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Class #0 : Elementary Differential Calculus

Functions Overview

F : IR- IR

A function of takes real number as input and gives real number as output

Limit
lim f(x) = C
↑+ 0

As X approaches O
,

the value of the function f(x) approaches 0.

continuity
· A function is continuous at a ifim f(t) = f(a)

t-a

· No breaks
,

jump discontinuity
f(t)

· chord is a line segment for a function
·

·

Cerivatives
X - 1

power rule : E = Xt x = 34 Tangent Pt

~ enttrig basics : Sin(x) = cos(X)
, COS(t) = - sin(t)

·

y = eX
,

in(x)=

constant rule : c.f(x) = c (Jf(x))
Power rule : f(x) g(x) + g(x) : f(x)

Composition is f(g(x) or (509) (x)

composite function implies plugging one into another

EX
-

f(x) = x2 Chain Rule :

g(x) = t + 1 (fog) = (Fog) · g

f(g(t)) = f(t + 1) Differentiate the outside
, keep the inside

, multiply by inner derir

= (t + 1)3 E
f(g(t)) = (t + 1)

= E + 2t + 2
= 2(t + 1)(1)
= 2t + 2



Reciprocal Rule Quotient Rule

n
*

n==
h(t)=
n'(t) = y(t) f'(t) - f(t)g'(t)

((t))2
*

n(tl= + h(H) =
(t + D(2t) - (t)( , )

(t + 12

Taylor Series

· Taylor Series is a way to approximate a complicated function using polynomials
· Expands around a point to

EX f(x) = F(to) + f'(to)(t - to) + ()(t -to
...

· Analytic means a function is infinitely differentiable

· Zooming in on curve

Linear Approximation
f(t) = f(to) + f'(to)(t - to)

Quadratic Approximation

f(+ ) = F(to) + f'(to)(t - to) + F(1) (t - to)

Lagrange Remainder
· No approximation is perfect , Lagrange remainder tells us how much error there is

after we stop afterK terms.

· gives worst case error



Class #01 : Introduction to Optimization - PDF Notes

· optimization is choosing the best element from a set according to a rule

E f(t:
This has max at t = -1

,
min at t =1

· Minimum is the lowest value the function takes
·Minimizer is the input that gets you the minimum

Fermat's Problem
· Find the point in the plane that minimizes theSum of distances to all pts

f(w)= -ail

· For 3 anchors :

- if all angles are 1200
,

minimizer lies inside triangle
- if an angle is :1200

,

minimizer is that Vertex

· For 5 anchors
, theres no closed form solution

3 Types of Optimization Problems

1) unconstrained
,

Scalar leasy , one Var)

2) unconstrained
,

Vector (harder
,

need direction + step sizes;

3) Constrained
,

Vector Chardest , reduce to type 2 (

Important Definitions

· open set
,

for every rector o in an open space

if a vector is near it. Only interior points

· Interior Point, a point bounded by something
,

with some wiggle room.

· Boundary Point, its in the subset
,

but its not an interior point
. Touching the edge

More Definitions

· Global Minimizer : lowest Overall
,

allows equality ,*

of FE)

· Strict Global minimizer : absolute lowest Point
,

(t
*

) < F(w) ,
VW + +

*

· Global minimum : 1 is lowest level of some functionf

· Local minimizer : lowest in neighborhood but allows equality



Dass #02 : Minimizing By Approximation - PDF Notes

Approximation
·Some objective functions are too complicated to minimize

↳ Idea: Replace a hard function f(t) with a simpler polynomial model

· Build Quadratic approximation

· solve minizer 3
· Get better guess

amplitude : size of oscillations

3 Quadratic Interpolation Methods

1) 3 Points (NO Derivatives)

· take 3 nearby Points (t ,
F

. )
,

(tz
,

F2)
,

(t3
,
3)

P(t) = a , z2 + azt + as

· solve System Vandermode matrix to find coefficients

· Minimizer : I=

2) 2 points + First Derivative

· if you have derivative at one point

·

constraints P(ti) =1 ,
P(tz) = Ez

, Pltil= F !

· solve for Quadratic coefficients

3) IPoint + First and Second Derivative

· f(ti)
· f'(ti) enough to know Quadratic

· "(t) Always check if new guess is

improvement from old guess.

Higher order Approximations First Derivative -> descent

· Use Quadratics (Sweet Spot) second Derivative -> positive

↳ could use cubic models



Class 2: In Person/Lecture video Notes

Orders of Approximation
Polt) =C Flat line

P, (t) = mt + 6 Linear

P2(t) = a,
t+ azt + as Quadratic

,
can actually have minimum

Vandermode Matrix

· Quadratic Interpolation using vandermode matrices

· approximate using a quadratic model

P(t) = a , z2 + azt +a3

To determine al
,

az
,as (coefficiente) we need constraints (data points/derivative

case 1) 5 Points

Plug in (tr
,fi), (tz,2)

, (t3 , 3)
Minimizer : (need Coeffs)

L= E = -

Think ↳
This isVanderoa

like 2

# Case 3 : I point ,
First andSecond Deriv

f(t , )

f'(ti)

(t) (c)=
Case 2 :[points + 1 Derivative

Points: (t
,
fi) ,

(t2,f2) but also

slope at one point : f(t)
once coefficients are found

,
can

[] ( = I analytically solve minimizer p'(t) =



Class #03 : Stationarity and Convexity
- PDF Notes

Stationary points t
*

could be a min/max or saddle point

·Stationary point is when /t*) =

↳ function is flat

If t is local minimizer
, it must beStationary point

First order necessary condition ?

Stationarya Minimizer always

could be local min convex concave
M M

local max
·

saddle points
· ·

·

> 7

convexity
· convex means it lies below the choid at any 2 points convex-function lies below

or on Chord↳ Strictly convex :

( local min=global min Every local minimum is a global minimum
Strictly convex-strictly below

guarantees uniqueness
chord between any 2 points

↳ guarantees unique minimizer

Gradient Inequality
· From Taylor Expansion with remainder

2 Meaning : When you approximate a function

f(to) + f(to)(t - to) + zF"(3)(t - to) around point to. There is a point E

between t and to
,

where second deriv

If f is convex f"(E) 20 then : is evaluated

f (t)-f(to) + f'(to)(t - to)
-

This says the tangent line is below the curve

For convex functions
,

the tangent line is always global underestimator

· convex helps finds mins

So



Class 04 : Scalar Minimization - PDF Notes

· Vector valued problems are fine to have good approximations

· Inexact methods : him to reduce computational effort while making progress

Line Search
·

moving along given directiond from current estimate to

↳ objective function : f(t)

current guess to
,
function value fr

,
derivative to

direction d = 11 (scalar)

Fixed Stepsize Search

Simplest approach : trH = +k - Sof(tk)

so-constant Stepsize

Too Big - > Overshoot
,

divergence

Too small -> slow convergence

Inexact Backtracking Search
·Start with user's stepsize so

, shrink if it is
Want smaller stepsizes

too large Keep multiplying by B.

· Pick largest S improves f(t)

Armijo BacktrackingCondition
· Based on gradient inequality Reduce S by a faltor B

Step S such that :

f(tx + sd)[f( + x) + akSd

where xx = f(tx)/2
New point must be strictly lower than predicted by tangent line.



Class 4-Lecture Video Notes

Finding Stationary Point for Approximation

f'(tx +) = 0

Differentiate :

f'(t) = f'(tx) + F "(tm)(t - tk)
0 = f'(tk) + F"( +k)(txt - Ek)

th = Ek-)
Direction (k = - f'(tx)

Step size SK=ti)

> tk+ = tk + Sidk

Iteration or

tre = tk - xf'(tk)

· smaller Step Size is always better

f(t) = +2
f'(t) = 2t Backtracking/inexact line search is for back tracking
dk = - 2tk

txH = tk- 1st = (i - 25) tk

start with t= 10
,

s = 0 . 26

t = (1 - 0
. 5) . 10 = 5

tz = (1 - 0
. 5) . 5 = 2 . 5

t3 = 1
. 25

converges to O
.

Back tracking
Armijo condition : New Point should be

· start with intial guess S below a certain line to ensure progress

↳ Factor of B : S
,

Bs
,
Ba ,searching for a good step size

Exponential Backoff : S
, Bs

, B's



Class 0S : Functions with a Vector Argument- PDF Notes

From Derivatives toPartial Derivatives
· multivariable calculus uses

partial derivatives
or

How function changes as one coordinate changes

Directional Derivatives
· more in any direction ?

· Directional derivative : DEF() =im Fth)-h
· Dot product between gradient and the direction vector.

Gradient (Jr)
· gradient is a row rector (1-form) for all partial derivatives

Tf(w) = [OFF ..... I

· gradient points in the direction of steepest ascent.

· negative direction is Steepest descent.

Jacobian Matrix
· For rector valued function F (w)= [filwt) ..

.. - -m(m)]T
· Jacobian is matrix of gradients

J(w) =(
Level Curves
· level curve of F(E) is the Set of all points with same function value

S((f , 1) = 38 : f(u) = 13
· gradient is always perpendicular to level curves.



Class 5-video Lecture Notes

Connecting multivariable Calc with Lin Alg
·Functions with multiple variables : F(wi ,

we ... Wh)
↳ f(wi, w2) = w? +we

· gradients is rector of partial derivatives : Of =(
,

.... )
Example : f(W)

, wa) = Wi +Sue

78 = (2w,, 3)
,

at Point 1
,

2
,

JF = (2, 3)

Directional Derivative :

rate of change of in some direction v

DrF = JF -v

At a point with Certain gradient

Drf = (2 , 3) · [1,
0] = 2

↳ f increases in w, direction by 2 steps per

1 Form

· linear functional that takes a Vector and produces a number

vectors are directions

1- Forms are row rectors that act on vectors

gradient is naturally a row Vector (1 Form

↳ multiplies a column vector
,

gets directional derivatives

rector

Hot
one

Form
cold

If a is rector (a]
,

transpose it [a]" = &
tells change along vector

[x]" =

Theorem : a"W (linear function)

Jacobian Matrix 5 =(i)
gradient is a

F : /R" -> Im

F(X, y) = (x2+ y , xy)



Class 07 : First order optimization - Steepest Descent-PDF Note

Optimization Setup
want :

w = arg min f(u)

·Start at point wo

At every step
,

we need a direction and a stepsize

· updated rule WK+ = WK + so

I ) scepsized
Directionnext

Step Starting
Step

Descent Directions
· d is descent direction if the directional derivative is negative
·Steepest descent is fastest decreasing

f.

d = - TF(Wo)

StepsizeSelection
· Fixed Step size

, too large -> overshoot
, oscillate

too small -> crawl slowly

· Armijo Backtracking
· start with large So

, shrink backwards

f(w + sk) < f(wn) + <S8F(W) · de ?

Algorithms
Examples

· Input Wo
, S

,
Kmax

, gag
· Quadratic Function

1) Find gradient : g = < f(w)
F , (w) = wikw

,
k = (10, ]

2) Set d = - gi start at Wo = (- 3
. 0 ,

3 .2)
3) update w=r+ so

Backtracking : (So 1
. 5

,
B = 0

. 75)

4) Stop When 11911 /Imag or max iterations

ri(w) = [ -32] [190753 .
03

. 27)



Class 09 : Newton's Method - PDF Notes

Point of Newton's Method
·Steepest descent is cool

, but often zigzags in deep Valleys -> slow convergence

· use curvature (Hessian,
2nd Derivative) to adjust step direction / length

· use more info than just slope

Scaled Descent
· some functions are sensitive to one variable more than others

F , (w) = 100 w
?
2 - 10w 1 We +we + 100

↳ changes in we are lox more impactful than we

Fix : Scale variables with matrix B

w = BMv
,

B reduces effect of we

TIDR : Use inverse Hessian as B
,

for smoother and faster convergence

Newton's Method
· use Quadratic model

Taylor Approx : F(w) = F(wo) + & f(wo) (w-wo) + z(w - wo)" H(w - wo)

d = - H - f(wo)

WH + 1
= wk + d

Newton Direction :

converges in 1 Step if model is exact ?

Damped Newton's Method
· If steps are too big ,

Newton can overshoot
· Damping -> scales back Step Size with armiso backtracking
??

Pitfalls
·

Newtons method only works if the Hessian is positive definite
· Hessian is indefinite

,
method can divergent



Class 10 : Nonlinear leastSquares and L-M Algorithm

Idea : solve optimization problems
,

where the model being fitted are nonlinear. (similiar to GPS)

Nonlinear Least Squares
· Trying to minimize : f(W) =* III*

= Parameters you're optimizing
r(i) = Vector of residuals (error between predictedobserved

Solving Gauss-Newton
· approximates as a locally linear problem

Iteration : Ex+= wi + (j"j)"ji

Jacobian Matrix (derivatives of residuals wir,t parameters)

· scaled Steepest descent method.

Levenberg-Marquardt Algorithm (LM)
·Smarter Gauss newton avoids problems when :

· your initial guess is bad Regularized the problem
· Jacobian is near singular hyperparam : =0

->

· Add Damping term : WH = w + (jj + +1) Ji

·I is large , gradient descent

· & is small
,

acts like gauss newton



Non Linear least savares solution

· Finding parametersX that fits observed data

by minimizing sum of squared error

· Linear least savares : f(x) = Ax -6

↳ minimize I/Ax-6112

· GPS has location (X, Y , 2) and clock bias +

receiver measures pseudorange : d=xil
+(y-yi)2 + (2-2 + c . E

To solve : Gauss newton method

:
Levenberg - Marquardt



Class 12 : Convex Functions
,

Convex Sets and Level Sets

Convex vs . Monotonic

· Motonic : function decreases steadily
·Convex : function lies between chord connecting two points

Define
·Convex Function : F((1-0)u + Ov) = (1-0)f(u) + 0 f(v)

,
010

· Strictly convex : inequality is strict when UV . -
·Convex set : contains all linear interpolations between it's points.

↓ 3 Taking weighted average
convex

, if any two points inside it
, entire line between two points

Segment connecting is also in the set.

Important Convex Functions
· Affine functions (f(w) = Mw + C) : always convex

· Quadratics form (F(w) = wkw) : convex if K is positive definite

Operations Preserving Convexity
·Positive Scaling If is convex if 110

· sum of convex functions is convex

· Affine transformation : if F is convex, g(u) = f(Mu + C) is convex



Tangent plane property
· Convex functions are always above tangent plane

· f(w) zf(wo) + Jf(wo) (w - wo)
· gradient inequality ensures convexity

Level Sets
· SL(f, L) = EWIF(W) <3

· level sets of convex functions are convex

Class 12 : In person Notes

D convexity ,
find point inside/outside set.

A For any point , line is entirely in the Set

Convex function is bowl like

Find points and planes, line is

always underneath.

-
t

·

Example Plane :

① monotonally increasing -> ↓ (t+)
on an interval

2(0) = tr + H meansO

f(w) =
mi

+Estanz
= (1-0) linear interpolant above line

f(l) =

Convex on NGIR
T I #z

Recall Scalar convex Sets :

=(m) wes[](vi)
NOIR" is convex set

-
VEIIV or W=vr



Class 14 : Neural Networks (Single neuron)

covering How do we hande multiple observations?

· Activation Function

· Optimization with Steepest descent
In practise , 8

· rector representation of data

· Back Propogation

Structure of Single Neuron
· Artificial neuron : n = 1. + 6 and then z = (v)

X : input vector

i : weight Vector

6 : dias (Augment * With 1)
↓ (u) : activation function

Common Activation Functions

· Logistic/sigmoid (0) = Fr outputs between 0-1
Deriv : O(U)(1-p(u)

· ReLU : Q(u) = max(0 , u) outputs betweeno -a Deriv I
,

if us

else o
↳ Hidden layers for neural nets

· Heaviside : O if U < O
, 1 if uso

outputs between 30, 13 output
Classification

Training via Steepest Descent
· minimized squared error loss : g(r) = Er"

,

where r = y - p(u)
· Gradient Descent Update :

WKH = WK + n . 8
,

where 8 = -If()

· Backpropogation Terms :

· Residual error : v = y - P(u) After training
,

neuron
· Descent Direction : J = - *.

learns a decision

boundary

Output Layer Differentiation
· weight vector split into i = [W1,

we
. . . Wa

, 6)
· Linear term becomes : v = w

.... n
. * +

· backpropogation over layers



Class 15 : Neural Networks : Multiple Layers

Goal : Extend neural net training with grad descent to multi-layer ANN's

calculating gradients (derivatives) using back propogation when multiple layers

Adding more layers and nonlinear activations allows neural nets to learn

more complex decision boundaries.

Conceptually
- layer is a lin transformation followed by a nonlinear activation

· Linear : Matrix Vector Product : WX + o

· Activation : #(4)

· Forward pass : compute activations layer by layer
· backward pass : (Back Propagation) : compute gradients layer by layer to update weights

Structure of 3 layer Neural Network
· Layer 1 : (Inpuz) Raw input features

· Layer 2 : (Hidden) Applies weights and activation functions

· Layer 3 : (output) Computes final prediction from Layer Is output

Forward Passing Y= derivative of activation

Layer 2 : v2 = (x
, 1) .

Wh function

Layer 2 Activation : 02 = $(0) Gradients use Hadamard Product

Layer 3 Linear output : v(3) = <P 17 : us celement wise) : 00

Layer 3 Activation $23) = P(0(3)

Backpropogation
· gradients are computed layer by layer

· output layers use errors between prediction and true label (residual)
· Hidden layers use chain fole to propogate error backward using jacobian

Each layers gradient is computed based on :

· activation derivative
,

error propagated from next layer
,

input data



Class 17 : Back-propogating Scale Factors of Gradient components
· How propogating scale facirs backward through neural networks instead of computing Jacobian

matrices
· scale factors tells how much error flows backward through each nevron

Forward and Backward Computation
· Forward Evaluation : Compute the output2(w) of the network given an input &

and then compute the objective function (savared error)

· Backward : Compute gradients layer by layer using chain rule.

· uses scale factors (partial derivatives) to propagate error backward

Optimization Formulation

· Neural networks are treated as an unconstrained optimization problem :

Wk + 1
= Wx - 4 + f(wk)

where n is the learning rate and f is the squared error function

· I -layer network :

Layer 1 (input) : 2 features

Layer 2 (Hidden) = 2 neurons

Layer 3 (Output) : 1 neuron

· Each layer has weights and activations
, denoted (t) and its derivative p (t)

Backpropagation Steps
· residual : r = y - z(v)
· output layer scale factor : 63 = -r

· compute layer 3 gradient : d = - *
3

: 43 . 6
- 7

o Back-propagate to L2 : 62 = W3 : N3 . 63

E =
- *2 . 02 : 62

· Final descent vector : d and o
· Eurations :

Activation : OCH =Tet ,
Y(t) = P(H(l- P(t)



Forward Evaluation Example
· Given : weights and observation rector

↳ Activation function : logistic

· Forward computations : Observation :

layer 2 outputs:L
,

P2
,

we · derivatives (4) are numerically small ->

Layer 3 : training progresses at different rates

u3 =3. Es, across layers

03(Vz) = z(w)



Class 18 : Constrained Optimization Problems

purpose : introduce constrained optimization. Point is to minimize objective function

subject to constraint be equality or inequality-based

· Feasible Sets : Allowed solutions
·Solve both Oradratics/Linear objectives
· 3 classic optimization types :

Quadratic Programming (OP) ,
Convex Optimization ,

Linear Programming

Constrained Optimization
· Minimizing a function (Sorvared Distance) subject to constraints.

· 2 constraint types : Equality Constraint MW =

: Inequality Constraint MwL(

Linear Equality Example
o -wi + zwz = 4

(two variables
· closest point given constraints

↳ subject to 2-123W = 4

Linear Inequality

· WI-W2 & 4
,

Feasible region in half space. Optimization form :

min1w-wolk
.

Subject to 11-12 + 450 .

Convex Optimization Basics
· property function Pi(w) is convex -> defines constraint

· Feasible Point : Satisfies all Pi(W) O

· Feasible Set F : is all suchw values
·

that satisfy the property function)constraint

· If MW-C -O defines constraint and M is full rank
,

feasible region is convex



Standard form for Convex Optimization

· min f(w)
, subject to PiCWI10

,
Mw =C

f(u) is convex
, pi(w) are convex

· Quadratic Programming : min wikw + ow

An-610
,

Mw-C

where K is symmetric, positive semide

Examples :



Class 20 : Lagrage Multipliers for 21 Functional Convex problems

Purpose : lagrange multipliers help solve equality constraints.
Shows how minimizer

lies on level curve of objective function and constraint function.

Example problems
· Level curve and constraint curve.

· Looking for point where lowest possible level crive just touches the

constraint
. Geometrically this corresponds to gradients being parallel .

EX
-

· squared Length + Linear Equality

· Objective : Minimize Fi(w) = llw = win

· constraint : P . (w) = (-11]w + 3 =

Increasing values of L
,

Cradius If (w() = N-P(w *)

I Optimal point wi *
= [1 .

5
,

-1
. 5) 1) compute gradients

Jf(w) = (2r,
(wz]

jp(w) = (- 1
, 1)

(2w1
,

2 we] = N()
, 1]#2· Weighted Norm and Quadratic Constraint 2) 2 w, =

-4
,

I w = NJ· Objective : Ec() =W kw wi =
- E we=

·Constraint : P2(w) = (w .
- 3)2 + 1 -we = 0 -> Parabola 3) Apply constraint

- wi + wz + 3 = 0

Increasing I , till first touch
N =- 3

w = -

- E = 1
. 5

,

wa=

wa
*

= (2 .

1Ss
,

1
. 714] w

*
= (1. 5

,
- 1

. 5]
,

N = -3

satisfies lagrange condition

JFz(wk) = NJPz(w *)
-



EX3
Affine Objective + Quadratic Constraint

· Objective f3(w) = [1 , 17 = Wi we

P3(W) = (w - 1) + - we = 0

& using lagrange multipliers :

- fz(w *) = N3Jpz(w*)

[1
, 13 = Ns[2m - 2

, -]

1 = u3 = (2w - 2)

1
= Nz(-1) Plug (w1 - 1)

2

+ 1 - wz= 0

(w1 -1)2 + 1 = 0
. S = 0

· (v1 -
2

= - 0 . S

wi = 4 . 2S

=
Insert
Lecture Photo

of meshes

Core Idea : JA(w #) =
-NAP(w*)

N is the lagrange multiplier

gradients are parallell and opposites

· Linear constraint
,

Flat vertical plane

· Quadratic constraint
,

curred surface



Class 21 : ConstrainedOptimization using Lagrange Multipliers
· Introduces lagrange function

, lagrange equation.

· Finding minimizer and multiplier Using Matrix algebra
· Solves Using RKT System /Jacobian + gradient

Lagrange Function and Equation
L (w

, x) = f(w) + N . P(m)
↓

Objective - lagrange

P(w) = 0 is constraint multiplier

=o = 0
.

Solve for both w
*
and

Ex 1 : Squared Length + Linear Equality

· Objective F , (w) = -"In

· constraint P. (w) = (+ 11) w + 3 =

Lagrangian : ( , (w, N) = w
+ w + P((-

, 1 w + 3)

w
*

= [1 .
S ; - 1 . 5)

,

u = 3

solve: ] () = ()[
Lagrange function is ((w,

x) = f(w) + +P(E)

objective + scalar multiple

· minimizer of LCw
, N) must

be a stationary point.

Example 2 : Mechanical system with 2 springs

· Objective: Minimize Potential energy of 2 springs : Fz(w) = Zw + kw

· Constraint : P2(r) = mw- Ce = 0

where K = Nag(k
,

ke)
,

m = [- ki
, K2]

· Lagrangian System : Le(w , N) = zw +
w + N(mw-(e)

·solve: (k my (w) = (c)
sample : Ki = 1

, Ke = 2
,

Ce = 6

w
*

= ( - 2 ; 2]
,

N =
- 2



General Case : Quadratic objective + Linear farality Constraints

·ProblemForm: Min F(w) = Entkw + eth subject to Mw =

· KKT system :

(]() = [ ]
· used to solve minimization with constraints

·I must be symmetric positive definite
,

M full rank

· has both positive and negative eigenvalues due to form



class 23 : Dual Formulation of Lagrange Eavations

Focus : Newton's method extension

· Taylor Approximation , gradient + Hessian

· Minimizing Functions :

ID Newtons Method : <H = XK- Feasible Set :

F = EE : mE - c = 03
· From ID to Multivarite :

gradient If replaces slope,

Hessian Matrix replaces Second derir

: Xk + 1 = Xx - H JF(xk)

Taylor Expansion view

f(x + Ax) = f(x) + yf(x)
+
1x +zx HAx

Computing Newton Step Newton Decrement

· HAX = - 7 f(x) · tells us how close we are to optimum
-

· Linear System : -(x)=TH -
JF(x)

EX f(x) = (4)
,

H = (3) stop when EX(x1* E

1x =
- Hy f(x) = [=3]

3 Phases of Convergence

1) Damped
, take small steps unsure of curve

2) Quadratic, Extremely fast convergence

3) Overshoot
,

may take large steps

Newton Direction is always a descent direction as long as Hessian It is

positive definite.

Lagrangian Function : ((w
, n) = F (E) + NP(w)

At a stationary point w JF(w *) =
- NJp(wY)

By Solving Dual , you get same as solving primal problem

Dral Function is always concave
,

even if original function isn't
Conver



Class 24 : Inequality Constraints and KKT Conditions

· Linear inequality constraints define convex sets

· KKT conditions help determine Optimal solutions

· Feasible Point : Solution that satisfies all inequality constraints

problems have objective function and constraints :

F(w)= wTkw + Qu Aut 5

L(w ,
x) = f(w) + + (Aw- b)

kkT conditions

1
. ) Primal Feasibility : And 16

2
.) Dual Feasibility : 4

3 . ) Stationarity : ku+ + A+ = 0

4
. ) Complementary slackness: Vilai . - bi) = 0 for each constraint

If all 4 hold ,
the point is a KKT point which is optimal if the

objective is convex.

watch videos



Class #24 : KKT Conditions for Constrained Optimization
I

! Dual formulation (Big -> Small)
F(w) = 11w-gll

-- ---

Consider : ID) QuadraticObjective

" t = C . f(t) = a
,

+2+ az + + as -
F = c

- O
constrained by

*

LC

f(t)=0
mi : W = C = 0

F : Feasible Set

solution at t =C MinimizeObjective

Intersection Functions
are locally

I
convex

....Feasible
seta

unconstrained Lagrange Forx =(i)

W

= &, muc) + 42cwen]
Minimizer is the only

its in the feasibleSet

-H ·
Intersection half spaces

property PI is active

I

#T Conditions :

For Quadratic· (B) = EWKW+T

for Linear inequalities A==
A Point w

* is a constrained minimizer

primal feapability : An
* =5

complementary
slackness



class 25 : Geometry AT KKT Points

purpose : KKT conditions describe how constraints interact withObjective

functions : · which constraints are active

· which are inactive

Interpreting Lagrange Multipliers

· X = 0 : constraint is inactive at optimum (solution must be in feasability region)

· 470 : constraint is active (solution lies on boundary defined by constraint

· 420 : occurs only with Cavality constraints (Equivalent to 2 constraints)

↳ X1 = 0
,

420

Main Geometric Takeaways
Quadratic objective + linear inequality constraints

·

minimizing quadratic that produces level curves

· constraints produce half-spaces

·

optimal point found when : 1) objective is minimized

2) Constraints are satisfied

Inactive : 4 = 0

active :0

Example 1 : (3 constrained)

KKT Conditions · only zoo constrained is active -> +(0,6)

1 . ) Primal feasibility : Aw 16

Example 2 : When each constrained is used

2 .) Dual feasibility: 20
alone

,
↑

values are larger

3.) Stationarity :

gradient of lagrangian kw + + Ax = 0

zauals Zero :

Equality constraint interpretation

4) complementary slackness :
· Equality mw-c = 0

,
is treated as two inequalities

# *(aiw-bi) =0 for each
· MW-C Oconstraint

o - Mw + C10

· only one inequality is active -> explains negative
↑ in equality-case solutions



Class 26 : Constrained Least Squares and Tikhonor Regularization
-Extension of Ordinary least Squares by adding constraints/penalties to stabalize solutions

OrdinaryLeast squares
Goal : find weights w that make predictions XW =

y

OLS Objective : min 11 xw-yl12

solution :

take gradient and set to 0
, gives Normal Equation

X
*

Xw = Xy

Assuming X has full rank : w
*

= (x
*

x) "xTy
Issues: · Sensitive to Outliers

· test error high (overfitting)

Constrained Least Squares
· Force solution vector to have limited magnitude

· 11Wi0

CLS Problem : min11Xw-yl ,
S . t IWIP O

Lagrange Multiplier : ((w, x) = 11Xw-y1 + x(11w/-8)

2 cases:

-) as solution already satisfies constraint

2) as violates constraint (need + <0

↳ (xix + +I)w = Xig

CLS pulls solution closer to smaller norm.

Tikhonov Regularization
· Instead of constraint,

add penalty to loss

General Form : T(w, x) = 11 Xw-y(+ 11x Roll

special case :

· R = I min 11 Xw-y112 + 411w/

·
4 = 2

Ridge Regression

Tikhonov
,

4 is chosen by user



Class 27 : Ridge Regression and The Lasso

Goal : Improving Linear regression with messy, high dimensional data

Standardizing Data (2-Score

- mean = o

-variance= =
-standardized data has lower RMSE

Ridge Regression (12 Regularization)
-Ordinary least square creates nonsense coefficients

When : variables are correlated

· data is noisy
· many features

Ridge adds penalty to large weight :

min 11Xw-yl+
I with

shrinks weights towards o

Lasso (4 Regularization)
· imposes constraint on Sum of absolute values of weights

11 wil, O

· key superpower :

sets some coefficients Exately to 0

This means automatic feature selection

Wridge = 10.
254 ,

0
. 962)

W asso = Co
,

1)

Elastic Net

· combines ridget lasso and gives best

of both worlds



Class 29 : Support Vector Machines
core Idea : SUM finds best separating hyperplanes between 2 classes (Class #

,
class - 1)

Basic Intuition
· Hyperplane : wix + 6 =

↓ asweight
Vector

· perception can find separating lines , but not the best one.

SuM finds line with largest margin between I classes

·Support vectors are data points closest to hyperplane that define dyes

of margin , hyperplane is midway between closest pos/neg points

Marginal Max

bi (wixi + b) - 1
smaller weight Vector means flatter slope ->> wider margin

margin = 1/Iwl
, maximizing margin

minimize win

ot support = a= Margin (r) is distance between H
vectors

and closest data points.

· 8
r = m . + a

r = xn + a

Primal Form :

· minimize EIWIP
· subject to giCWxi + 6)-1

· impossibly to solve normally,
use dual Formula

((w, 6
,

a) = zwin-Sai (gi(wixib) D
1) derive w . r . t w

2) derive w .
r . t 6

dral :

max(ai-i;x
only dot products left



Class 30 : Dual Formulation of SVM
Goal : Find best separating hyperplane : min zwiw subject to 9 : (wixi + 6) 2)

Lagrange Multipliers
· introduce I multiplier for every constraint

L(w
, 6

,
x) = twin + Sai [1-gi(w +

x : +b)

Herivativeatients
to 0 to remove w and 6

· W is just weighted combination of data points

Plug back into Lagrangian : aizo
, Eaigi = o

once a are found :

·Compute w = XTY a

· compute using support Vector gi (wixi + 6) =

· classify new data withSigh (wix +6)

X2
t +

- no standard way of rep data in ML Consider
:

1 Support Vector

" #

# - optimal
, plug into neuron.

-- Define 120 as the distance
----------

x
- adjust learning rate , till training from Support rector to hyperdata is good. Plane

· j

n + xi + u = 5
!

Labels Yi = 11

Sneaky :
-

use y:
- #

concept : HyperplaneSeperation
For y =

- I have

Al is a unit normal
, 1/hl) = 1

, bias scacer = a

v(n . xi + b)
Idea : maximize margin from hyperplane to data For y = -1 have

Yzh . xi + a) = p

Define : Support Vector is point closest to hyperplane

What if its not a support Vector,
consider an unrestricted Vector

-has to be atleast r away Define = 11 will 3.0 n=
- For y1 : + 1 have nxz + h < +

op

E =
(n -* 3 +9)))

W . x, +6 = 1 r

For any rector Xi have yelaxe + a) +
Rewrite: n -xc + a = p Maximize : r

=(n . x,
+ a) minimize : t

or minimize : 1
12 //

or minimize : win



Class 32 : SVM : Soft Margins
Motivation : Data are not always linearly separable

->When data are not linearly separable
,

misclassified points create false positives and false negatives

Slack Variables (5) Allowing Constraint Violations

· a slack variable turns optimization problem to turn an inequality constraint -> equality constraint

-> hard Margin Constraint : Y; (wixi + 6) =

-> soft margin Constraint : Y : (wix ; +) + 5 ;
-1

,

5 : -0

· allow some points inside the margin
· allow some points to be misclassified ·

Incorperating Slack Variables
· Instead

of G as free variables, we regularize them.

Objective : min Ellwi + CEEi
·↳ penalty : Eisi, just sum of violations

· C controls the trade off

· Large C-> fewer violations (harder margins

· Small C- > more flexibility (softer margin)
Case 0 : E = 0

, correctly classified

outside margin

Constraints in Matrix Form case I : OEC1
,

inside margin

1. Modified classification constraint :
correct side

case 2 : Misclassified
1 - YXw - by - E10

Ej71 (full Mistake
2. Non negativity of slacks

- E20

Lagrangian :

L(w,
6
, 9

,

<
, B) = twin + x"(1 - YXw - by - E) + CSEj -Bi

DualFormulationt the primal variables Using RET

conditions Shows : x + B = C

- Final dual constraint 02XjC



Class 33 : The Kernel Trick

Why Kernels : because datasets are not linearly separable

We embed data into higher dimensional space where you can separate it.

(V, 02) ->(v, ,
02

,
0,

2
+v2)

Issue : In explicit embedding computing ya in high dimension is expensive

↳ solution : Sum only requires dot products between embedded points: &xi)"$(x))

Kernel Trick

· Kernel K computes dot product without explicitly forming ↓(*)

k(xi, xj) = 0(xi) "q(Xj)
· replace X , x; in the dual Sum with Kij = R(xi

,x))

·
This bypasses the embedding and allows nonlinear SVM's

Gram Matrix
1 a YkYa - 1a

kij = k(Xi
,
xj)

2

· symmetric ↑ Common Kernals

· PSD
· Linear K(V

, v) = UT
·

plugged directly into Dual

· Polynomial (U+c)P

gaussian exp



Class 34 : SVM Kernel Classification

Goal : How SUM's classify new points when using Kernels

- After training SVM with Kernel
,

must decide how to score a new vector and assign
a class label .

SVM : Classification Score

· The score of the data Vector is 2j = Xjw +

↳ classify using aj Sign (2;)

Using Lagrange Multipliers
· primal lagrange equation

,
with equality

m = XTY
↳ sub into score :

2(xi)=iii)

Kernel Version (key Formula

· replacedot product with Kernel : (xi ·x; ) + k(Xi , xi)

↳
Final classification Score : 2(x)= diy :Kxi.

·

only support vectors (30)
· classification O (x) = Sign (2(x))

Gaussian (RBF) Kernel Behaviour
· gaussian Kernel : Klu =e
· closePoints -> Kernel =

"Far Points -> Kernel = o

· classification becomes non linear curves

· SVM Separating II uses curred boundaries

· Adding one new point changes data boundary significantly



Class 33 : Kerna Trick - In person Notes.

concept : instead of doing embedding use Kernd function in a lower dimension

How can we use a kernel in SVM :

E*
Kernel function of U . vT + (iv)
Embedding costs You

,
twice (space

, time

call Lagrange dual Function

2 (1) = Ex TX x Tyz + Ta

Rewrite individual terms

nxx
+

(a)[]
In Vector terms,vX

& (, 6) = + Yk + T'z

replacing LSDM

common Functions

linear : K)iv) =TE

Quadratic : + (u
,

r) = (riv + a)
where =0 works well up (

gaussians :
(v) Folo-Ul

to - dimensions

Conform data

10

!
=

!

2D !- Half Area

--

1.
Jeff

Hinton

1
up(x)= 1



Quiz 1 
Prep



Quiz 1 Prep : Main concepts

·Scalar calculus

· Derivatives
,

first and second

stationary points
, convexity ,

second derivative

· Scalar Optimization

· Taylor series approximations

· Iterative methods :

↳ Step size iteration tk= tk-sf(tk)

· Backtracking Armijo Method

↳ a
, B parameters

Armijo

Tangent line

keeps comnse find

flat
,

distance- Step Size

halfs backwards

untill condition

iS met. -Fixed
oscillation in I

· Backtracking is a better way to find stepsize.TaylorSeries/Quadratiose

second deviv find fixed Stepsize

↓ gives function thats easier to worn with

set that to o
,
find min.

Hopefully that min is close to og function min

Partial Derivatives

rate of chang of f
,

with respect to variables

for direction &

key relation to partials

DrF = JF-v

If always points in direction of steepest ascent

Directional derivative in which direction you ask for



Practise 1 : Prep for Online Quiz
content : classes 1 - 3

Main Themes (no hessian)

· Find first or second derivatives in matlab

·Compare 3 1-D optimization methods

· Determine the kind of Stationary point in 2D (using Hessian)

Question 1 : Scalar optimization
· given 3 functions

,
start at right endpoint

· 3 methods to implement :

↳ Quadratic Taylor

↳ Fixed Step Size GD :

↳ Armijo Backtracking

stopping rule : f'(tr) < 10

Deliver : Table with estimated minimizer and iteration count for each

method X function combo.

1) plug in FD
,

SD
,

Function itself

F = function

y = first derivative

n = second derivative

2) Unify functions allow us to handle

fg)
, given scalart

,
returns two outputs

Fixed Stepsice , Armijo functions expect obs + gradient
-

3) compute steepest descent/back tracking estimates

web-a
, a lot of setup

a) Steepfixed function

· moves downhill along negative gradient with constantStep



5) Steepline function

· direction of + 1/-1 ,
more opposite to slop

· user armijo condition (be under a certain line, otherwis keep

on shrinking it

Question 2 : Stationary points
· Finding and classifying stationary points using gradient and Hessian

↳ Define 3 functions

compute gradient and its square

solves TF(w) = 0 for real stationary points

evaluate Hessian at each point, take eigen values

↳ print table with point
, eigenvalues and classification



Week 1 : Homework

· DifferentiateSimple Scalar functions

· Find Stationary points (when first derivative = 0
· use second derir test to classify points

SFunctions fg(t)=
f , (t) = 2z3 - 9t2

+ 5 Bounds + E(-5
,
5]

fz(t) = z3 - 12t + 8 fs(t) =1(E +1)-REL
fz(t) = 3t"4t

3
- 72t2 +

fy(t) = t o=
fs(t)=

t= =I

1) f , (t) = 2z3 - 9t2 + 5 f"s(t) = (2t)(t2+ 1)2 - (t- 1)(2)(z2+ 1)(2t)

fi(t) = 6t
2

- 187 ((t2+ 172)2
0 = 6t2 - 18t

0 = 6t(t - 3)
:-

/

t = 0 t= 3

Stationary points& (0
, 0) and (3

, 0) -1) = -0 . 5 local max

f"(t) = 12t - 18 f"(+ 1) = 0
.

5 local min

r(0) = - 18 :. local max

f (3) = 18 : local min

2) f((t) = t3 - 12t + 8

fz'(t) = 3 +
2

- 12

0 = 3(t2 - 4)
t= 12

(2 , 0)
,

(-2,
0)

fr(t) = 6t

Ec"(2) = 12 : local min

tc"(-2) = -12 : local max

fz(t) = 3t" + 4t3- 72t2 + 1

f's(t) = 12 z3 + 12t2- 144t

0 = Rt(z2 + + - 12)

to t= 4E=
- 3

F"g(t) = 36t2 + 24t - 144

510) = -144. : local max

E(-3) = 108. : Local min

+ (4) = 528 : Local min



Week 2 : Homework 2

workflow :

1) gradient of

2) Directional Derivative at Point Wo in Vector V

3) One StepSteepest descent

↳ one step from Wo in the direction -f(wo) with Step Size so = 1

4) Solve TF (w) = 0 for (w1 , we)

Function #z(w) = (We-wil + w ?

1) F , (w) = wi + cosh(we)

wo = [b]
,

v
= [i]

gradient is partial derivatives

Yf(w) = (2w
,

sinh(we)) 1) gradient

Tf(w) = (Em -2wetSwi
,

2 (wz - wi))
2) Directional Derivative in direction v

Dr F(w) = JF(w) r 2) DD at wo Tt(-1 , 0) = (1
,
2)

compute gradient at wo = [v] along v

↳ (-2, 0) 7f(- 1
,
0) - V

= (1 , 2) . (1
,

1)
Dr = ( -2

, 0) (1 , 1)
= 3

== 2

3) Steepest des Step

slope is in direction v = (1 ,
1) is2

w()= w() - xTf(w()

3) One Steepest descent update w() = (- 1
, 0) - 0 .

1(1
, 2)

n() = wo - xJf(w()
= ( - 1

.
1

,
- 0 . 2)

w = ( - 1
, 0) - 0 . 1) - 2

, 0) = ( - 0
.

8
, 0)

4) Stationary points

4) Stationary Point w
*

= (0
, 0)

yf(w) = (2wl
,

sinh(wel) = (0, 0)

2wi = 0

sinh (we) = o

w
* = (0 , 0)

Leave Hessian Stuff



Test 1 
Prep



Class 11 : Test I Prep

Basic Scalar Calculus
· Derivatives for basic functions

· chain rule
, product rule, quotient rule

· Find StationaryPoints , classify Point

· convexity (second deriv test)

Scalar Optimization
· Iterations with fixedStepsize (potential problems) : tru = tx-St(tr)
· moves opposite to gradient ↓ ↓ ↓

·TOO Big -> Divergence initialas deriv
of

· Too small -> slow convergence fixed function

Stepsize &

initial
· stepsize selection

, backtracking ,
armijo method guess[

↳ Dynamically choose good Stepsize , armijo condition

↳ Armijo condition :
new function value afterStep Predicted
-I

f(tk +Bysodk))+ anBysod Using

I Slope

initial shin- descent direction
margin

· Taylor series approx,
with/without derivatives -> Explain grad desc

↳ This helpsPredict function behaviour near a point

First order : f(t)= F(to) + f'(to)(t-to)

Second order f(t) = f(to) +E'(to) (t-to) + tf"(to) (t-tok
f"(to) > 0 : curves upward v (min) (convex)

-"(to) < 0 : crives down 1 (max) (concave

Vector Calc
· partial derivatives

,
forms gradient

· Directional derir DrF(w) = J F (0) · :
~

-

gradient direction
vector

· gradient points in direction of steepest increase



Fall 2024 - Practise Test

1) f(t) = Sin (cos(t))

↓ (t)= cos(cos(t)) (- sin(t))
M

== cos (cos(t) sin(t) cos(t) = 1

- Sin (0) = 0

2) fe(t) = cos(t)
,

to = 0
- cos(0) : =

Find Quad approx ?
f(0) = 1

,
f'(d) = 0

,
f"(0) = +

= o -
= 0

-

f(t) = COS(t) Plug in

f(0) = 1 - ha(t) = 1 + 0 + t( -1)t

f'(t) = - Sin(t)
,
f(0) = 0

= 1 - E
f"( + ) = - cos(t) ,"(0) = - 1

3) For f(t) = -3 + 3t2 describe stationary point E
*

= 0

f(t) = 3
2

+ 6t

= 3t(t + 2)

t = 0 += - 2

f"(t) = 6t + 6

f" (0) = 0 +6 .. pos local min

4) f(t) = tS - 12 + + 1)
,

t ,x = - 2
,

te
*

=
z

f'(t) = 3t2 - 12 ↓ ↓
-"(t) = 6 +

local local min

max

↓
↓

concave convex
Point
Stepsize

3) f(t) = E - t
,

ti = 1
, S = # of steps

find new estimate of minimizer

tk+ = tx - Sf'(tk) f(t) = 2t - 1 f(t) = E- t
,

f'(t) = 2t = 1

tr+ = 1 - 1(1)
dr = - f'(l) = - 1

tz = 0 2k = z RIS : 2k S . dk = - 0 . 5>
5'(1) = 1

01 -0
. 5

# Review Atrial = ti + S . de

6) f(t) =E - t
,

B = z
,

t = 1
,

5= = O False

find Stepsize S = By go after one Shrink to 0
. 5 - 0 .

254 - 0
. 25

Step of armijo backtracking RHS : + trial = 1 + 0 . S(-1) = 0
. 5 :. So = 0

. 5

LHS : 0 + E . 0. 5 . (-1) = - 0 . 25



Fall 2024 - Test 2A Practise

1) F,
(w) = Sin(wi) + cos(we)

,
find F(W) 4) f(w = wi + 2 we

, wo = [i] ,

so =

Tf(w) =[] Find wi
,

thats in direction of steepest

& sin(wi) = cos(wil Tf(E) =
? descent with stepsize so = /

2w/

cos(w) = -Since m = wo - So ·f(w) wi = [ =3)
wi = [1) - 1 . (2)↑
wi = [i] - (2)

2) f() = wi + (wz +12o
= [ ? ] ,= [ = P]

Find directional derivative DrF(wo)

If . V 5) F(w) = wi-we + w
, w = [ = 1]

yf = 2wi + 2(wz +1)e[i]
find of descent vector using newtons method

-F = [
, 4) d = - H - f(wo)

Drito) = (n] ( =3) d = - (1 f(wo)]"T F(u)
=
-8 - 4

=

= 12 TF = (2w,
- zwe

,

+ 4w]
-F = [ - 2

,
- 2( -1) + 4) - 13)

3) E3(u) = (w , + 112 + we has a
-F = 2- 2

,
- 2)

Stationary point at w
*

= [b]
Hessian is matrix of second order derivatives

of = 1022+ w2]
? Clarify atz = - = [8 % )

= 2(wi + 1) = 2w2 Second Deriv

at w
*

= 2 w , + z = O Inverse [52]" = ("g *0
= 2( - 1) + 2

= 2
ut = [82)

=

- ( Y]( =2) = (a)
Eigenvalves : 2

,
2 - Imply locally convex

,
min

All pos min convex 6.) t()=m + + w
All neg max concave

Both terms
mixed Saddle are Quadratic

Both are convex : this general

: Positive Definite, function is convex

Use Hessian



Fall 2024 - Test B - Practise

1) f(r) = cos(w ? ) + Sin(w)

JF(w) =
- 2 Sin (we) + Cos (m)

2) f() = (we + 113 + wi
,

w = (i),= [-)
JF. V

3(we + 1) + 3w,

3(2)2 + 3

12
,

3 [b] [ = i)
=

- 12 - 3

=

= 15

3) f(wt) = wi - (we + 112
, Stationary point at w

= (-9)
Find eigenvalues,

describe convexity at point w *

f'(w) = 2m -
z(wz + 1)

If variages

f"(w) = 2 - 2 are left in

Hessian plug in your point.
.. Saddle point

H = [ - 2] curves upward then
downward

convex , then concave

1) f(w) = 2w + we
,

n = (1)
,

so =1 6) f(w) = w ,

2
- (w2 +1)

1-
gradient = 2 w1 - 2(w= +)

tra = tk-dkSk

tur = (i) - (2] (i) = 2 - 2

= (i) - (2) [82] .. Saddle Point

d = 7f
The function is convex

= 4m
,

zwa = [_2) then concave

= 4
, 2

3) +(w) = m Y + 3wE - w
,
n = ( =)

Find desc rector using N.
M

Using Hessian
, which requires invertible/positive definite

If = 2 w1 + Gwz-Hw?
2

-f = 2 + 6 - 12wz

H = 558-12w2] Plug in

= [026] Newtons

Method

Assume Positive Definite



2019 Test IA Practise

1) f(t) = tet 2) f(t) = cosh(t) =Cet+et
Stationary point at t =

using Quadratic approx to find a t2

f'(t) = et . (t) et

e
+ (t + 1]
to t= -

tz = + 1-Sinn
f"(t) = e

+
+ (et + (t)et] ↓ tz = 1-43

-"(- 1) = 0 . 367 : Pos
: Min

,
Convex t2 = 0 . 2385 Answer A

Answer : A tk+ 1 = to-UKSK

trial Point
-

3) f(t
,

+ Brgd)[f(t) + =BVs(f(t))2

To find number of backtracking steps:

+) + 0
. 5 . 2 .2. 0.5 2 .. -

1) Find direction and Slope f(-1) = 0 == 2

f(t) = t - 1 bax
f(t) = 2t

t =
- 3 j I

2nd Trial

f (l) = 2
,

d = - 2

Trial Point : t = 1 + 1 . 2 . -2 -2

f(-3) = 8

5) gradient of tanh ( . /)

thirdTria)122(4) - -2 Chain rule : ch(w . x)

-

f(0) = - 1

=- I

· V = 2 6) f(w)= wi + w
,
w + wiwz + S

wi = [i]
4) F(W) = - w ,

3 + w , we + w, wz + 5

H = 12]
H = (2loS CSS&

= [bi) : local minimum



Quiz 2 
Prep



key concepts - Practise 2

· Find Stationary points for 2 variables

· Hessian to classify
· Iterative solvers ; second order
·Compare convergence behaviour

Formulate and some nonlinear savares problem

Part 1 : Stationary points
· 3 Functions

↳
Compute Hessians

, gradients
solve J = 0 to find stationary points

Classify
,

Visualize w Mesh / Contour

↑

1) Set gradient to 0 to find stationary points

If = O

Ex
f(r) = zwe-Gue + 30we

If = 6wWL, = Gw-Rwe
2 wi

0 = GwiwL

0 = Gw ? -12wz + 3w,

2) Hessian

H = [6w -12]
At 10 , 0) = [8*12)
At (0

,
2) =

[1 ;2]

Both eigenvalues > 0 : min

Both eigenvalues 20 .. max

: Saddle
one pos , one meg

any 0- inconclusive



part 2 : VectorOptimization
·Nomerically minimize each function

Fixed Stepsize Steepest Descent

· update rule : WK += WK - S Ifcwrt

Backtracking line search steepest descent

update rus : WHH = WK-SkJf(wk)

↳ start with So = o . I
,

Think by beta = o .

↳ converges Faster

Damped Newtons Method
· updated Rule : WKH =WK-SRH" (wk) f(wk)

· uses Hessian curvature info

For each Function , must report the minimizer w*
,

number of iterations

Part 3 : Non Linear Squares
· estimation location of gps receiver

↳ given : 3D coordinates of 6 satellites

measured distance between each satellite and receiver

diw
=↓xi - x) + (yi -y) + (2=



Content Overview

Vector Calc
· partials

, gradient , Directional deriv

of Of DrF = If.-

2u

· Jacobian matrix
,

vector valued function

J = mxn

Tij = I
Jacobian gives matrix ,

best linear approximation to a vector valued

function
,

↳ f(w) = [Wtw] Jacobian-I
I

]wecos (wiwz) wicos(win2

-> can do mappings and pluging.

· Hessian J'f
,

second partials
,

eigenvalves = convexity

Steepest Descent

· Desc direction
,

Steepest descent = - [Hul]
->

· Fixed Stepsize Wit = W + &i

Back tracking

Newtons Method
· Helps find minimum by using second order information (J grad ,

7 Hessis)
·

must Ge pos definite

Damped newtons method
,

adds scaling factor
. (newton steps too agressive)Iterate untill convergence



Non linear Lest Squares
· usefull when model is nonlinear in params

· minimizes Sum of savared residuals

· reduce ZIF
1) residual Vector 2) Linearized residual , helps linearize

Su :/
model output - actualaa : (h) = Vi(wo) + O FiCto)" (n=-wo)

3) Linearized objective function :

f(u) = = lla(n)))2

2 Main NLS Algorithms iteratively update.

2 S

Levenberg marcat Method
Gauss Newton

wan = w + [JJn] "Jit(w) war = we + (55n + +=] w

In is the jacobiath Matrix at Point ri

Adds damping factor 420
to stabalize Updates

Hessian = J 5
to prevent o eigenval problem

Example
-

r . (w) = w
=
- 2

,

ic(n) = Sinch) - 0S

↑
Jacobian = (v)

objective
function,

F(w) =r, (w) + recall J(wo) = [2 5403)
residual () = [ii-0

. 3)
r(1 . 03 = C , in co-o

. s]
rector

w = wo + (JT]) jij
= [sis]

wi =
wo +(

wi = 0 . S77/

Level curve :

-Multiple curves, contour plot

z = f(x, y)

concentre circle
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Test 2 Prep

VectorCalc
Gradient-form

· f(w
, wel = Sw+ Im wetweirectionalDevire F(w ,

wil = w +Su, With we

Of= Gun
F((E) = 3 (we + 1)2 + zw,

2n
= 2 w , + 5w2

If = 2 wi + 3 we Plug in (1, 1)
= Su

Juz = (2 ,
2) · (- 2

.

- 1)

- Plug in (1
, 2) =

- 14
- Df -> Steepest Descent

= 10
,

14

A = 23 , 12, 1]
Jacobian contains derivatives

to = 2bian
ra

of rector valued function
j( = [+ +]

↳
Gr

J
Each row is gradient of residual [1 ,

1
,

- 1]

F , (w) = Witwe G : (w) = llai-will Ji=air 2D Example

Fz(w) = Sin(wwe)
ai-wT

For each row Ji =
- = a

,
-

w

2FYSw = In 1ai-will = (4 - 1
, 3 - 13 = (3,

2)
↓F/6wc =

CFc/2m = cos(wines . we Each residual : llai-wi

5
=I

one i
2F/2wz =

cos(m. Wel . Wi

direction retor Ji = ai-to

- ai-zolAt w =(,)
= (E) length of rector

Fauss-New1 = (w-2
, w - 3)

j(w) = [1, 1)
3 byZBys Hessianel= wiwiL Hessian is not

From wo = 0

Resultant e [1 , 0]

8
positive definite

wh + = wk + [jTj]
+ -r(wa)

Hewitha
: newton's

method can't
r= C- 2

,
-3]

o + (2)"( - 2) + ( -3) be applied

= o + ,

=
- 2 .S 288]

Hessionewl)
= w ! + 4w, wa + Hwz TF= 0 f(w)

,
we) = log (1 + w, 2) + ewz

0 = 6w ,
+ 2w

H =F = I w +W 2wI + 2wz Convexity

(0 , 0) 10g ( 1 + (i)
= Y with

is convex from second deriv test

[2by minstrila



Optimization For Steepest Descent A - [ ,
]

,

to = s
,

y = 3

· minimizing function by moving in direction r = (E) = (3) += 3

of negative gradient.= -JE(v)

1) W ,
X

,
6 = j = (i) = s + 1 + 37"

Steepest des Vector : 8 = -6.
s + 5 - 10

8 = - 6 . agX = 6
.

6

-LevenburgExample
#

r(w) = (r . Cw) ,
recal,... rm(w))

F(w) = z1r(will
3) A= (g) ,

to = 2
,

4 =

ti = to + ( +
j + +1)

+

ji

i computer:

( =2) = (2)
2) Jacobian: ,

5 = (i)
jTj =3 JTr=

[*]
3)

= to+
= 2+

= 3. 75 Descent Direction : d = -Jawd

Wk + 1
= wk + akdk

A = (g) 10 = 3
,

1 =

wh+ = 3 + (t+5 + 2) ji
Newton's Method : du = -H

+
- +(wk)

v = (53)v = [ =)
5 = [i] (i)(1)

= 3 + (3 + 2)
-

[ 1117(5]
= 3 + 5 . 8 =

4
. 6
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Unit 3 - Important Concepts

Single Artificial Neuron

· smallest building block of Neural net

· Takes inpot Vector -> applies linear function -> passes through activation function-

=> produces output score

· data Vector is transpose of observation

· Neurons include bias term . (x1]
· for classification, labels are either 0 or 1

,
because of logistic activation

· Linear response is v(i) = (x 1] w

EX · Activation function is $

=x =()A = [] P((0) = 1 -> Logistic
1 + e

- U

(231](t)-= (-% : 88] output is between O and

&

(0 21) (i)-
· ReLU activation

br(u) = max(0
, u)

for hidden layers

Outputs 0 if inpot is negative

outputs U If input is Positive

· derivative of activation function

N(u) = d'(u)
6' (v) = Q(0)(1 - O((u))

Ex P(0) = 0 .4
,

0 = 0 . 4/1 -0 .4) = 0 .
240

· residual error : r() = y-p(w)

(actual - Predicted

· Objective f(ul = Er(u)"

Always reduce residuals

· Learning rate I is like weight updated :

Enew = Gold +n



Neural Networks with hidden layers
Layer 1 - Input

x = (x1 , x2]

[x1] = (x , x21]

Layer 2 : Hidden Layer (new part)

multiple nerions ->
weight matrix

2 hidden neurons -> 2 weight columns

Layer 3-output neuron

receives input from hidden layer
,

weight rector : w()
x() = (2(21)

· back prop is the same

6 = - r

· just extends single neurons to vectors/matrices
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key Topics for Quiz 4

Lagrange Multipliers and Constrained optimization

· goal : Solve constrained optimization problem

to minimize function subject to constraints

· if you have constraints like g(x) =0 or h(x) 10

can't take derir
,

set equal to o like unconstrained Problems

· combine objective and constraints into I expression

This is the lagrangian and uses lagrange multipliers

Equality constraint
EX

Lagrangian : L(X, y ,
N) = f(x

, y) + N . g(X, 3)
↓

Minimize f(x, Y) lagrange multiplier -> how sensitive the optimal
S

subject to g(x,g) = 0
solution is to changes in constraint

solve Txy1 = 0 and g(x, my) = 0 N : large means constraint

heavily affects solution

Ex Inequality Constraint

minimize f(x) Lagrangian : ((x , 4) = f(x) + 4 - h(x)
subject to h(x)0

But : we require X 10
,

X · h(x) = 0

Not all inequality constrains are active at solution

4 h(x) = 0 : condition forces (cases

case 1
:

Constraint is active

its "tight" x - 320
,

x = 5

& can be non Zero

Case 2 : constraint is inactive

strictly within bounds

X-340
, solution is X = 3

h(x) =- 20

Then 4 = 0

, because constraint

does not affects solution



Example
-

min f(x) = X2
,

subject to X12

h(x) = 2 - X10

complementary slackness
1) Langrangian :

-
((X

, 4) = x+ x(z - x)
~

KKT conditions Primal feasability

1) Stationarity: = 2x-4 = 0 From ① 4 = 2x

2
. 1 Primal feasibility : 2-X10 Sub intoa

2x(2 - x) = 0

3
.
) Dual feasibility :

120

4 . ) Complementary Slackness x(2-X) = 0 So,
x = 2 or X = 0

↓
active ↓

constraint Constraint
Check 4 = 2x = 420 / Violation

Optimal X = 2

Stationarity : Critical point w . r . t X is Zero

Primal feasibility : original constraint checker

Dual feasibility : #10

complementary blackness : can be active/inactive (Pi : h : (x) = 0)

If objective is Quadratic : f(x) = ExQ + ca

constraints are linear equalities : Ax =

IkkT Matrix System : []() =(j)
- gives optimal X and multipliers

*
a = [02) IC ](=c = [=s]

A = [11]
6 =3

1) Minimizing E(2xi + 2x2) - 2x - 3x2

2) Subject to x1 + x2 = 3

xQx = (x , x2][j)(x) = 4xi + 2xx2 +3x2

How to make sense of this



KKT Matrix System
->

used when Quadratic + linear term

*

[ ** ] [i] = (59
and linear equality constraints

a = (20)
Al = (i) G

Lin alg this
A = [11] I]() = (2) /out
c = [=s] W

6 = 3 2x1 + 0 = 2 N = 2 - 2x 2(3 - x1) - 2x1 = 3

2xz + N = 5 2xz + (2 - 2x)) = 5
x1 = 3

N = 2 - 2x)
x1 + x2 = 3 x2 = 3 - x)

x2 =
2x2 + (2 - 2x) = 5

N = 1
2x2 - 2x) = 3 2xz - 2(3 - xz) = 3

X1 = 3 - X2 2x2 - 6 + 2xz = 3

Ex =
*2:

Primal problem - the one you start with

Dual Formulation with Linear Constraints

· write in terms of lagrange multipliersA

1
. ) f(W)

,
S . t An =

L (w
, N) = F(w) +(Aw - 6)

↓
Vector of lagrange multipliers

2
. take writ

,
express as function ofa

g(E) = inf L(w, 0)

9 (c) drai function -> always concave

maximizing

E*
min Ellw-e S

. t a w = b

c = [2] 0 L(w, N) = Iw-c + N . (aTw - b) itgradient
the

a = (4)
= E(n-ci(w -2) 1 N - Laiw- b) aw= a

6 = 10

② wir.t to W =
w - C + Na = 0 Aw = AT

w = c - Na * IW-C1 = w-C

3) Plug L =c-Na into langrangian : Then find y

objective : 12 (25) ↑ Then get w

Constraint : 10(1-(510)
y(N) =

- 2+ N

4) Simplify - >



I was to solve quadratic optimization problem with linear equality

constraints :
1) Solve with KRT (Primal

2) Derive
, solve dral problem

B- Dual matrix .

Problem becomes how

to maximize : -ENBN-NT
·Always concave

· KKT conditions must be satisfied to be optimal solution

Basically, given any f(u) if it has earality or inequality constraints

for any optimal points theres is 410
, 10 to satisfy:

1) Stationarity -> finding gradient = o

2) Primal feasibility -> must satisfy original constraints Milw* 0
, hilw =o

3) Dual feasibility -> Xi for all i
, lagrange multipliers for incavality are now Negative.

4) complementary slackness -> if constraints active 4 : 20

if constraint inactive y = 0

KKT conditions together determine a solution to a Specific problem

Constraind Least Savares (CLS) and Tikhonov Regularization

· Minimize llAw-6112

control size or penalize large weights
, you add constraints or regularization.

Both CLS and Tikhonov
, 70u Control 1/w11 = w? +w? +.

...Wh, helps avoid overfitting
· Fits training data

,
sacrifices some accuracy for better smooth curve

· Tikhonous Regularization : min ll-l + X1w
L
↓

Iwithout regularization : w= (1000]
,

w = (0 . 99 penalty on

Large weights

· CLS Problem is like min law-dlR subject toWE

· O max allowed size of w

·

min llAw-6112 + XIIR12
↳ Tunable constant

Penalizing size of w



#KhonorType Questions

1) Given : A = (32] ,
6 = (5).

4 =1

Find Minimizer w*o llAw-612 + X11WR

w
*

= (ATA + 4I)" AT Tikhonov : 11Aw-o1 + 411 wi
?

(AA +11)=(24)(3) = [ii + [02] Larger &

= (in]->[] Shrinks where

16 = (ii)(5) = [3] = []
2 .) CLS Behaviour

Min llAW-b1 Subject towill

11 Wil= IS

0 = 10

11w*= 2S>0 = 10 violates constraint
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2024 - Test 4

2) Objective function and nonlinear equality Constraint :

f(w) = (w1 - 1 2 + (we - 1
P(m) = w ,

2
- w = O

Find langrange function

L(x, y ,
N) = f(x

, y) + N - g(X, 3)
↓

= (w- - (we - 1)2 + N(wi -wE)

3) objective function : f(m) = tuT kn and linear equality constraint mE-c = 0
,

where

k = 2 ? 2) m = [1 B C = 2
,

find minimizer that satisfies constraint

Note : no linear term in EW"
Note : RHS Of KKT

so
, means c = 0 in general form Linear

+ Exiax + (b)

1) Setup KET matrix : [kmiy)=
Quadratic ExQx+x - [59]

(4)(
2) setup linear systems : 3)solve :

① 2w1 + we + V = 0 ③ w2 = 2- wi

② w + (wz + N = 0 Sub) (wi + (2 -wi) + N = 0i③ wi +we = 2
ing

wi + 2 + N = 0

N = - w , - 2T. w
*

= ( ! ] wi + 2(2 - wi) + ( - wi - 2) = 0

wi + 4 - 2w) - wi - z = 0

- 2 w1 + 2 = 0

wi -



Q4) Objective F(W) = Erik + aw and linear equality constraint mc-c =

k = [82]m = ( 1 1) a = ( =2) = 2

Find minimizer #
*

and dual matrix B

D Setup KKT matrix : [my ) = (2)
WATCh OUT[= (2) For - a =[

2) Setup and solve tor N T
wi = 2- Wz N = 2 - 2wz

8w1 + N = 4

2w2 + N = 23 8(2 - wz) + N = 4
Finding Dual Matrix Use B = mEmT

8(2 - w2) + 12-2 w) = 4
wi + we = 2

16 - 8 w2 + 2 - zwz = 4 B = (mk "mi)
->

- I

- 10w2 = 4 - 18
-

wi = 2 - 14
- low2 = - 14 [S1][] til]

10 we = 14

wi = 3 N= 2 - 2w2

10

B = [ [](i)
13 = 0 . 625

N = z - z(+) = [=]+ 8 !
N = 2 - 2(5) N = - 0 . 8

N =

5. ) Convex objective : f(t) = t+ 4t
,

nonlinear inequality constraint pilt) = E-6t + 8 With

P, (t) = 0 find minimizer t
*

(-2)2- G -2) + 8

1) minimize f(t) :

1) Langrangian : f(t) + N . PICE)
f(t) = 2+ 4t

4 + 12 + 8 X

(t2 + 4() + N(t2- 6t + 8) f'(t) = 2 + +4 constraint

= z(t + 2) Violation
/ tk - 2 now what ?

For a convex function on closed interval 2) Optimize over feasible region,

the mimum should occur at Pi(t) = z2- 6t + 8

· end Points Factor : (t - 4) (t-2)

· or Stationary point (alr tried here) +y t= 2

3) Minimize on this interval tE[2, 4]
This is inspection method : only use

f(z) = 12
: mine t *

= 2
f(u) = 32

lagrange if you know constraints active



Q6) Convex objective function f(W) = (w - -3) +we-4)2
,

nonlinear inequality constraint

P , ( = w: +we -4 with p. (*) Go
,

find minimizer w
*

=

1) Intuition : The constraint is Circle of radius 2
, Centered at the origin.

objective : convex Quadratic point (3
,
4)

Trying to minimize distance from (wi
, wel to (3

, 4)

2) Try unconstrained : f(w, wel = (w-3)
2

+ (we-b
wi = 3 wi = 4

Plug into Pl : P: (3
,4) = 21 20 X

3) Does not work
, must be lagrange :

f(w, w() + N(P(w), w2))
(m-312 + (We-4)2 + N(Wtwe-4

. (

4)kkT
m : 2 (m - 3) + ↑ (2m)

2w1 - 6 + 2 +wi = 0

we : 2(w2 -n) + N(2 wz) 2w1 + 24w)
= 6

stationary :
X : w ! + w2 - 4w

. r . t W
, W2

,
4

2(w1 -3) + 24m = 0 -> 4 =3 (wl-3)W
5) Set all equal to 0 : E z(we - 4) + 2 &w =0

-+ 4 =22 W
w

.
2

+ w = 4 w 2

6) solve : =
wi + (wi)" = 4

wa = EW,
I 1 .

2

we (3-wi) = wi(4 -we) wi + 1 w =
wz = = 1

.

6

3w2 = Yw/ wil (1 + 1) = 7) Possible points :

3wc-r2 = 4w1-N2

jw2 = 4 w ,z(z) = 4 (1. 2
,

1
. 6)

3W (1 . 2
,

- 1 . 6)

wi 8) Evaluate

IF= - / in rector w= 3 f (1 . 2
,

1 .6) = 9

form f- 1
. 2

,
- 1 . 6) = 49

m ==
w = 1 !2 : w

* = [1
:=]



Test S-Breakdown

1) Convex objective function fil = (w-g)" (E-g] ,
where g = (3)

linear inequality constraints

A =(i)
,

6 = (i) Find number of inea constraints

Am I J
1) f(w) = 1w-g11

?

minimized at weg = [3)
,

if no constraints sub gas

2) Check it =[1 3)"satisfies constrains

An = (i +i) (s) = [= )+ compare to

1
- 140

Ag = 6 ?
-30

- one constraint is
444

active

1) f(w) = (wi - 1)
2

+ (w2 -12

P(w) = w ,
<

- w? 4
.) f(t) = +2+4t -P(t)= +

2
- St + 8

< (w, 10) = (w1 - 1 + (we -1 + N(w,

2
- we)

with P(t) 20

1) Check if uncons works

f(t) = 2t + 4
1) F(W) = Ewikw ,in equality constraint ma-c = o = z(t + 2)

t= -z

[] (ii) = (c) 2) check condition : p( - 2) = -z - 6(- 2) + 8

= u + 12 +820X

3) Must lie on Bonds
,

find crits on p

Wi = 1 :. minimizer w
*

= (1) 4) P(t) = t2- 6t + 8 check both endpoints
wz = 1

N =
- 3 0 = (t - 4)(t -2) f(x) =

3)

(0)[ to[
+ 1 4 +2 ↑ F (2) =

Check if this works
-

u B = Mk - MT : mine 2

N =

- B = (11) [**Y(i) 3)w = (w1-3) + (wa -4)

p(w) = w ? + w? -4
,

PI(n) EO
,

find min

N = - 0
.
8 B = [j =)(i)

1) Try Wl = 3
, wa = 4

B=
P(3

, 4) = 2160 X

2) Setup lagrange :



Homework 9-Practise Linear equalityConstraints:

Mw = C where

Quadratic Objective With Linear Constraints m = El 1) and =

I
.

Find Primal langange equation

2. Solve KKT Matrix to find WK and

3- Formulate Dual

4
. Oval formulation to find u

* then w
*

TaSk #1
-

f(u) = zwk, +a ,
where ki = (608] 91 = (2), = ( = % % ]

1) ((
, N) = Ew,+ a in + 10 (Mw - C)

= (m,2] (1818](n2) + ( =8)(wi] + x((i) (r,z] - 4)
= /outowz)(ii)

Do this way ,=outa - matrix form
,

omits

= -(18 wi + 16 mmc + 10024) - 106u -60w2 + N(w1 + W2 - 4)
constants

wi = 4 - wZii) [m][] = ( -) N = 60-8w1- 10wz

60 - 8(4-w2)-10w2

Gi)(i) + own + 50 - 82 --2) -1022 = 2

72 - 18wz + 8w2 + 60 - 32 + 8w2 - 10w2 = 106

- 12wz = 6
18 w + 8w2 + N = 106 vi + ( -z) = 4 wz = -
84 + 10mn + n = 60] m ,

24 + !

wi + wz = 4 wi = E

8(E) + 10( -z) + N = 60

3) + N = 60

w
*

= [ _ ] N29 n = 29

iii) dual : g(N) = min ((w
,

N) TF(W) is the grad of partial derivatives
,

g(v) = f(w(N)) + N(Mw(N) -4) -F(wX) = - N
*MT

or k(w* - g)
((w, M = E(w-g) k(w-g) + N(Mw -4)

k(w-g) = - NMT
w(N) = g - Ok" uT

~ (N) = (2) - N [] WirDrain, find
then Wi

, we



#-9 - Task 2 m = ( 1 1) and c = 1

2) i) f(r) = En " kw +Tw

= z(viwz][2i2][w2] + (3426][ii]
2 = z (8wi + Mura +zwe - 34w + 26xz) + N (w + wz - 4)

wi = 4 - we
ii) [miy ( = [ ] j

N = 34 - 8/4- wz) -IWI

N = 34 - 32 + 822-ZwI

N = 2 + 6wI

[iii] ( *2) = (-]L1 1 0 2(4-wz) + 12wz + 2 +6wz = - 26

8 - 2w2 +zw2 + 2 + 6w2 = - 26

Our. 10 + 16 w2
-

-26

wi + WI = 12 = -36
16 16

m
= 4 + a wz = -

m=
2(2) + 12) - ) + N =26

N = - 11
.
5

Could use Calc : EQ-> 3 variable

3)
B = (i)[2)"[11] atoc [-oa]
B = (117((1)](i)

= (56](i)
= E - N(u) ? OFF

=
- 23



Homework 10 :

Q1 : Vector Argument , Linear Incorvality Constraints

1) F(w) = 4w ,
2

+ w with Awa5

where A = C- 10]
,

5 = C - 27 A
Aw- - = [ - 10] [*2) - ( -2) =wi + 2

A
a) yes it is convex

6) ((w
,
+) = 4w, + m + N(wi + 2)

c) Because : Hwi = * (8wi)
we = = (zwe)

k = [02) ,
o = (8) (Because no constant term)

6) unconstrained minimizer :

Af =
Sw = 0 WI ? Z

2w2 = O
022 ?

Does (0, 0) work ? X wrong

The unconstrained minimizer is not feasible.

e) only one active constraint : w I

A = [- 10]

#) KKT Matrix for active constraint :

[i]() = [-)

[ii)
~



2) f(u) = Sw-822-10w1 + Zwi + 13
Q 2: F(t) =

"
+ E2

,

PH(t)20
,

pult) = E-st + 2

a) f(t) = 43 + 2twith 116
, where A = (i) 6 = (:) f"(t) = 12 t2 + 270

O
for all t convex

a) Yes convex (184) 6) ((w, x) =
"

+ z + N(( -3t+2)
6) Aw - 610

c) K is the hessian c) 0 = 4t3 +2t violation[ii][n]
k = [184) 0 = 2t(2 +

2
+ 1) P(O) 10 X

- wl1 -2 a = [ =g]
t= 0 t --E

e) + feasible
w2 - 2 6) Pult) = 12- 3t +2 = 0 region is between

d) writ m = 10 w - 10 w =

(t - 1)(t - 2) = 0
2 and 3

->

t= 1 or < =2

wit We = -8 + Hu2 - W= f) t = 1 is the minimizer
I

: not feasible

PS) f(t) = (t + 1)2
,

P(t) - 0 7) +(wig) = z(w - g)"(i - 9)
p(t) = t + 3t + 2

hyperparameter : 9 = [mn)
f'(t) = 2(t + 1)

a) P(w) = w,
= 2t + 2

= 2 + z0 for all t Find global minimizer ofF subject to PC4 .

: Convex
w24 or Iml = 2

6) = (t +1) + N(t2+ 3t + 2)
F(r) = Ellu-gh ?, savared distance

t ! - 1

c) P(- 1) = - R + 3(-1) + 2

= 1 - 3 + 2 1) gradient : E((w1 -4)+ (wz-4()
= 0 Yes,

,
feasible

writ W : (h-4) + 2 XW =

1) F(w: g) = E (w-g)" (w-g) w
. r . t wa : (n2- H = 0 -> w2 = 4

squared Euclidean distance from wand g. if wit = => w = =2

unconstrained minimizer is always : w= 2 Candidates : w= (2)
,

w =[=)
1) f(w) = z(n - (4]" (w-[2]) 4= 0 .5

P(w) = w ! =4

I wil ? 2

2) unconstrained optimizer was w = 4 Wit W : (w-4) + 2 x w =

which Violates constraint

j W2 : my
#

= 4

3)
That means constraint is active

we know wi = 1 2

w = 4 = ) m = 12
Try (-2, 4)

L = 2 (wi-+ (wc -a) + y(mi - 4) (2 , 4)



Test 5 
Prep



Fall 2024 Test 5 :

2) For data vectors and label values

x (i)
.

x = (3) ,
x3 = [=)

,

x = (8)
,

35 = (11 - 1 - 1)
Sum computation separates data with weight Vector = [03] and 6 =

FindNs of indexes of support vectors.

1) Find raw score for each point : z = w"Xi + o
Support rectors are Ns = El , 33

21 = 0 . 3(1) + 0 . S(1) =

22 = 0
. S(3) + 0 . S(0) = 1 . 5

23 =
0 . S(- 1) + 0 .S( - 1) = +

24 = 0 . 3) - 3) + 0 .S(0) = - 1
. 5

2) Check if yi. Zi = 1 fy = + 1
, y , 2 = (1) (1) = 1: Support Vector

32 =
+ 1

, yezz =(1) (1 . 3) = 1 . 5 : not S . U

33 = - 1
, 3323 = (1)(- 1) = 1 :. Yes S.

yn = 1
, yu24 = ( - 1)(-1 . 3) = 1 .

3 : not s.

3) Consider the information
xi = [5]

,

x :Si]
,

3 = [i]
,

a = [s] ,
0 =

find score 2(9) for
g = [os] ?

1) Compute dot products xitg 2) Multiply each term by Li and y: 3) [19) = 70 . 6875) + (0
. 062s) + 6

x1 = [j] , g = [is] = - 2 . 75 (1) (0. 2S) z(g) = - 1 . 625
== 0 . 6875

=- 2 . 75

= 0 . 25 (-1) ( -0 . 25)
x = (i) , i = [-is]

= 0 . 062S

=

= 0
. 25

4) for the embedding [2]) ,
find the kernel function K,

v = (v
, ve)

v = (vi, vz)
write it out

PV = [uve] 3 = (riz) (vi) + (v2)(v2) +(- Evive)( --vivz)
P(V) = [urz] = (u .v)

Shortcut : look at keind is degree 2- > Quadratic
, deg = 3 -> Cubic

: mixed term 01Q3
,
As + indicates polynomial

: 1/X112- > RBF



5) For Kernel KU, v) = (U . V + 1)2,
S

.
V

,
latel Valves Si , lagrange motipliers, 6 Scalar

Find score for 219) = [s]
1) write scoring earation z = <14 , K + xzycke +

2)Compute lernel function

(x1
,
9) = 2 - 1

, 37(287s] = ( -2 . 75 = 1)2 = 3
.
0625

(x 2 , 9) = (0 , -17 (-8s] = (0 .

33 + 112 = 3 .
002s

3) sub in all values
, compute : z = (0 . 171) (1) (3

.062s) + 10. 171)(1)(5 . 0623) - 1

= - 1

To find SV

yi(x+w) + 6

O
x3: - 1( - 1) + 0 = 1

31, 33

xu: 1(2) + 0 = 2

2(g) = (Ex: g : (xi · g) + b)

= ( . 25) (1) ( -2 . is) + (0 . 2S) ( - 1) ( - 0
.
25) - 1

= - 1
. 623

< (g)= (0 . 131) (1) (3 .0625) + (0 . 171) (-1)(3 . 062s) -1

= - 1



Preparation - Test S Notes

CLS (Constrained Least Squares
· minimizing squared error with constraints

· Normal Least squares: min 11Xw-yl
↳With constraint 11W0

O is a hyperparameter that limits how large w can be

O helps prevent overfitting

Tikhonov Regularization
· adds penalty to size of weight rector

· minimizes both error and model complexity

min 11 Xw-y 112 +
411W1

& is regularization parameter that controls trade off

· MightSee regularization matrix R
, instead of 11WR

· Using X = 0
,

removes the regularization term

making it original savared error .

· Both CLS and Tikhonov use controlling w,

1Wil = Ew ?
i

· In CLS : its a constraint As X increases
, weights

· In Tikhonov : its a penalty decrease

Tikhonor Example

x=[09)
,

y = (h)
,

y = 1

Find w ?

w = (x +x + xi)
+

Xiy
w = (I +1)" 1 . g = [2]



· Primal formulation is the original Problem that tries to maximize

the margin between classes. Assuming the data is linearly separable.

CHard Margin Sum)

Core Idea : Finding best separating hyperplane

with the widest Margin possible

#HardMargin

given an objective Ellwik try to minimize weight Vector.

which maximizes margin

- constraint ensures no missclassification :

Gilm"x
: + 6) 11 for all i

· To solve primal Sum problem
,

Use lagrangian method

((w
,

b
, x) = EWR-ai [Yi(wixi + 6) - 1

-convert it to solve with derivatives and KET

· Stationary point
, Optimal W

, 6 is found by taking partial derivatives of

1 and setting them to 0 :

t (w12 - a
. ((g . (wix + 6) - 1)

· Taking derivative w
. r . t to wil we results in WI- x wI = <

wl - x or wi = X

· Xi is a lagrage multiplier

if X :
= 0

,
Point is not on margin/not support Vector

if a to ,
Point is on margin , point is support vector

Dual Formulation

with Hard SUM:
max Eai-ijligix

subject to
2:0

Exigi = O

Quadratic Problem



Soft Margins as Slack Variables

· In SVM's
, margin is gap between classes

· slack variables allow some points to be inside margin

or even be misclassified.

usual constraint : 3 : (wixi + 5) 11-

Ei 10

-E = 0
, correctly classified

,
outside margin

Ideal

OCEC1
,

inside Margin but correctly classified
-> less than ideal

E31
,

misclassified Point -> Worst

C controls how harshly margin violations are penalized

The decision Boundary is wix +6 =

6

L
&

> wix + 6 = + 1

&

2

O

·

&

< wix+6 = 0 3
Margin

&

L > w
+
x + 6 = -

①

Kernel Function to find support vectors and bias value.

· Dral SUM : f(x) = Gayik(xi , x) + 6

Points with aizo are support rectors

To find 6 : any support Vector with ocxic(

6 = yi - Ea; yjk(xj , xi)

Kernel replaces dot products : k(X , 2) = x 2

Polynomial : (x"2 +1)
&



Example
-

~is -> s

Scoring a
data Vector (Kernel function

I

2 0
.
0 + 1 [2 , 2]

f(x) = &aigik(xi, x) + 6

3 0 - 6 - I [0 , 1] + 5 .
r Then if f(x)10 Class 1

,
f(x) 20

,
class

Find bias.

b = 1 - (aiyik(x, x3) + niyik(x
,x)] given : x = (1, 1)

,

a = 0
.
4

, y = + 1

k = (x
,x , ) = 2

x 3 = [0 , 1)
,

a =0 .
6
, y = 1

6 = 0 . 8
k =(x1

,
xz) = 1

= 1 - (0 . 4(1)(2) + (0 .6)( - 1)() ScorePoint X = 22
, 1]

k(x
, x) = 3

6 = 0. 8
k(xs

,
x) = 1

f(x) = (0 . 4)(1)(3) + 10 . 6)(- 1)(1) + 0 .8

S
. V are points closest to decision boundary => 1 . 4

, positive class

Support boundary and they lie on or inside margin

Predicting2Questionsis
- slack variables

- Dual constraints for soft margins



Exam 
Review



Test 1 Takeup

1) For function and point,
f(t) = in(1 + +) to = 0

Find Quadratic approx using truncated taylor series ?

f(t) = f(to) + f'(to)(t - to) + z "(x(t - to)

f(0) = 0 f'(z) = i f'(0) = 1

3
=((t) + z(- 1)(t)2

(t - to) = t

"(t) =- + +

2) For a function ,
describe Stationary point at t

*

= 0 ? FItE-3E

f(t) = E3 - 372
use Second Derivative test

f'(t) = 3t2 - 6t This is concave,
local maximizer

f"(t) = 6 + - 6

F"(0) =
- 6

3) For Function F(t) = +" + 4z3 has stationary points t = -3
,
t = 0. Describe

the convexity.

Second Deriv Test :

f(t) = +" + 4t3
f(-3) > 0 . min

, convey

F'(t) = 4t3 + 12t2
f(0) = 0. indeterminate

-"(x) = 12t
2

+ 24t

#
4) Backtracking : given E(t) = -E

,

B = E
,

ti = 1
,

so =

Find Stepsize s = Brso for f(t) after single step of backtracking.

Armijo condition : f(tk + BSodk) = f((k) + kBSodk

s = Bso

1) Plug in numbers For V = 0, s = 1

f(l) = 0 f (0) = 01 -E
= (t) = 3t2- It F'(l) = 1

,
d = - 1

For r = 1
,

S = 0 .
5

" (t) = 6 t - 2
f(l -z) = --

-t
For v = 2

fli - ) =- : S= =



5) For function f and point Go and direction I

f (w) = m + (we + wo = [i]. = [[]
Find Directional deriv ?

1) partials, F(w) = 2 + 3(wz + 12

< pig in No (4, 12)

of . r = [4 , 12] [ =? ) = - zo

6) Function Ful =W - 12 + we has stationary point at w
*

= (0)

From eigenvalues of Hessian
,

describe convexity ?

F(w) = 2 (v) - 1) + 3wc

8"(w) = 2
,

Gre (2) - > [08]
. Semi definite

because one eigenvalue = 0

w = wo-Soyf

f(w) = 601 + 402 + 1 IRWIR

f(w)= (6 , 4) + 1

= (i) - 1
:

3)
= (3)

wo-SDF - > Steepestt

wo - S Of

wo-s If

wo-s of

d = - Jf(wo)



Test 2 : Take Up

1) For a function g , (E) = w + w + zw ? -1 ,
with 3 new functions

f
,

l (w) = g1(w) + g , (h)
,

F
,
(E) = (91(5)) and F1

,
3/2)=+

, State howmanare
g . (2) = w

"

"
+ w + zww-1

1) First Step
, is recognize its factorable :

g , (w) = (w,

2
+ w2)"-

Convexity closure Rules :

· positive scaling and sums of convex functions are convex

· Add/ Subtracting constants does not change convexity

· norms and squared norms are convex

1
. + , , , (w) = g , (w) + 9 , (w) = 2g , (w)

Positive Scaling convex functions ->Convex 2 functions are

2. (1
, 3 (w) =2+ 1

convex

+w2) - 1 + 1

Squared horm is convex . Quadratic function is convex

3. f
, 2 (w) = (g , (E) -> Fir() =

11W18-211WI +1

- takes negative values

- u2 is decreasing on negative inputs

2 .) For a function Ez(w) , starting point w
,

stepsize so

+ z(w) = 3w ? + 2w
,

wo = [i] ,
so =

find Point we Single Step in direction of steepest descent ?

wi = -Yf +S
=- [6

, 4]
= 6w1 + 4w2 = (6 ,

- n] + [ , 1) m = [- 3
,

- 3)

3 .) For a function facul = w"-w +we and Starting point wo = ( =1)
at Wo

8 = - 1Jf(rollT d = - ["g20

,0)[=2)
Find descent rector I

F- F = 4w
,

3
- zwe + 4w?

= Y( - 13 -x +y /
3

Evaluate

= (4 ,
- 2) >YF"

= 12w ,

2
- 2 + 12 m?

=

Civic2 -2) = (20 %)



4) For an NLS problem where each entry of a function F(w) is

ri(n) = 1xi - willz = ((xi -wi] [xi - wT]T) Y

Describe row Ji of Jacobian Matrix Jrcu) ?

ri(w) = llXi - will Ji = Eri NLS : residuals are non linear functions of i

ricu) = -((xi -wT](x] - w])" ri (w) = 11x-

xi - wT need gradient of loss function
Tri(w) =

-

1kxi - will Affects distance to each point

& ID Fermat problem with X
, damping coefficient and initial estimate to

X = (3) ,

to = 2
,

4 =

ti = to + ( +
j + +1)

+

ji +1 = 2 + 3 + 135r = c- 1 1 1)(i)
1) Residuals : v = [x- to] =

T

= (2) = [i] + 1 =
2 - 4

+ (7) = 0 . 25

or 3 . 75

t

2) Jacobian :

(xi - t = (i)(i)
-

6) Match the Contour Plot.

# F . = (w ,
2 + w

=2) Level Curve : EWER21fCr) =3

Fz = (wi + wel2
circles = x

2
+ y

<

+ 3 (w.

2
- wz) ellipses : a xi+by

ru = (w3 - 3 wel

I.
constant lines

hyperbolas : x2-y2

horizontal opening hyperbola
Can't de parabaloid

One constant line



Test 3 : Takeup

1 . ) For artificial neuron with logistic function
, weight vector i

,
and observations

A ,
find linear response.

A = (2), = ( + i)
2 by 336y/

Design matrix is A

with Ones Vector x = [5!)w = [ + )
8 = Xi -> (0

.

- 1)

2) 3 Layer ANN
, logistic function everywhere ,

2 neuron hidden layer

with linear response o = [2, 5] .

Find derivative as Jacobian ?

1) Logistic function OLUI =e

Ji = diag)o'(2)
, 0 (22) 2) Activation 1 = 20 .

8808
0 .9933)

The chance it's in class

3) N = (0 . 8808(1 - 0 . 8808)
,

0
.

9933(1 -0
.

0
. 9933)]

4 = (0 .
1030

,
0 .0066]

0 .
1050 0

I58 = [Y) = [00 . 0066

Jacobians always diagonal

3) Given weight rector w
, input rector

,
back-prop factor 6

Find Steepest descent rector ?

= = [T) x = (32)y = 16= 0
. 5

D calculate linear response : V = X W + (3) (11)
v = 0

2) Activation : $(0) = to = 0
.
3

,
y = 0 . 5(1-0 . 5) = 0

. 25

3) Descent Vector : J = - (x1]N6

8 = - (3217 (0 .
25)( -0 . 5)

5 = 0
. 123(3217 -

> 8= 20 . 373
,

0 . 250
, 0 . 123)



4) 3 layer ANN With Rele activation function
,

with weight matrix

zW for hidden Layer 2
, Weight rector se and activation deriv 34 and

input X.

zw = [17 sw = (1) x = <3 - 2)

1) Linear response: zu = (x 1)

V = XW
u = ( -21)(i,]

zW= (2 -3)

2) Hidden Activation 20 = (2 0

3) Output Response: (201) sw = 3

(2013 [ ! ] st=

1) Activation : 30 =3

3) For a 3 layer ANN
,

with ReLU
,

weight Vector zu and back-prop value

36 from objective coputation
, 3= (1)

,

36 =

Find back propogation values 28
provided to Layerin

errorSignal

hidden backprop = Output-weight) (output scope) (deriv) from loss function

w - M w - M

1) Find weights: [i] 3) 26 : [1 . 8
,

1 - 8]
= (8 , 8]

2) Find m = 36 · 34

m = 1 . 3

m = 33

34 is usually alwaysI

If given logistic function

Find ,
(would be given u

Thenind 3 4
,

then multiply by 6.



Test 4 : Take up

1) For objective function
, nonlinear equality constraint. Find lagrange function;

f(w)) = (w1 - D)
2

+ (we -1) P(u) = w-w?

3L(w
,

N) = (w1 - 11 + (c - 12 - N(WE-2) JustWatch Lagrangeisula

2 .) For Obj function F(r) = wikw andin equality constraint mw-c = 0
,

where

k = [Ph]
,

m = 211], c = 2
·

Find minimizer

1)

[] (2) = (i) >
Use Lin alg or

calculator to solve

for Wi
, We

- (ii)(i) = Loyn w (03)

3. ) For obi function fin-ErkrQn andin equality constraint ma-c = 0

where K = (58)
,

m = (11)
,

a = [ =] c = 1

Find minimizer :N * and Dual matrix B.

3)k"=[1)

(8) () = [ -
> Plugita

B = [1]["] ( : ]calc and
find minimizer

2) Dual matrix is B = MTKM B = [1/25] (i)
B = 0

. 625

4) For convex function f(t)-E+4t and nonlinear inequality constraint p, (t) = z2-St + 6

with P, (t) zo find minimizer +
*

1) Check unconstrained 3) Find feasible region 4) Check on boundaries

f(x) = 26+ 4 = 0 + 2
- St + 6 =0 f(2) = 12

t = - 2 f(z) = 2)

2) Check feasible
P(2) = 2020 : Not

possibleT 5) .: minimizer is t= 2



3) For objective function Fir = (W-312+ (w2-4)2 and nonlinear inea constraint plu)= ri +-9
Find Minimizer w P(w(0)

Dire unconstrained , given circle ear with roots (3
,4)

,
Try w = [3]·

2) Chek feasible 31 + q2 = 2579

Shortcut : Xproj = R F
R = radius

= 3 . (4)
x = (3,4) = (h)11 XI = S

6) For convex objective [wg] "[w-g) ,
where g = (g) and linear inequality

constraints A web with A =[ ] 5 = [i]
findin inea constraints

, exately satisfied

Ag = 6 ? ↑
constraints[] (0)

= (0
: 2 activea



Test 5-Takeup

1) For convex Objective : F(t) = (-1)
2

,
with hyper parameter X = 2 and R = 1 find minimizer

of Tikhonov TCt, 4).
= t2- 27 + 1 + 22

Tikhonu Objective : T(t) = (t -1) + 4 RE
= 3t2- 2t +)

= z(3t - 1)

T(t) = (t - 12 + 22 0 = Gt - 2 +=z
Just plug into tikhonor and expand ,

derivative
,

set to 0.

IRt12
2) For data rectors and labels

2t= It . It
= [2)

,

x [G)
,
"(E) ,

+-[ : ),) =
2

for= /3) and bias-o

X1 : Yi(xw = 6) = 1 ? : Support Vectors

x1 : 1(5 - 1) = 1 x3 : + ( - 5) = 1 N: E 1 , 33
x2 : 1 (5 - 1) =

x4 : - 1) - 1 -) =

3) For the following,
x =[]

,

" = [b], : (i) ,

a =100] ,

6 = 1

for 2(9),
=(0)

2(g)= 10
. 1661) (1) ( - 2 . 75) + (0 . 1667) (-1)(- 0 .25) - 1

= - 1 . 4167
= (u . r)2

For V= (U1,
02 , u3]

4) For embedding (2) v= (v1 ,
v2, v3]

C-Erive) (-5zviva) = 2(uvarive)

(vus) (-Eriv3) = 2(usurius)

(Evus) (vv3) = 2(cersveV3)
3) For Kernel K(U, v) = (U . V + 1)

,
S . V

,
labels

, lagrange
Q1 = Gr

x = (3)
,

x = [i] i = (t) ,= 1003]T
az =UIVI

2(9) for g = [s]
= 30S

2(g) = xig ; K + 2zYcke + 6

2(g) = (0 . 0143) (1) (3 . 0625) + 10 . 0143)(- 1) (3 . 0625) - 1

= - 1


