(a)(-23 % 437

d = 3
d = - 3

: XI is positiv,
x2 is negative

5) zi = 3 - 2 .
S -2 - 1 0 .31 1

.
S 33 .

5 3
.
0 3

.36
4) Hyperplane of m and bial Scalar

Pred : Yi = - I 1 - 1 - 1 - 11 - 1 - 1 11

Find prob x is positive
Actual :

- I - 1 - - - + -1 11.

mu = [ -3) d = nx + c - d = 1 TN FP TN In IN FP TN
TPEN iP iP Ep

64 = 7(m = (2)"=
I #

n4
=C
=

(i)
75



Test S

1) Given A = 15 2] weight rector w = [i]
Find linear response

V = X . W

~=[]
2) given a = )-13)

,
weight rector w = ( +1)

·
3) Find residual error given the Following : A = (ii) =(i) = (d) = (ii)

n = y ,
- d(u)

U = X . W Uz = Xz. W
↓

v = (1217[] vz = [ 131][-j]
vz =

2

Vi = 1

22 =Tes z2 = 0 . 88
v = 120

21= 2 = 0 . 73

rz = 0 - 0
. 88

T = 1 - 0. 73
rz =-0

. 88
ri = 0 . 269

4) given : a =

(11)Y
=( =

6 = 0 . 1114

wi = [8] + 1 in
d = 0

. 1114(i)

w? =

( )
de

[

5) Gram Matrix & derived from linear Kernel Ki = ai as
I

For data matrix A = (h) ,
Find

Sc , , (1)(i)↓ I9 [41][i]
(45)[5]



End


