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Topic 1



Topie 1: Probabitizy

Probab('h'i‘j iS o Mmeasuie  of cnes beligg in the

oCLlulonce ©OF o fendom  evené.

RMJOM EVent . ovbcome of X perimenis bhat canpot  be J&ldmmaj

Uniovely  from  Knowh  condibions

6.
Coin Flip H=05
=05

Classical proy.  ofden  detingd IMovah  (ulabive  freaventy
octurancte ¥ - fandom ey

BU‘FFG ﬂg ) QGZ/C? %OS$CS / ZDZ{Q ’1:0.0[8
. i 044
Relapie  fleavency “ouo = 0.567

Karl Person 24 000 405565, 11012 head §

Need Lo counk ovbiomes — for an ex pelimen }
- Comping  Rules
- My liipliapive RuleS

We can do job | in 2o ways
We Can 4o job 2 vm T ways
Ve Com do yob | and oy 1 in WXM ways

E.3 Tossmg 2 Dice , |gfeen, | fed

£ PSSible ovhomes: G ré =36 Ploblem  1-)
Al ovbons: £ (1), (,2) Ly 6) 0y g* = 125
(L0, ) o (1,¢)
(6,637

order matters



Aldition Rule:
Supprse. We can 99 Job | in p wakg
ang jop 2 N X wags Thyn Wwe can do

Cibther job| of jokZ in Z+h Ways. < 7
E-S;Tobenj o pPalil oF dite
4 0F PosSiple oubomes ¢ 3 g
Yy dota) 4 OF pis on  bhe 2 dice s
>ID; 9=l — (56), () - 1 ways
(h9=12 = (6,6 - | way
L+1=3 way s
2. Permubnbion Kule:
Suppose  there are n  distinct objelts
The # oF woys Lo GINGe (pormute) [ objellS l’:\:h objects ar
selected  Flom  Lhese n D;jtéés. dlawn Aédhove
ie Ph: nérr’).»- [n/r‘+z> B ) leplacement.
' | (n-r)!
L
Pr =l
Note. Ordef  Matters
Pobien 1- a5 A B C # of Distinguable ways ¥or
¢ $S Upy 155155 AV GAY
L) A B C SF?>=6O ways
123 h—-—-l” = lesgéo
LU ARL IR o
IS ays,
£ xdension.

# 0F Jdistinoushable pelmudation of
the wod “mrSs”

[
M1 $5 T

MS( Isz % Same 00b£OMo2!
MSZIS)




Combinations.

Flom n  distincé  0bjecdS the # oF ways Lo order  does
talle OUL  combinations or v sybjecks ok Moy Mat &2’
o  bime 5 OrGVwkeo’ { Ch
n- logal i hr ObjeCtsS are  dlown
(- SUbseh (?) 3 Py - 1H Withovh veplacement,
(! (! (a=r)! | [
C £ A
Poblem 1-2 (“) = | (l)
n
Tobal H chem , 2 Pheste ( nr\) : ,\,()
e
Chovse 2 chem, | Physc (§> T (3>
ez X 2¢0 = | € waw
o Poobabilits Contepls 52.2-21 Problem (-3
\—_
. comple Space (5) o) 5= EHHH, i AH, ik, B, i
Seb of @Il possible Oublowres MMIE, WHM MAM S

08 oan  Expery momy. 3 ovitcomes

by A= G HM MR

h OUbcom in S i culled a
ba c ’ b= %MMMHJM/"‘//V\HM/ /\/\HM'%

Cample  poiny (Potenbi  ovscomo)

2. Random Cvent (denoted by 48...) Ao ernt A is said o oceor
o SVbselk oFf oo Sample SpPace. ik the ovicome of the cxprman
belongs 20 A.

Review o¥ Seb nobation
AL R - A iS o subset 0F B AUB  inion of Aand B

S AO{Bo/
ol

A ov A The complmens of A Thbersection

ADNEB

3 Of fand 1>

0 4

0 st @ ek i b
(Aygy ZA B’



3) Probability

Suppose & IS o Sample  SPace of an experimens . Dﬂct'm}’;fom
The Probability of an event A PLA), Muse OF
ga-'ll'gf‘j',

Axiom 12 PL&) 2O Proto.bily

Axoom 2. P(S) =)

Axiom 5 Ty 4 / A—Z/A.’D,--- ey

faifwise  Mufyally  exclusive events in $.

AN AJ 2P YF I #S, bn
Plhuavas ) = 3 pa)
T=1

Nobe: Assigned  Probabilizg mMust  SabsFy
Axcoms 1,2,% M\J le rvzoliséic-

A, Az are dSjont evengs
AXI‘OM 3= P(A,l//f;>: P[A|)+P/47/>

Calwlating  Poink of on clent
Using __ Samply — Point  Method

Then plH= 2 = ff’ff%&_&&m

'n S



El oblem 1.4

Co,ru'JOL(,yb i % l,Z/ g/z[/gg
Best Poorest

A= 50,4, (Ls)3
> - 10

= | Z

=
5
Z

—~

e or 0.2 or 20:/

B=$ U,2)013) .. . 2

2 |
o T

Problem 1S

A= ga Full house)
(552) = 2598 40

17) Tobal #H 0of Arreangemenys of S2 cards
CovdS PoSipion s

12 fate Valve (?) s !
OP(JHOHS 5 Dl/-ﬁ o¥
L/

5. () - 12( ]
Pl 5(§Z> )

?(AS: 7y
Z54 9960

PIAY 2 0.000 14y



Tkm 2.1

Jiscrele Sampe
sum oF  the

Le an crteriment 9ives o

S, the prob
FbeQb I’Il’é 165

Space

OF on

Clen

A (Acs)is #he

bF all Sample PiS CDmFr:'Sn'ng A.

Nobe: the Sample ppe 'h S may of may hok be Zaway  (iKely,

Ex. A coin i flippd Unill headS appears
5= $H,TH, TTy, ...
P IS Y

:
@ 1t plo) = (”,) A

o fro},
s exar imons.

This  Jefines measye  @r

| A
2473
Reviehy Geometrye — Series:
h- n
aﬁarf—arz__.. Var J L all-+")
a \-r
= Tr
I¥ o527

Rules 0f Protebility  (2.5)

D Thm 2P ora') = L-P(4)
/j//@:(// p'P/ S:/} U A
ANA =@
A and A are
MVbimily  exclvsyve-
frion 3 PLAVA ) <pla) 1 g 1)
P(sY =1

Axiom 2. PLA)F F(A‘)/ =

The Birtuday

Problem
Pet-C  The # o sampe pie in S
Aﬂy | doay? Person 2o
248 345 s = z¢57
A< atlast Z prople hove bthe Some Ldey}
4’: g no  ferson’s Same Gdnyz
Somge o, 5
or g inp %5 3¢ ... (3(:—204—1)__),45
340 LR 72 20
PU) = Py
=0.5%3¢
-5‘57-6
PeAY=1- p4')y =1-0.489%
0.4y
b) 364"
Pnoone is born on seps.) =

36522
P1was botn on Seps|) - 4204

Ler A CePeresent ot lecst

;[520
2 born om Sepp. |
2o
PCA) =1|- ‘Z;‘,lf_ =D'001ﬁ
3¢t




Other rules of Probabilibe (Ues

2) p(g)=0 for any Sample Space S.
) AB ale clents is Sample Sfhc S,
tnd ACB, then Plll)é P()

@ $

b ocetm)  gor ony clent A,

Sy pla UB)=PLA)+ppy_ Plang)
3
oD

G.) pLAURVC) = PLA) L PLBY v pre)—p(AnB)- P(ANC) =P (BAc) +R ADBC)

Pr1.s
Priq wl | L] &
A i % hq‘lc—% = P":\'—‘ M
B % married g Method 1. OFder Makiors
. plA)=Pa) + pla
Fing  P(ANB) Know P(4)=0.59, PJsc.46 2
1. L =p( Bobk; W on ends) + p( by m on engs)
Pla'ng’) m0-25 . B g
By morasns  Ruk 3! gl
g ’ v 3 (3
“ A N8B = (4ug) ——_E_:_:f’_;_ +”_Z’_, =2,
P(,A'I/l/g)s 0.5 fa fT f2
Plaum)=1-02s =025 Methd 2 order does noé matier
P(4uB) =P(A) +P(B) - p(AvR) POAY - E”) | () i
=0.$9+0.65 - ©.1s (5 —(75 = 723
PIA) =0 ug
b) PADR) = pra).prs a3
—=0.59-0%3

]

( (4nB) V(AND )=A
J'Sornt



Conditiona| Prabobi iy
1e plaY#0 then the  Condihiom

Prob oF B 9iven 4 15

P(BIAY= f#NB)
— - PlA)
PC 1.0

c= g color  blind g
Mz § Maked

AR P(c NA) ,Lp[[l’)M')

=0.06 +o.00 & =008 S
(hy plcim)
{:— A = V([ﬂ/"l)
P OA)
~ 065
- 05 _d)
0) 0.0
Example ;. Toss o die  onced
Given, the nomber s higher bhon 3,
Whats  Proba bilidy S even.
PosSifile . % H,S,ég
S P=0.66
PCBIA) = PLANBY _ 24 .2
(A 2/6' sz

S tuice as
#.

eren

Solve (a) when the die liltety

io occor a> each o

Assian  Prol, o an #

LWHw Fow LW 2y +Wwel

S-—(S:l/ 2,3

P[al, 2
} q

Q~

N

1
q

, 4

/

=4
2z

NUH’K[’\\'CQ{;[O}’) Law ©of Probaéu'b'ég

,A and B 1y, le

j ~AJ8 cant be 0
Likewise, PLANB) =P (B) p(41p)
Peollem 1.
4 A,ébgy\ ofe dﬁf%ﬁf\/&?
229 N.D 1502
15 DF (A= 206.0037
- —
45¢2
Totar 246 P8, 23515 _ o.U7
24pcz = e
19¢2 = Defechive
Method 2
D= € 1t Tv. ispe
Dyz§ 2 TV 3 pl
2 PLANDY = P Lo) -pp), In)
= 15|
55 fs_q =00v3)
b
PLldE goud)
TP, )r () a,)
=P(
P) P(DZ,D) P(b,,)_plp
=25 26, 125 ;/p,)
229 240 239 = (177




Trdepndnt  events  (2.1)
Def: Evemss A B afe  inde pendent
Fe PLANR) - PLAY P (p)

Mu [}iplvcation
Law:  P4n8) = pea) PLBIA)

Tf Ao B ore IVI-J@ then PCB)=- PZBIA')

3£

Pri. =
T 2, %2402 o gy, 224 (253

PLANB) < pra). pla)

¢ A e nog moep
Thore 15 an Otcomes
b capties bhum bodh,

Buk A ond C ore  indgpandent
PLANCY = PL4).PCC)

Note: A8 ap  miep
=14 and B ag indep
A and B oare i nde?
=5 A" wnd B’ ere Mo

Proof:
Need 30 Skow  pLA' WB) = P14y

K08 S Pl4)Y= bl pap i

B Jerlend)
\z
Ang

0‘1‘$,im'h#
= P(AUB) 4_’7{,4/“3,)
=Pi4)-Ple) 5 P4 q BI)
PANGY) < pua)- vy pyy
=AY 10 ()
= P(4)pLB’)

Real, A/B afe mubvally exclsive iPF

A0B=@ (A8 ate not empiy)
3 P(A0B) =0
Probleam (.2

o) S= fAA,AB, BA,BBY
i
PLEV-PS4A D, BAT =% -2 45 *

W) S=§ AA4, A84 ApB RAg
86, 845854, B RE]

C=§ B witS of leasd twice?

Wi
win
f\

S

2.1 3
o) =2 TSR R RS Tl
Pl 973 k3 3-53 3'3*/;)

Pritwise independernce does not imply muhus
independence !

Pr. -1y (e) Aa%HH,Hr} L?,-_gH/i,Tyg
s § w113
A= fuyy
PH/]B)_%’ _ PU-PIB) =L 2 p(aas)
P (#ac)=pi#) -Re)
PLBNC) -pLB)-PCA)
what wdovk  plangacy ? PIA)-P(B)-pec
P(ABAc Y= #
PR PLB), Peo) = é‘é";,';;
A/t ate not mutvaiy indefondens.

Law of dodal Propagirsy

Pr. 116

= 7 PLelm)
¢ p(¢|F)
pley =P(cam) +pl Fic)

= P(m) plCIm) Lple)-plelFy

+0.C-p0t

0.5 -0. |
=0.05

Definifion :  Lek seds B),B2-.. B be
. b I B.l/g,l}n-- VBe =$
L RiNRj-g wrizyg

(Paltwise mypyyq, Iy & xctvs/s),

Then B1-Be ¢ oo Paribion s £ §



Thm - 2.12 (law or Tolal Prab)

"¢ exen tS B, .. bx From o
Paistuion of S ang PLB)#0
then  fof any cveny Acs
(4)=
PLO=Z ple;y prag)
pr -7
r-n
&) ¢= Georvett ans
K = S ebvdenr ](ml(,,,g%
Ple)= PLCOR) + pleni)
= pLry-PLEIK) ¥ PUK) 'P(c[K')

=06ltay. ) =a3
b) PLKLE) =p(cnk) _ per)plelt)
pce) PLe)
=06 0] £
o) 4

P(Kle) . p(K)-Pcl X)
Plry-plel)y l’lK')'P(C)K}
TNo——
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Topic 2 ?Tolaki\l'l—j DiSeribubcons, Densiéies and Math

EexXpresSsions

Roard0m  Varvable — Foncton thal assignt o homerical
L ecath oviceme

Valve

Discrete R.Y -  TRKeS on  Comiqpe number of Possible Valsey
Contimpus R.V- TaKet on  an {n¥Wi3e humber of Possiie Velpes
n o roange .
Probabilivy  Distribybiont for Discrete R’
Det: If X i5 o direle TV, bhen F(x)=P(X=x)
FoY eath X m the fange of X |5 called &, pm#
Plobability mass  Fonction of x
pr-2.1 ) Comulay. e DiStribubion Fumckion CCDF)
. o 1=2 ¥ bla %
—d ek | S @ £ pr et Def: IF 2 is a diceke rv. TeS
-2 : X=0 1,2
White @ CDE 5 9wen by: F)=PX = x)
'\C(°)=P§W‘“’z = ")_:zig Gives $he Ffobql,.l,,, X Vil take a value
(i) s than or canar %o
£1)= Ple=1)=PiRe, wh? - (?)‘(.3) s
(Z) = 3,5 o iFZ L
fr2)-pz=2)=pseBd~ () "7 Ftz)= ) 3 frxen
"(z)""u, % For x £ 6§
Fx26
To conticm ay Possiple OvbcomeS =] , *x
Plo¥ of x: I 2
EA [2]
The fMobability mass function
)y Yas Yy
15 {he fmckion thot  Maps oub the PosSibilites
blath Yo Pn¢
Lo B 4 o 2 (AL 10 1)
Y i £(2) 3 \2 /5-
Sy (PCX-fx\) z8 AL
S8
0 1 2 1 r 5

IL’) P( matching pair) = P(x=0 or xz2)

./}— = 22

(&4 29
s 3
¢) [P (Z){z._z x=0,1,2
z H’YP&( geemein,
Plx=2) deStibukron )
Th 2.1 For any dSume RV oz,
Leg Pez) be itS P iDE- | Then

). 0 L ¥FH) 2, For

fe (2) -
fo

any PosSigte 1 Valy



Frequency  Distribion  for ObServed Dok

ObServed Data - dabr onme has Scen

Freauenty - how many  2imes Haut  ambr hay occorved
TypeS 0f Frequeniy

AbSolute Frea, - Actual number of tmeS a vale occurs

Rela trve Freq, - AbSolube Frea,
Otal # of Data pis

Pr. 2.54)

?\HﬁlG PosSible oytcomes
M ¥ X (o] \ 2 3 L{
P N C I - S
N e Tz 6 T

Rinomiar  Distrbution

Pr 2.6 o)

v 40

S 6 1 %4

<P Jeoun
NN . © O

Nofmo.  Destribudion oF  Frequencien

Condinous RV, PDF_an (DF.

Def: For o Continovs fandom Variable X, the PDF frx) oies the
Ffoh%ilrpg that X fals Wwithin & Certain  (ange - The probability
bt x ey between o and b 7S

b
PLas)(éL)-:\afnx)cjx ;PDF

fox)
Notee © Te ¥ s cont .V bthen
FLX:Z)::O
a b @ The tola| o under the pIF
Otea  undel  the graph. Cutve 5 |,

4
__’4‘[-1362 =



COnJch.'bg Pafad ox
Def: Inclvding of Extlvding the enlpoinds

does noy pabter  Since the Pob of a Singie
foint s 0.

Plaexely. Placxel) =Plas X 2by=placxig)

froblem 2.7

® F£1)={K e e X >o
o elSevhere

-
f ke€F iz -
0

L) Finding

|
-3x e =
f PR PR e S
0.5 3

Thc Cumvlative DSt bution Funcdon ¥or Continous R.v

Def: The CDFE for combinewt RV X, Flx) qives

the waalil.'éy X tles o Vvalve €SS than or cqual
o x

F(x) JP(Xéiﬂjsh/b‘oZF(Z) é‘” J‘b ; FOY — 0<cx<oo

Relationship between CDF and PDF

-The CDF 15 defwed by integraiing she PDF
—The PDF s fomd Ay diffekniiating the CDE

0.5
0.5
= 0.173 )= HJ; Falz)
Yo S5
C) x71) = 3
A e z - Fl-x)=0 ,Flc0)=|
P(X £o.s) = P s gx
Problem 2.8
3,37 6w
£lx) : 4
z) { 0 elSovhes
a;) 'chl cm: F(x)ae X ¢5 L)(.F[—oo):o Want o
0 i fatbin
un y integrating the [;DF over x. 1. F(=a)= | Re/I/l\S':'f 7
Fia)=Plx 2 x) =J;° £x) (9)- 48 &y X =,
. Pr X < o- H i c’“-—;o
: it Fla)z (- 0=1

Fx=0 ¢or x £ 0o

3. The CDF D non

2 For X70 :

kA
Fiiye [ 3574 g4 &
0

_al X
F[X-\= *g”l =|-e
b=0

(o] X &0

v The CDE s Flx)= g
Food

-3x
l-e X >0

F (x)

-3y .'

Jecreas.ng becayse ke derivabive

the CDF (PDE) 3 always non Uepgtive

- Fx(x) vs non decieasing for o)y

"

L3




Problem 2.9

X & -]
Flr)= g’(-‘)—ﬂ “lez¢
0 X 2|
If vz, C
e ¢20, »
Of bl
. S I S |
3 < >
Ay ' -1 1
#a= 4P Toqes p.,F, we
Jz

]
Aote: \/\5 - Sx4+C

Provem  2.10
-2 -\ ¢x ¢o0
-“(1)= z 0 & x<|
/] o Lhelw iSe

Tnlegrade do find CoF

flr)= E

For -1¢ w0
z
Joed

2
:‘i‘illzé-

6 i x 2-1

if Ve x Zo

2
X
Z

pov 0 cx |

\/‘D"“‘*f: dr

1
2
IR
1

= Jd
=24

F (%)

N G-

y

¥
2

i Frerentirade cDE

Note: Frx)= P(x éz):j‘x £(t)dt

In{,éﬁra},(, Up to

ya
<

Z/ not

X

bounds,

T VQ%;(_W’_FW-W 0

0
Y S bx)da
ole Lol 5 x)de =
-2l e Lizxee - -
4;’ Pea & % Lo
1 X2 AY im \ gnav | Kxldx = ©
= x40 \ -~
3 b /
‘Wﬂ’/ , N
-1 ﬁ‘b\l 1
=V

x



Mathematical Expectations

Expected \alve: The long 1yn Alerng, Valle OFf o R.V, if YU were to do an  expeimens Many

Limes,

for Discrede RV: Sum all posSsible ovtcomes, weighted by prodabilidy

ECx)=& xp(x=x)

For Contings RV Indegrate the vmwes , weidnied by densities

£ = % peaya

Problem 2.1)
W x: | -1
fa): 1-({%)L1 (-%—)H
0.51%
l1
Plas - = )
F(x)= V-os3 + (-0( %)H
- 0.0%6 ?0

260 he s eapected do win a ),

P(OP&H;IZS of Expetdations

N E(L) =l The oxpeCtation ¢ o
ConSian 15 Simpy Lhe comstant

1€ (aXh3YY) = «E(X) rbE(Y)
¥ Yad Y are 1.V and
Constants, you can  Spit

3 (X4Y) = f () +ELY)

The Cxpected
Sum of cxfccico/ yalves

a, L afe
them up

Vale ©Of & Sym

problerm 213

7,9 = s
KIA "* S

234561,9%10> — it

X = Moty he makeS pom | drow

e 15 5 -9
. 26
fep | E] [F| £
E =192 s & () X
Elx)=fo-3)

Mole: This @5 o diSClebe fandom Vafiable, ths
Meard he s exfried Lo vin b on ayg,

Problem 2.1y
4 if0<&xe
f=2)= 3 T(42f ' !
o O bheronSe

(e p
S =) dx — ]’""‘f-”*f;m‘

- 204 | Uz 1eg2
= I:q]ﬂ(Hz) |wo dv=ex
T J 2o
-Gy ~U
= % lan v



The,orm 4.1

’ EXP&C%C&[OM 8t a funtdion of o [V
L x s a ddcete v with PmE PG,

E[{j(x)] = £ 90)-f0x)

$0, We agfly Some Funcion 9 GO X betore
I5"\|(i\'\5 Expettation

eTF X S o Cons Ly with PdF  Fiz)
ben £ (90d] - \/\ Iz) 2y -dx

froblem 2.5 MoMens of o ]QMJOM \Variable
ﬂ")’ggl 'f;;:;r:‘ -0 momend 1S o woy o deSclibe Variovs
3 (] < [lrzg - 22 o e s e o e
2 “The (n momen L gg X 3 /'Jr'“E[X)
: 7 - Moments  afe  vied Lo unfeStand  Shafe
L} y=100 X* r6o and Chafagioristics 0%  distribotions.
I
El ‘le]] S ooyt v6o) - 22dz
0 W
= $220 FicSt Moment (r;‘) :g()()lu,b mean o X.
&) Plys199)= P (200 x5 40 180) Secon) Moment (r=2): E(X)
=P(Z°°lx%> 12o Ceniral  Moments:
= F(XZ 7'%8_0) The (-¢h Centra) moment 7S Pr=E[(X' P)rJ
_ 3
| ® P(x ’(9")) WO aled (U moment  abo Ve imcan,
= f Uy = zzl' .
T* ook il Vifiance and Standard Deviatron

The Voraye, (o o meature of how mucu

A X JCV"QM From &5 mean 0.
Tl'\l'S /S lhe szM;J Sqene Jﬂ{:ﬂnt:

0 X Ffrom 1§ meon,
E(x) = €(Y) v (3)

Svar (x) = E[(x- v'J
vm
0 = vix) .5 Called  Siandord Jeveation
o¢ X. Denoted by o



Theorem 4.6

T Vatiance: V(x) = E[(X v’
V0 £ () -[£(4)] S Do~ - 57,
1S a constent V(X): E(Xz) - E( ) i
- [t ’ S

E[ ] Problem 7.5
Xl- 2 X , Svuller ¢ : |
E( —E[ZVK]-FF('U) X= min of the Prr of 4%
=] AN X k4
x?) zule)uf x I 2 (2] 4 & | €
= () - 2uT g pt P e fa):L a 1 s &2 L
ZEL®) - b DSy 36 %6 T %6 36
N2 xfx)=1-Lig v 4¢. 4
() a1 x 26 36 26
=264
Problem 2.7
3 if 0 ¢xez
®) fxy= %% i 2 2%y
o O bhar wise |
al l | l | L >
Nole- €la)e 3 22 and € v-4 = \ Z‘SZ “ s ¢
% COF f(x) 39
*1 . 3
! 2
‘J:m—au s VA= E () - [E09]
x
X XPfay = B g A F
To ¢ind CDF, we ini<qrage E( ) A?l-x ) i 36 gg;-.—.é ;Is
Flx) = i x .
[ 4dx = § iF ogxe V(¥ = $.3¢c- (2.54] = 1.a
z 4 P
{'-;,AHJ ‘%d;—=l1#—f—6 . problem  2171)
~ <P i {xp,;cmhcms end Vrunce )
TS- ¢ 2 £xey 1L 2 —
| e azg  E®= /‘ X HOY {2 VC%)—E&M) [E )
£GD)= [ 2leapin
TS it consinos ? l/‘[i' fx .ldx +/| -—;Jx Z:é” «
= 2.1 2z
Yes, (by:;iz. S L _y; ) i " f ‘ofx ;JK!—‘/L‘;(.?J‘
fuiy- L, + ey =g
s 2 é
To_be condinous: je_ —i_ 3J vixy = U3 2)\"
* Non negaite (e 2 5T Tz)
CAddS up do | 0= %

Vixy = ()¢



e /UO beh

f(z)= E 2(1-%) , ¥ o<gx 2| l-) VIXy S0
0 , O6therwi'Se — 2
, 2 y 2.) E(x) 2 [ﬂx)]
&) Shoy, ‘. 2 =2x +2 -
i (a1 r12) 3,) V(_QX -H;): a 'V(x)
o0 ! t v for any tongiant G, b
r /
E[XJ:f < Fxdy =f’°r'z("")‘4" Ploblem 219
— Z T0blem 219
j 1 . ) Pl stz f FOAy = ch-L“_’zzl_ , if x23
22" (1-xda = 20 [ B A
0 r+i rez Ja (o) 0 thtew Se
= z): I } = .
o Re Cin)(142) ) Eu)i‘,{‘ x- flx5d2 Let i—c:;i
l’> Usin - S & - (x-3) Jx=du
g bhe o - Creylrrez) Ens .3/\ z e
z P o g
Vixy= EUS -[E(x)] §lx - %f“‘zm 7./1/%%/ 5029 Ju
o

< L o- /1y - b
vin= g - (3) 18 ely=2(3452)5
z LA

2 o, «
E(+") =3f 2 F(x)dx =f S ée—%braa)u
3

‘E(x'I'J =29
varl® =24.s5 =<
By PL14X€) = (=g =005

Uﬂdz:( Shevs  Theotem

Provides o« way to eStimate the Prodabilyy Hhat

& Yandom verable lie>  Within a4 Celain  numbed  6F
Standard devitions from  the vcanm. Nobe: This theorem  peovides
o loves Yound for the  prod
for any fandom Wriape X with Mean P and p
2 Fhat X bages vulves wwidnn
Varianie &, for any K 2|
: K séd of the mean
POX—,U] 2Kke)e =
or

Plx-u ¢ K5)2 l’—r‘(—z

K is th nomber of Stdls  away it /S from menn.



toblem  2.20 ,
i /Nobes  on ChehyShevs Tha,
a) E(x)=5
Vix)s4 = o?z4 va =2 * Applicadle on any -?77[’(,
PLicyeq) =2 — P(-4£x-5£4) h ¢ bivaway b U i3, 08
Plle-wr ¢ Kr) 2 15 B> "5 Jven afe cawl di5dans
phiexen)= ples) <4y bwe  NTIZ2
P 1x=51 < ay=1-P(1x-5) 24) K= 2
Since 022, e Stk Ko=4 .. k=2 I- "Iz,
P(11-s)2a) 2 i—z 25 -+ -0l5
ph-sl24) = - }, = 6.75
b) P(X22o0r x23) $ -5 _ 3
2 z
3 P(_ *-5¢& -3 or \(-523) e 3
= P(_ lx-9l 23 ) 4 |
I
Sek k=3, K=}-=ls (15)2
L.t o -
PO & 5 g * o =
P(XE 2 ot v28) = 0.4141
Ksz.;g_

K= l4s5-17
lo

K= 2¢

oF dcs4nbuéion

the  {wo  bownds
apalt



Momeny Cerela 1ing
?Vnc-él'f)n

=l,2%

Rewall hay Py = (X)),

1¢ Lwo remoom wnapiets X ond Y haw
bhe Same (M Momengs ¥V all (2,43
Ben Xow Y have bhe same Probabivey 4iSibuzion.

for o vandom varceble X with pde £(x) ‘ _
the maf is defiyed 4 Mx&):E[_emJ_ihnr\r‘ )

for  Condingvs RV

fwatl-Ff*)JZ
MDY= L,

The WMomend qenerating punition cdjows
US 40 ¢ind all dhe diffetent wiowents

( Bl E (¥ ete)

F"V\dmg {he First denvadive of
the M6F ond Setting it do O Gives
You First Momeny

Seond DesVatoe Set 2o O,
gives the Setond pomentz.

Firse Moment:  dmlt) =k (¥)
J‘l’ §=0
Sccay\ol Moment dZM[fJ I = e[xa)
dr? 0
Tn Yenefal s
GRRLION Ry
d4 r } =0 =1Ur'

Problem 2-2|

3
fix)= M for X=o0, 1,2

(2)
D mewys E(e¥) = £

Ym¢: z : O |
: B | &
-fc%) ‘ %B X 2y

l;) ‘F\'VL(;I-VLS 1(; LX) and V(X
S¢k d m(1) =6

. dmit)
LTI

=

s

= g€ + Ty
15 )
28

\> FMC\ Pm £ ,EY PlU9°/\'w7 N Y vwelws
D MULbifl) g% fivys
of xs.

the probavchy,

> Second db/\'V“-{"-VQ.'

:_L‘E—-Cf* ng-t'%,'kso

23
15 Lo
3

< 2%
£0x)= £

v
V- Eu?) - (o)

vi0 s 8 - (3)°
\/(_X)-: Ms

uy



Probem 2.22

The Pme 9% Yoy

The MAT (e pelesenss

& Lrans formed way,

pro ba bilities Jl'fdﬁ'ﬂg
‘f’leC— Prdkzb”l'&l'ca in

. L3 b dmlty = 22— 2
il ? R ) K’ Li-28 [0 dm’et) - _6
"Se 2 [I4t’)z
) for méon%ﬁwvs nv En)- z (( 2
- = 2)_
M T E(«!) = 3 V()= E6*) - (E X)]
= vixy= 3 - 2t
e iz -z Vix)
Loty "
00
21 ty -%
= 2 Jx
”;/f il If two (VS how ke Seme magr
- 3%
2 sz é ) they must have  ihe same  IiStribution.
° 44 [ The Myp Mot
= J c be o Finite Valve
24! <0
= Im C“:__;)z L
X=) 00 211 et
IR
M) = 24-1 2¢-\ =6 i Lol
T R RS
00 I F 1‘:>%_
The MIL ok X (S MLd) = l/\-—;f for .54‘,2.
Problem 2.23
m ()= %% %dﬂk “"@26@
My (4)= E[ij
The fandom  variables 4ake on dhe
Valves of 0, 2, 5 lecawse dhese are
e oesteciont on dhe 4 deims.
The bedms Suggest - Plxzo) = &
Plx=2)= %
Ple=2= 2
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Topic 3

* Bernoolii Distrgyrion ond Binomad  DiStribusion

Deemition: A befngutli vl 0SS an expervent  with 2 mutwally excluossve  istmet
O( fcomes. Theve are  Syccesses (P) and Failues (1 —P).

Em TDSJ o COl'VI, Sheod é’-’?dé—_-efc
leb Z= # OF SUEES n o bempy il dria) Pobability Mass Funckion
|| suedess For Bernoyll  ranfom varmble X
e % 0 failyve v —
P[l-;l):o IDCM-:O) ;1’0 P<sz§’/ F (l—P) ,wh;fa X=0,]|

Way o write: X 2V Bernovly (0)

Binomial Distribysbion
-A binomwal €XPerrment (o nNdiSES o¥  n idendiced  and  independent
fBernovii drmls

Einom(a\ RavchOM Varables 2 ~~Biwomia) (n, 1)

?MF of Binomial DiSH(bution
For o binomial random  mftble X / the propebiity e
OF qepbing  exately (K Susesses in n krows 1S P(XEK) ,( l;l() FK[I' P) ’

Binorial  Disicilyiioh

| CovsrS#s oF  n idendaml  drals

7. ‘\NIefendd  frionl

2. ﬁach trial s & Bernoi driay Mean: nep var: ne (1-¢)
Q. ppb OF SU@S is G ia ealh {yq)



Problem 3.1

Recognize, % ~vBin(n=3 - %)
2 have O +

nvs 4 o¢ {,Y:“ru,j L@ iS Ffobobgl'{;"bﬁ 0f Sutcesg,
Values 1t ¥ tan dale on, X: 0 , ), z, 3.

hove o—

)
g
|

3 ra.nclumhd Selested
X # o dovers with OF blood

Find PMF: f(or2 p(x=0) = () -2)°
Pl = (31E)(1- 2)
sy = (2)(2) (- 2)
P(x=3) - (;)3

ISing bhe e o¢ bunomin! dist. plywey=( B PS(1=P)

3-z

wo- (3)(2) (- 2)

/\/0{:6'- %unou“r(@) iS o Specia| Case
of Bin(n, 8) wth n-|,

n-K
X=0,1,2,3

Thm 54
The mMage of Z~Bin s
mede L1y olef-0]"

foo€: )
Mit)= £ ("
L én eFx (’ 2) 9‘7'- Li- é)n—f(-

Zo (%) (0e*)” (1—@)‘“1
= [+ e[c*xi)}h

\\

Thm
¢ % ~nin(n, ), then E(x)=he,

Vixy= ho (1-o)

Pe: dm(é) Y
1“7 t-o
h-2
I mi) o) [1releta)] be’ - 0e?

+ n[l r 9[6*'1)Jh~l Qg+

E(x?) =
Vi) = n[&—gz) - né(l-e)

n(n-1) 6" ) ne



Prodlem 2.2 &)  PLxE3)-plx=0)4+ Plx=() + Plx=2) P(x=3)
= 0.7% ('f) 0.4 -0 7“1 ro | I%)"-Bg' 01 ?

Recovery rate 0.%
-0.297

15 People selected (n ¢riais)
8 Let ¥ be the # of fope b P(X22)= Plx=2)r ... +p(x=15)

amog dhe 1S who (ecovered, | = Plx =0) - plx=1) = 0965
Y v Bin (1215, g=0.2)
Gwm&érfc Dfs%(l'lgué on Disirbution Mode!S
Befnevii Single  {ra)
Rinomi af Nimbel of Suttesses in n

The aeomedic  disdiibudion is o diSclete Geamegric deias fust
! roaqis b0 S
Probodiliby distribudion Lhal models the nember Numjar o BI

of Lliwg Needed to othier 4ho £irst  Suctess

One fafametef i> @, whye 6 i Propebilily of
Suleess in eath triaf.

PMF: p(x=2) = (175" -p

The First x-\ Lrais Mot be  Faijos imes the
Probability ot Sutless. P S Prob ot Success

E[x)=~  Var (x)= t;@@{

)

Problem 2.3 y
0) Ltk x= # of bras undill § appes 4
% rn Geofa fng’) ' Pioboubi Liby
= = ~)= Z
ey - @1 (z): 22

Tfits o €& 6n the fhird toss,
had o have begn -5 on irst jwo

b) Psz;)= l/?(xgl)—[?cv-z) -
_z
- g )k

T2 4 o . ..[-
Triatg  for first Suctess

The S A alwul’j heed h,'gh55(; PObub

P(x 23) = P(x =0) +P(X=2) +PLx=2) at A= i

1-) ] z
= (1-03) 03 +(1-08)-03 ¥(I-03) 0.3
— 0667

for  Geomedsic  Distribution: |
Gn als USe the (DE:  FX)= P(X 2x) = 1-(1-p)



TypesS of Disteibutions

Formuia;

. . 2 -z

Befnovli ——— ModtlS & Single mubwvally exciesive indépandent frial — p (|~P > 2 by o oe

r (2

slazjes Fou 1UTes Successes
n-K

. ) h K
Rinomial — Folows n Bermouili rials, Covnts the  pumbor OF  Sudiestes. — (K) P (I_P)
Ksuaeses in n 4rels

Bemoulli dstiibogion is nothing bot the Binomal diStrbotion, where dhe tra| only sccors  once.

inowm; X)=n =n- -
Binomisl ——— E(X) 1,4P , Var(x) M(' P)
wing wins Losses

x-l
S Numper OF reas o Fifst SyClesS =L [ |-p I_Fl
Failyfes  Success

GeometriC

I o
Negbve Binomia| ——— Nomber of Hiials it tanes bo ek Coram # of Svcesses G,,‘)»p'(l-ﬂ

IS 4 of success
IS amt o Brmals

5 G
N v Ways fo Chosse

) (M> A/~M> the g
Hypergeareine ———  Draving fom  Fine Popubfion, Withowd replacement LN AR VRS 7
N
(n ) ~— Total oUtomes

Uogt 08 n £riws’
ten n trais”

Bineminl  Questione have a  Set numba o tromls

Neqabyve fornommal  Qvegtons have  a Set  homber of  Successes.

1 hymber aF SUClessess’s



Problem 2.4

The menargless propersy of ke deomeiric
disMibution | ;s o Uniaue ChalelderiShic

whefe  Probabilits of needny wore il

o) Show Hat for o Positive indeger a,

Plx0) =@ where a=1-P

Failyte = ez 1-P
for o Sulless , independent  From hpw many fleny Xya means that the First oo dras are
have been  Com plesed all - ¥ailyles.

b) P(X>at) | x7a)e PLxsb)

by the Defincdion
o¥ Cphejl“ll'fml
Plo bab: IH,I;{ g

P oatblx) =

P( xrats n Xa)

(X2 «)
Becake Plxdass) impves P (% 2a) 3 cwnt

= P(x >a+a!

P()( 70.)
Flom o P Xoa)- o and PUQM%)-«Q?”’
ut b b
=8 -q =Plx7)

Plxn) =(1-p)" = ¢

Coan |5k e

Negative Binomia) Distr busian

Models the number o (Erals  Hezded ko achieve
& Specified Mombel 0¥ Sucllesses in o Seavente

of independent ond Werhiany diStrputed  Befmoulligram.
Fotmula

If x (e Pere sent lhe numper of Hriais needed 1o
Yeb 1 Sutlesses , X foligws

negative  Bino mial
- = K-T

ME= PLx-k)= (1) (1-9)
* P s the  Pobebility of  Suwess
s I-P fob of  foilvfe
* U 0SS H of requited Sycesses
K L’Ll@ Lotal nomper  of trmls,n(dd ¥or Y Suteess
c l::l‘ Binomial  Coef, oonps wavs 0 Gramg, 14

SULLAS Tn K4 drial g,

Tlu; Firsh x4 brals wny (esult in (-] Successes.

disétibubim

Exfested  Vale Elg= £

Vorance - Var(x) = r{ 1-p)
PZ

(eol

When

MNote.
T=1, neqabiVe binom|

distrib Ubion  becomes Yeomet! C



Problem 3.5

0 N TN
P(x=10) = (’;:,’) : o.5z<l— 0.%)3
Plx=10) = L?) ~o.3L(o,7)g

?(Xalo),,- 0.0967
by Plx ca)= Plea)v plx=) +Plx=4)

ot r gz——\l)‘o'f'@*(21)‘0'3;'@

=0.24¢§ WS fem S introdveed
becavse we hwe [ and
\I\/L(;rf, rle Y= Cl‘nnql)) P:g,_f, .‘7‘40,“ 7 failwes i thin e
First x  frcats.

Peoblem 5.6
Pzos Fz0.6 Problem 2.7
*;‘4/5,‘/7 Series  lenglh Y $ [ 7
. Obsgie Frew U1 16 16 12

Y winy means Sehies S over

Probability: one deom wing Obsered fiop: 11 L5 %5 %
4 0

U inavrow 1S F(S"'u(’):o.s /] l' “ )I
P Sweep)= 0293 025 0261 o.z0

%
Pro;ﬂ::: Plxsy= ((§)- 05 0624 L= ,; /J\cm/ they dort £t o simiver  distedyi,
h;];::s‘! el %>lo'sﬁ_0'sz° oL =—'€,=7éz mtaw‘;:a :,S:::ly ale  not evenly weichd up
i A AR I N I

9amey

?M@ Let Y be # of Goames il One
leam  wins.
Y= 4 s 6 1
f9)=  0.125 6.2% 0.825 0.312¢

Myltitly alt Prombilibies by 2.




Hyecaeomesric. Distribupion

Probability distrbytion Hut describes the
likelihood of gefting a (Corfam Nimber o Svedsies

in o Sequmce oF OfawS flom o finte [oPylatisy,
withovt Teplagemen 2.

Withoys Reflacement - mel'cs that  Probabilitres

will Change based on draws, makmg bhe draws  dependent.

Kcy Chavacter s bics

* Finite populagion , divided ko Successes ond  failures
» Draw x items$ withovt TePlalement.

-D(u.\./\'nﬂ SPELHL Number OF  SuCceS in 9iven amt  of Erves.
ways to
—d

s
Choo Wways o Cheose

PME plaenr= ((2) (4) T

n-x
(n ) ~— Total ouUtomes

Whefe; Mean: = nM
*N is tota) Se of fopulation N
M S dotel  “Sucesses” in population
e n S {he number of Jdraws

var ()= aM (y-m) (m-n)
wE =)

- X is random  Var (eperesontivg the #
OF Sutess bhap we Wwani

The beim AA//:—:'- S caled the Finite

Pofulagion  a dyussmens.
Note: T& Samping less dhan Sz oF dhe

Tota popolation, Yhe hymrmeometric and  binowial
diSt b ution Wil give YClose”  onswers.



Pioblem 2.8

Box condnins 1§ red bells
2 black bans

&) Hypergesyenc
g

With Reflacement - Tdefenden ¢
Withooty  (eflderumd ~ MOb

Indefendent

2
- “4 ( ) -_|s . .
Pl red)s ( 2) - g S et G0 and W b,
x X-K
b plR)= ¢y flr\= ;‘j‘) P (1-¢)
P(RY=0-2 Loy, ¥ ! “ -
Tobal Oytcomes - l;:’q% £x=t)= (,‘1 ‘>' 03 (1-04)
e (2) Dz)
Bin v ‘1) @ %) -55;5
Choosing i:.,ob Lﬁ:'ﬁ;
Problem 3.9 Bemaylli Single  Liie!
120 opplitants Binon gl - indehmdent beimoni
g0 Qum|itied ; Hrinlg
Ho np o\ i ¥le 1 g .
a; {( sjl; lguo) (760”6“'(' - Ll firg Suowssd
_t2) L3/ —, ) # ot tlal, ded ¥or
C”SO) 164 Nf"] Biromeal -7 % o Surs ehs.
Yypergeometnit - finite fopuiatim
b =2 Willout  fefloczmat
Plent= (5) )% ( 4)" - B o0

DerivabiveS  Reminders
f(x)-9Lx) =

(2y-9(2) + 9'C2) #x)

Product  Tvie-
. £x) £020)90) - 9'C) fx)
vo =
Awopieng 9% 4212
Exponentral el =l ¥l ! )
Lawn s v v g 2x-5 7z -5
& = a7 U-lno = .2 In7

<

Comsbanss:  —pog3  C sy
€00 elex)
c | [




Practise modterm # z - Test 2

Stdent poin

l) o) Let % f(eperetent o
hovember n qrade 2.

20 Students

Plaov)=
( QLLZ) =7

P £7) < o) o2 reten)
F[K..o]f_ (_r = C)I-)SL(B

Plx=1y = ”)[,";}(%)q
12y - (“’)-(iw)z- k)
Pl)lél) = '%I, ° w) ”)Iq (n lz)
P(xé2)= 0.770
@ 5 Students  mb'( he £nS
27 born in nev
Modelled by binomeat DisEnlwsion.
Y ~ Binomial (n=4 , PE)
P(YL2) = Py=0) +PLy=1)
Plr=ey = () (%) (%)
Plesth = L)) - (R
Plyze) = 0.706+4
= 09432
P oLx £

Zl’> £l2) = ;5
3, iFle &2

o elSewhere

ThiS can be modelied
USThg  Rinameal

_ -39

" _ 5.2155

0.25% 78

x v Binln=z0, p= L)

© To tind the Protabiliey

Key \word$
5¢4 number o€ n ("(n lo %mcs'ﬁ
Means Bin (n=10,p- )

(D) (P (A

Set Numper of SullesseS Means
nNedatie [ inomial

¢ 62 4|

2 |
2) | £2) |= %
3, Fle &2

o elSewhere

Pl052 X<15)

e inteqube  FL%)
1.5 ‘ ls
ostehy = froooe [gor fs,
() S
2 1 b 1§ 0.5 1
.éx)o.s +‘;xll
=Ly % 206 P(052x¢19)-0.5

Note: From density ®unctron, +o qes
Piobabililies, you inteqrate over that fey,un.

From CDF, P(a £x2b)=F(b) - Fla)

Solving CDF  GQuestions

Note: To kind CDF from PDF, Seb
Up bondS to 2z ond
v must add  the

Probuds )2y, evalya tal
bounds.

femember 11
i5 Cuomviative, So
Pleviovs  indervais

at the Sl 9F lhe  pew



o
C z o 3 - (z-1)
) E[X] JO‘JTFMJX. : ) LT %g B X2 e,f,x—d—x_z
- Z-% dx=- 2 ,2) .4 , Obhetun's az
E] - { 3o Z,0 © ‘ (&) e
. 2 232 q tx +-1 )L_
VAR CTER S I"- 2 Myl E(e*) (Cu—)l)xj\
S BT oz | -k pr-xrl (401
3 lo \f &kl- 6lx ‘) JZ (7 = ¢
Elx]=11 ) b
] ° . - (4-0)x
tlyx) :f 2 f2)dz U NV A P Cf c& s ¢ = =
- ! (-0
1 Z _ (+-1) 2 « :
:f %xzn‘x +f%zo‘x | oq
° . ' o (4-) x
z -Z/xBI ¥ ix})L AS v 5 0, i€ t <), then ¢ =2 0
15" 1, 15
' when xz, 7! i-1 b
|, .t 5 6re Ll | qe
= ks % T b-U | A
E(2)-2 Tk
2 Ml et L
Varto) = E0e) -(E00)) R N
2
Vl([”: (%) = (’l) l;) _éJng . _24'__\
Var (x) :%7_00 b -l e
= (AN - (D) |
) (+7)° 0
Ex) = ¢
Kcy [’(ofc{ tiesS fol  Exponentiats
« For c”'/ i§f o« 20, & grws  oward NENYY aS X %0

¢ & L0, Cl}K decws dpvard 0 as X~y

ehaviore at  Infiwey:
aco, & =50 ay x-109

wyo, P as xod
/\/Oé(’, 6"/5” (53 PM‘F and [l-SKCd ":Ur CDF, I.S 5"“?’:{ {h& Pfabaél.h?/«rs
ac)dmg on to eath  Others

To Find Naan/hpc@egoi Valve: ol the inteqrats of +he
PDF



MHow Lo Solie MLF Questrons

) Deteming & You are gven &  nbingvs £V or  disciete V.( Conbitns means PDE, Distrean
00 o0

means PMF) . Then s ; i
p ) n e either 2‘6 ) e \/‘6.”(4'()6)

—)

Exponent Luies

2) fattor Exporentien|l  feims/ Simp| ity ) A ff a+b
1) Solve  inteqral ‘ -
) Lok ot bhehavowr ¥ Sec how, o ) ta.bx Cad)x
Can mapy HX) a Finlte Valte . Cé,( ,,,,,) = ff,),
e < & = 5°
5) flig in  limié, Solve
6) find  First)Sciand monent Fom denvmiiies.
DMéF PmCJ,rS& Q U iong -;) £(x) = .I—z;% X 20
P o otherunse
f &H 3’“:{% Finding use.
' -z
< 4 Condinavsy RV Mxtr\=fcﬂ- st dx
00 & °
) x =4 7 T (42 - %)
) = e = & 6 w ) 0 00
- 2(t-} A x(i-1)
4 = _l.f 2 Xt 3) e * )
0 xlé—Z) ey_a..z) 2 To hMalke rf” z)arﬁﬂltk z P g ’;I' c _ 7 zb-) o
e = 2l a, £ must be less fhom P ’fl."’i) E
) () 0 - Y (+-3) £0 or’fﬂT‘ tearmeRa b, ks
T . Jd | 4
= 0o- L 5-3 20 T B B i
(4% r 23 Or 4T IZem
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= =5 fs fthe miF i =t (9)Be) -0
Ry 2t =Lz ] = f(x) =2
K<0 1-r [bc-I)L o % X} -
) p<0) =08 find mge "
plx=l) =05 5 plx: K)"g(%) K=0,1,2.-
Plx-2) 02 | ' 2 2
o 1) DiScrebe €.V impies we vse thd def Myltl= Z & . fx)dz
X
) Discrede My ()= 21( e £ becade wmies oF K ok infouve we doi
24 L) 2\K 2 K < K
J co'ol‘5 - 55_ 02 t & .02 %eﬂ' -{ g) Jx.—,‘—.lg e - %) = L%j)
zt i
= 0.5 + 03¢+ o2C SR 5 Lu*)“ whete e 267 a e | 7 veensse
= 3 — z = - =0
2) bind  E(x) perw, set b0 O Ko ~ % : | e |
v 2k Becase 10121, Sewr ineavatiy ze®,
/J,_ - 03" t 0.2¢ 26t 2t ——+ :
EEZ ¢ 2 /34)_: e L2 = &4%,.}4lni
293" a4l | ( | 2
= 0.3 FO.Y <O.] v 3 h\/—flT’) :_?:Z—J for |P7Me
1
4 . loBaet) - ( ) (-2¢) 2e* GlixT=] 2
ok (3-2.49* (-2¢9°,
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(- ¢
z
= &-L
I et
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h—K
Binominl: (m PN(1-P)
Mote MGE  fprackise
Problem 222 -X
| z
Flx) = 3e i w20
0o - oEhef wise
“) Thig S & Congmous r.v
od
oWt Use MT&’j g“'z.-FC;«) dx
—0d
00 -
J‘ gr. 1,7
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e cF 12-2 g
) z -3 (p-2
Zé/ e - & = 2‘/ e - e 2
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L
‘llf CLH.; Need  3-% €0
[4 | 12 éz"
(i3
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t -1 2
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2t I X200 A
GBSt Mament l
= Set  deqvabve M(LY = E e A
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Prackisc Midterm #2- Test|

D) Tndependent - Binomoat

&) Alice wins 7 Limes in no more
than o Games,

There afe %6
There are 4
5P|l-",";|'ﬂﬂ the
LO-];M wav g Gives oS

ovitones:
ways to  die - }7

f&ma{m’nﬁ 20 Outoomes
Ploin)= %7

o= { 11) ey

P (X&lo) = Plx=1\4Plx=q)t plx=a) + FL2=P)

(5 0-2)

() @ +
= 0-06% i o More | fhost

le) Alice wins
Deaws

~IN oo

Bob wins first bime in less dhan lo gares.
Geo~ (P25
° l
- & (2) 4w
= 0.666

) £l %‘@u fo1 xz0

-2 for 0 £21L£|

0 ;  o4therwntse
e) \Ytor x¢o
z
x
2x ] 2 ] 22
L/ e dz = ‘z&, T ze ~0%;e
—’0 L
) for o£x 2|
F'W in o = ‘LZ
2 . p* s
f (-—JCJZ = %—%/ = AX-2" 4
0 0 Pt
B fr %20 gy e

X
f%(ﬂfo U=

bow 2o Skedch bho  fumciiom 2

;s the prob She svine 7 fmes
[0 qames

plert=
1b) Biromicl

P(x29)= P(x=8)xP(x=a) +P(x=(0)
0 g ! o 3 2
ROICECRCOIRCA RN

= 0-019688 x2 =G.03a(17

Riromial hed fixed n

Ntgatie Biagmal wws ¢
Sulcesses  Fixef,

Zl;) Lepb Y= -6xt3 , Find P(f(,gc_;\laé)

N Sub in: P16 2-6x¥3 28)
1) Subbmlt 3 fiom bobh Sides: P(-4.58 € ~6x £3)
3) diwde both sides by 4 P( i ¢ * -1
P-4 ex22)

sy oor: £( 2)- F (-4)

= %J. — b.193%3

- 5118
20y Given Y=-£X+3
i Eak+b) za E{X]-fb
, £ l-6x+3]=-CE[x] 3

E[X]:f ;ngz)x + X ‘
) —X) x-
P / 2[(1-%) ) x o+

T 5
, 0 551
3% U=x (/IUJV-" UV’./IVJU =t
Xe Juz i [~ ™ i3
- dx:dux T Xeze '_/"i’ dx =%
1
dv: i i, X 1y
Ve g 4 3 € fi-l"_ I
ot
s 0 -1 —1 4
-7 43 z 12



DERICER (TL)ZH

,where X=0,1,2

2a~) SKelohh
b V4
- E L)
) find PMF - i .
|
Mty = go B2
P

1~
F G
¥ _L;L-f;f F ‘T:ct
aof + < lnH
ZL) E[M.‘] = %c'&
= - (N -¢) \
(Meetit
- + 3 _ 1
) ﬁ.&,j =g 32
4 [)L"] = _'56’{'__ d - @Gt) [Ct’q) _,(&‘\‘:)(ch
(ctoa)t T

[e*a)"

ELX‘L) =T Zai(c*_:_u) eto = 5
Vel §02) - paf 79

=

q
= (L L’
= o= [ =12
4 9
b awstions , b answerg ko cach

e T () (31 + ()2
Pl rgut ans wer) = 'l’;’ :
b Total  queyyn
PUX=2) ,1pndepomdent Hras
( Sultesses  Wtany ey Bomial dist

3-4
- (1 (-3)

- W20
= === =z,
56l L

P( X 22):‘ 1- ?(K"‘l) + P(Krt))

T =056 - 0.039

= 0.945



AsSiqnmentd 2 Questions
D)

o ©
® 6

@) Numbss en B 3 4
bhe z bolis

(1,2)
(1,3)

3
H
(1, u) s
(z,3) 5
(2, 4) A
(3, H) 7

Doy plxesye P(x=2)+ Plx=1)+Plx=o) )
Plxesy-
Pl-0y ¢ xz4) F(4)- F(-0.4)

3 |

2 - -

O
A
z

Pixzl)=

o |l

\

?[XfS) = ff
Plxes)- 2

F[ Xc£3)=

NV—

J°) E(2)= 0, 223
—Gl-, 32z zy
7 z, U¢zzss
|
i 2 5. 2¢¢
3/
-%—' 6 ¢ 2z =27
) zZz27.
Given the CDF.
To fiond

Plxen), PLXER) simpy
Jusk  ¥ind F(3)
for

P(x>a) , PL Xx>9), simpy
Vse

= P(X£5) = 1-F(s)

z
{(1)426%) for x=1,2,3%3....

L= 0.260
6 :0.005
D Thig 1S disorele 1V = Ke LM‘;/"
£ i1 2] arf|=t -d =3 ;
Mxlﬂ‘-: 2 e ._‘;0‘) e —r fr o ri<) w36 6=Llin -0.26p
x ¥ - _ 3 2 o 005
od e c 3
[ h S o ik
x A« Xt 35 %!
A i b4 i | %ﬂ+ D.266 zLlim
"2-2 e 3) CEE o cons
~ + \ 0 K= 3¢ This is U
<0.23
Ix_\y T~ b enjur irer , 31,/1‘,5* z | »
3C B %&"’ 2e® et 23
= l 4 7 =) > +t 2 Inb
‘- ge - 3ot 3 -t
t t ¢ { z¢ 2
4 (e - (o) (2e) 26'(3-¢) +(c") l2c?) tef-2d" v 28
(3-¢%)* =

G-<9°

= 6ot

e

(3-¢%) ¢



(DF Related Quesdions

0 qiven the P

3) f[l): '115-11 X 20
z 0 X ¢co0
z cx2)
flx = A ele2 \/‘qu= uv:/'wla
3 vexes &)  (ekC [ Xgo (e 20 ¥20 .
L ® 12 I,
7(32 z2¢2¢3 o - x dv=«
0 dekerarise -—k{ ) =0 f ’-Izc'szZ dv> Lz’_fz)(
Fx)=plxex) P 0 v= £l
= S = ['a =
) F g J 'F(Z—)cjl‘ ‘/fx‘iz (:Zi o sz f - 2%
s e e L el
4 T U, 54 d
l)\.ulun N} 2Y)when 04x £ - -Zxc_zx-n-:',:zx
0 % . A 3
= x —| 2 -2% 2 L
fﬁ%) o f 2dx = 2 N PO L =e,“(vzx+|)
N Y o 0
z
= X -
"c."
Y vhen 1 éx gl “) ven 22z W PIX 1) = fel)e 1272w
4 ¥
: = (-3¢2
Td1 = Loy L/I 1/2. _ %y )‘27(
'\fL bl: o zl;’””z"é[z
_ [+ L) 4] 2
Pl T g o)
=4, -1
& S I R P (z)«/ 2. S
T g T T a o4
5) ~when x13% 0 ¢ X co
. v |
fw{(x) = . Fx)= X 0 Exe|
® -k iF lexez
X a2 5 f zEXE3
PR =
\ e *2%
y £ - % il A zh 162 % 2 01
£ ) 0 Olkerwise ) ?[O £0Q 5)
Usng  CDP, we Sce
Casel: _od
o bo Plo2s £ 2 0.05) = Flo.75) ~F(o. 25)
S # de <0 =l a4 L1 |z 1
~ I6 6 7
Case 2. 0¢éxgl
. - ey EZX]"— fl-F[Z) on ke rn9e of X
: 24t | A 1
f 1z gz - z }a Tz z - ELX)= /' 2 2x b2
i i b 3! 2
cose b: 2| Py o | = f 21tdx = Z’%,_‘ = 2.0
o0 5 J
\/‘ Mlcll = .?;—' = 0 -1 L 4= 00 E[X]T' %
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0 Xe2o
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Move CDF
z | ole .2 Find P(1 ¢x£3)
2 £ <y

D fex)= %
6 thewise

o flom -0 o o

S sea=0

=00

Q wi- -

-‘:f)ﬂ);\
(& X <o
Fley= f‘;XL o & x22
é_x,,_l 2¢x24
L{
1 X274
PLIE%€R): gy - F()
¢ - 5 _ v 1
P[1¢x23) = 3% 3

T Find ke xpected Valve in

CDF  Qu estions:,
0D

Y use PDF  intesqubed ,_/A‘G’C'HZJ
and  add up o

valid infervas #r
thald  Fonchion.

= E[X]
2) Tign do  the Same for E[A’z]

E3

-iz Oéxé[

2-x 12 x g2
19 0{"40”‘"-.5‘

z
z
= - X -
2
0 foy X 2o
i for O £x =]
Z x ¢
Zx-%z_l For e k|22
| fov X ) 2



PO 15800 Distebudion

The PoisSon disthibusion moders the NMumier OF (fae Eugnts
Hhat Occoy in a €ixed intefval of bime o space.

The ewnie mMost be:

1) Randomly  and  Indegendently of cach othor
2) Al & constant average fabe (R) (Nmber of experied 04 comre 3
%.3 fvenks can  nog occyy  Simvultanewsly

PME for PoisSon Dis il udsion Nobe:
5 6’7‘ E[*])=2
P(X=K) - ] B i A var (1) =%
The mean ond vof.ownce are
wWhere : eoual o lambda.

Xz umber 0F events i interval

A = dvefage (abe of evenss If lambde < closer o O,

el= T8, Poisson /S Right Skewed. Tf lambda 3

Nole: The Poisson  dis2iibybron 35 a limizing infinitg, 1 IS Symmeirc.
Case of the  binomoal d75¢ Gbuson.

s N 4 P(Xé 3)= P(X<0) +plx=1) +P(x=2)+Plx<3

. F — O

L o O i e Calthlator Tif
When n is  lalge and P s Small * Poisson  Pp for exad: P(x=4), 1=5

Rule Nz, ¢ £o.0s¢ s foisson  CD fof X &K . P(x £1)=Plr<o)+Plx=))

P Xz4)-\ —p(xe3)



Problem 3.10

A= 6 %}WW\‘YLﬁ -E (.X) =K L‘j Mq.f—
0) PlX 23) = Ak=0) +Plx=1)tPlx=2) , 2Let-1)

P(xz2)= 0.000L72g 10.0%%1 + 0-09422 mlt)-e¢ . net

PLX 23) = 0.12%66 Elx). dmtt) _
b) P(*24) in exathly 2 of bthe mext s days i Ero

Plx 2a) = (- P(X £3)

= |- 06.265

= 0.735 — Popabiirty of Success
Fixed 2 davs from o,

Bin(ms, }7:0.73_;)
= (g) (0.235)°( 1-0.135)"
= t')-'Z?‘I

Problem %\l

P= 0.00008
n-loood
X2

©) (X =o)+plx=1) 4 pix-2)
(000005) (“’M”> Co oooos (l oaooﬁ) ['D D)[o:ms
P-0.9%¢

b) APP{CHJW%@ Wwith n P = o.00005X 10 Coo

P=0.9356
Thm 6.9. The mMg¢ 0 Pois (w) Ploblem %12
iomiy = et Akz ]
b mie)- £(') i M A
= E"o “( N pmf  for E(X= £(go S21-¥?)
£, € E7] >}7 Pois son = 50 - z£(y) —E[‘{)Z
= £ M £l =1-2
o gw e V()7 viY) = €0y - [Eéyj
= P
M P /\Hy/ () *[E
In the form 2 |
o g Jeomatic 2 -6
i e E(X): Go -~ 22-6=%0
_A to z
T e ( 7\:' ¥ &5‘* r:‘;'_»}-) Ve EX?&H’CJ froect 15 $90.

—.5'1(67“) /6'>=Lg l)
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Uniform Dis dribudion

The Uniform  disdribusion models  Sitvasions where

Cvery ovhtome i o~ Ceftain intelval > equally likely.

Gemeral: A 1V X dakes
With all \ales being cavally

| Zia

o Iﬁ
for o Continovs RV distrbvied on [ob]

Ii'KeL y

POE:

Fx) E =, aczzb
0 , othtrwise

o Heiqnt of PDF s conStent beawse

Whtomes ode  eamlly | |(ely.
e Afea under Curve s
F
(& e} z <Za
FIX) = ) 22 a4 2xey
s
| 2 ?b
Mean

ECX) = _G_L/;_L_ (G.I/Uhﬁc of inibIIA(S)

2
Var(x) = _('_l’_,—éi

Probem 4.1

Valves in an inderw) [«,B]

2z ~ Unitorm (<, B)

/\/ 0fe: The EXPelled Value Provides
US no delevant infomadion. The esfrsd

Valie and the nesn dives vs 1o
Prea’-'c\éfvc Power

Disclete  Uniform Distebution

~Probabilits of eath outcome:

?(X:L)s‘lé]’ Ifefllz....ng
“Mean [ (x)= nrl

Var(x) = _n*-
12

ley 2 = U.m..'bz’ng time in
Minvbes unbil the bos Comes.
2~ umit(0, s) , .04, 905

P(x=3)-= ";' , becarse L per min.

flz):= % s |i€ 0£xs¢

< ) (4 el§e

P[K>3) ’j; éJl: X 592 0.4
3 slg 5



Thm 6.]

2 unie( o), then £(2)= =2 and V(Z)s L (oo

YA
£ (x)- f ez - fﬁﬁ)\&
= b—a.z AT .S 7

2(h-a)y 2029~ F
b
1y _ x!
E(’f)—\jo: z f—Jz,= -5(—‘_‘&)1&
Ak o atrapsy?
5 (3- u) ) 3
V(X (%)
IL € ] ( aty (2
- 3‘( rabté ) z }
"Z[QZ—ZAL+bL)
Vix) = b=*

12

The Exponen bial Dis%ﬁ'buén‘on
EXPo"bﬂéml Dis & bytion desttibes the diwme

bedween SUUesSive events in o [iSSON Prgcess,

o Evends Occor  jndePendently
o Auging, Yobe o¥ occulfente is ConSlant

DF

- XX
20
flz) = ne , %2
o

| X <o

Sh e

N

whefe K is the (eLte Parameter: homber of etenis Per un'd time

£(x) decayg exponeniialy as X incfeases.

CDF b
= - zz0
Flz) = g ’

T¢  z ~vExp(R)

Elxy=2r *

Redatonship  forsSon  and
EX Ponenpiol  Dirs ribudion

desclibes  Chances of  evens ocCurny,

Eﬂonwl.h; 9iveS diStance bel ceen events Zhat
descrired by Poisson Scluadion.



SOIVM?} Problems with EXFonew,lm) Distis b v bion

1y Find X: A = _#of events

Total dime

7y Ve PDF fof exocl probabiizies :
PLX=%Y , fta)e RE
%) Use CDF

To find P[X éz);pmsl,g 1
T emd P(X22): se |I-Fx]=e

X

Problem 4.4 Volcono

36 observabms of X

Avviane Lime bedween cfypiuns  36.72 ronihs
0f A = 0.027 fef monih

Densidy Scaled H:‘S{-agmm

Tive Tnicra | Obsedved Density
Frea,

O ¢ xc¢o 13 0 6lkl

LU € X Lup q o.o1Ls

W £ x¢ 4o $ © 0069

Densizy = obsefved Freq

Wta) # OF ObpSelvaions x Bin widbh

Tolal Afee = |

Mewoiyless  Prioperdy
P x2s +e | X235y =P(xX2¢)

The Probability of an event OCCurfing
in the Fuswe does net depend on how
Much  bime  hoy alfeadj FasSrJ-

Plx > sve | 2o5)= plx ystt U x>3)
P(x25)

= p(xostt)
PLx>s)



Gammm Di Sterbydeon

*The gomrma disiribution is Conbingus diSé f. butron,
that  deneia fizes  the ex ponendial distribution

o The Gamma Jistehy tion handles way ding bimes
for 121 ewnps,

The Gamma D[Sw':ril)(/érom is Pafameterized :
« Shape Parameter ((20): Repelesnts  the rumbar of  events.
* Rate falrameter ($ =)~ RePresen ks the  rate o¢ proccess. [ Seate)

ED/F_: ¢ -1 -nx
(z: r.xn)= 2% € x50
‘F Va ) ~in /
whete 00 S Lhe Gomme  funCion, o Jeneralration
oX Yactorial : I (r)= fwtr" é* dz

o

Key Properties:
-
Means E[X]= 5 o 2F §
Variane:  Var [ ] = —;—, or | KpP
Stecin| Coses:
Wwhen Tzl, Gawma dist vedwe8 Lo exppentin| disé

Note. The gamma  distribvkion  Models  how long You'll wait
for mulspple &fents 4o occur. AS [ intrecses,
i} becomes Mmore Symmednc , feSemblmg normal Jl‘s%r:‘bumh.

Erample.
15 /ur
Pl X<10) = 1-p(Xx210) for fust 3
Cuslomers  {o arre.
15/ 6o min > 1 /Jdpn 2 =4
and The numbed 0F Limes e
ot ‘nleresbed n S (=3

10 341 -y,
PUélO)vf X e T _o.usé
o (1a)t4®



PfOPeﬁ’:feS of e Gommoa Function
f] r [I) = |
This is bhe base Cade for the qgamma  funiéidn.

rin s\o/‘w'il—lcﬂljclﬁ 5/“’6—1%

The integial of € €tom 0 to 0 5 L

i) ()= (ec) [
r(M]5{M 150(-_‘ 6—5 ojﬂ
N T R e e
Yy e ’ +j(;g («-) J

\

(K-l) 'Jo‘w-\doc_z- e—‘JJ(J
(- T LY
iii) IF n s o msitive integer , w =N

r(ny- (n-!

P(n)= (noty-pln-)) = [h«l)ln_z)-ﬁ’n—Z)

Problem 4.5) N

kxr e g 'F Kva
H%)’§ 0 , elsclhele
20 -z
&) To €ind K: LY _
\oflwe dz =)
ZNL"‘= 4, ﬁ=2)

NoCmalizing Consiand
LI e 1t
K = ?—?M_ 2".([14) T sl ag

r(h,):[h’?)-l
EF zzl m 116 e /. -1 _
e [ {x+r) S5 [lrred=f v 7" 2
ASked to Show Mr=B' (o) e

for w47 20 .

The /Vlam,nl- of X is:
Bl [ etz

Sllkblﬂ-g n FDF —x_
o . \ Z“—\—e PJ
/ur=2/ A =
Combine

Ten vse U subséibusion:
Let L= % k—’*"

fi-x
N f+ ox-1
Ve= 3 r(x) f v -l du

ﬂu‘s (S indhe  fotm 0¥ the
Jommu.  funetron

c!)(: [34(/

Ve=
R=r
. i+ )

Vi B T

' The o poment  oF

-~ éﬁMM(oL/}g)



Problem 4.7

f14) - g kgl l1-9)%, P 0€Y2)
o , elSewhete

&) T fmd K, e Know

! T
?/ Ky(1-9)" dy =}

|
= K%‘ Yl1-29 +y") dy
= hL‘é’z'éﬁl;}:I

K- =l K=z

l’) The Probabiliéq all counters ecue
busy fof wote than holf the Jag.

1 l
Py vo.s) =J$ £ty dy /\lzgﬁl"ﬁz‘{y

0.5
I

i f 124 - 12 Y
0.S

2 |
= 2y g :!‘1 )
A P 0'5
_ £
= |18

¢) Find Expected profoltion of time
U ombos o busy.

£ ["J’of ' yliog gy

E[YJ:JI 12,2(1—3)245
Elv] - \ﬁz{tdz_ 2448 41297 dy

o
s .|
- ey ey |
/5- “t S (V)

(o 2

Special  CadeS for Gamma

N When Shate thfameter X =), ¢
becormes he  exprential diSinbuion

z
2) Chi- Square (X ) distribotion
* TS Occurg when:

, Shape Pajameter (%= L)
Whete V is bhe degiees of #reedom

» SCole Pafametel éﬁ = 2)

Tn Whth Cade: E[XJ= v
\/[x],z.v



The Normal D;strbution
o This s o pobebility distribuéron
That 15 Sy mwmednl abot 315 mean ,

e The  Shape of (2% PDF rs bell Curved ,
V- /[l vag

Key Choroctefrishics
« Meon (V) Detel mues  Clentte o€  distrbuiion
* Slandard Deyiation () Determines  how Spread  the  Corve s,

I¢ 6 7S Smales: Te 6 S larger-

A AN

PDF‘ 2 The normal  dis tibvdion s
1 - (x-#) asympiobiC and  Newesr Glbwlly boughy .

( = T 0 e 202
—F x) = \//,_—-z
Em&nta«l Rul&
[[)Ld")

e 632 or dois €allS lithin | Séandacd Jdeviation
(P L2s)

e 157 of dala IS within 2 Standard devagins
c99.77 ot daia Faks ki 3 Standod dewabies (PR 35)

The Standayd Notmal Diskrbyéion Problem 4.9
i ®) Find  betvewm g ond 4

* 1S when o nomad distiidogoon  with
pv=o and o’=) & =) ! ”0‘”;"“ SEL;
o T =0 .
U r=75
z¢s
E)/ ¢ o:lo .ZN/VC'O; ?Sla'zsl.oz)
[ - z -2 Qou-2
£ X 29) = go-15 o > 2 3]
l ;' fat T
! H
pia 1;’175.3\\’,4;4_0- = Plos 22z . .5)
= = 06-9%32-9.64915

169.2 =133.4
") Find  Score x = A5 th Felcendile

To ﬁz’ncJ Yoth (Pefcent e, Firse P(xg zr) =0.9s

Standardiz: 2 - w -u P(z ¢ %-15) =05
— 5 10
&—7;5 =1.64s
lo

X =25 410 xlL6yc=al.4s

Plzv1.6e5)= 005
20,4 =0

Notme| ¢ . P=0-3



Thmn 6.6
The myf of o -V X dhat

o Nofmal Destributoon

LaN(v,c?)is:
TR Yy

My (t) = E[c“}: é

Follows

Proof:
O omwy=gle™]
, 1 =g
POF: Fxl2)= N (AR
o (2"

2o

éz 1
Mx“)-’—/ c \f;a? c

- &
el =

o)
| &
=ﬁ-d""/ [ 4 zc//L/

-

Z -

Dedour:

Comflete. the Squore:

_—xL v
ZO‘ZP(E 4’-;_-,/)1 =

,Uz_

Factol/simpity o “, v 2tv P
&y

a—b

<]

—(x-—r)
/ e T dx =

)
vE
Mxlé) = € b

It 2un 0,7, then
Ze X -0 q,/v(o )
—

Ll

A
=

Thm:

') Mzﬁé_l

[ e
-t

C%_*/"K (

L) Mg (1) =

3) Mg (2) =

]! 4
N\"p

b

- M
1) Mpli)s: g = e

L
= M) e o

> -,PA—PL’_zi

Show E(X) = b, V(K= o~

PE: dm Z:J L CIJL—P LZO—Z,I;L('U }_(;—g,)
Elx)- cJMf]} = p
G”b L‘so
2 1,22 z
d mur) _ 6‘”’+‘ ¢ (u+r2¢)
di? viakotst T,
2 . O
2| d mle) = e L2
'ECXJ’ J#L zk:u p +or
Vi) = £ (x*) [Em) —pw—p

z -2z +ﬁl

—, C,;z, Zxr2<‘6' + -51»

z

2

’ Z/ra’z



Lineay Tlans€ofmation of  Aormal DS E0vbudmon
Thm: Aanlt,0) and Y =ax+b then:
Yol (&t vb, ats®)

Pe: E[‘f]’ E[ax+5]:m)}[xJ+L= u_‘,l;‘k[,

varly) = var {axap) = a? Var(x) =<’a

Pletiy ruon replating  definvtions here

A[_OIM&] A’PP(OXI'MG-&I'UH to B;’nomra] Dle(l'bﬂﬁl'on
for o bLimgmeay v A ~ABinln,P) with:
b =np
o*=np(1-P)
&S Ny w, the drsErbukron of X can be APPIORiMa ke
by the MWormal disprsvion. & N (np, np(i-pJ)

42 _X-FE(X)  _ x -—nP

Zz
Vvar(x) J npl1-7)

The M9F¥ of 2 converses to bha maf o
Be Standard normal Ji%t as n — oo

Conditions for ApProximation

N » npys
e n(|-p) 75

2) Cortection fol  Condiny éy:
Since  bne  binomiar dist rs discrete and
the normal dist 1S Continous. ,4-??!7 a
Comdin'ty Comethion. p(x ¢k) = P(r £ Kto.5 )

yromPle  of  APPloximation
D 2 4 Bin(n-5, 8=0.4)
Find P (x=g)"
Plx=5) = (% ) e.qq =0.120

2) 2 x(nPz25-0-%7=10, ne(i-6)=6)
ch Y"’N(lalé)
Ply- ¢y = P(7.5 Y2 Ls)

= p(-l0z 22 -0.6() =017
StV Table



Topic 5



Joint  Marginel and
Conditional Distcibytrons

These ate myltiverikte dirsbtibverons,

Which  Study dhe  behavpwr of muljirie  fandom
Variabes o+ 4he Same time.

Joint Diséri budiong
-X and Y are  dwo drsclebe TV
- The Jdoint PMF 1s:
f(2,4)= Plx=2, (=)

Properdes of  Jomt  Dist
1y £0%4) >0
) ¢4 %F(x,q)ﬂ

Addmﬂ VP all Probabi|itves or
5 ot of (
This  9ives  dhe Prodability X=x and Y=y ot i il F 'Y

Be Same dime. (the Wi piciure)

Note: If Xand Y on indep

D Joing  PME WD fector inio
f(yy) = F22) - Fy (v)

/V\a.rfjfnovl Distributions

‘ The margimal PMF desciibes ¥he  Probabilizy
ISU bubion of one of 4he

(VS on /&s Own,
(Gnofing e 6dher Var.

s To Fmd Margina; PMFE 0F X, SOM joint  Prodabilidres Fix,9)
v all possidle Valus of Y.

Fulxy = PLY =)= £ £(29)

Proer W togcther
Jusk %

fylg)- ply=9) = g#lx/y)

Pro blem 5.1

2 Cafless ¥ = Tn 9eneral we get:
s from: 3)\/2\/y
3 aspirin Let X= aspitn 2,9) = Px=2, Y=y)= (;’QM
A Sedative let Y = Sedapve (2)
Y laArtive
i i Noke Bivanate, dependS on 2 variobles,
&N Find Jond fiop? s:ftLon;) , (0,0), (1,0) Lo L2
1, - , %
'F(X/E]);P(xgx/}’=g) l (Z,a), [ o) k('):0/\/2.
o % 2, - £ Flx)) 0Lty £2
\ | 2 o
ol % A, 2| 1z ply=1) This  fesembele  a hyPergeometry
Y/ €xlx): s GiStriiud s
‘j | @ '/6 (5] /lg £l0,0)= (0) (01.)( l;_) :@ rStrilydion.
| [q>
3% | O fo)= L3)(3)



Proplem S _
b) Find mamgval probabibty of X CO no[’%l‘ona) DiS%r.’I;Uéf'Oh
i . W !
folry: O 2 fxlo)= 2 The Condidionel propability P(X:z,l‘{=3) s
LA R given  by: -
These are  the C(oloumn  totals plx=x]1Y=9)= P(Xﬂlyf'f’ :m)
Of the joint Pme ¥ (2,y) P(Y=9)
Marginal  PME of V- Divide Jomt PmE by Margmel Pmt
_D’ 71 % 1o det  {he condrévona) Jesnbution,
fyy: g 36
Poviem S\ _
C) Given =1, Jisipudion
0% aspinns
F(K\[) = P(X:x] ‘{:l)
foy lo11): £L2D 214
yl1) /13 7
PSRRI T o
fyey e T
fxly (21
L)
Ma K es 7
%n”%/ /18
Canl choose
L, oivem | ¢s all Stlested.
Procc £ise
4 Red Led X be # of red
2 Blue Let Ve # o¥ }lue
2 breen 2 Drawhn
*) Toint ML
Z
y 3 A
o | 2 5 (zj[‘ﬂ) (z—x“J)
T el 0 Y I
ol % %, 3 Q2
YTy >z 0
3 .
2 'z, © 0 (ondibuna) prob
Morginel Pmf  for X = £ xy (1=t
$
flx=0) § flon)e S = 4
’E([x"'): 'qi ((’z)
£(x=3) = § £ = 4
o B e
M"‘"ﬂivu"-l ?M]L ‘ﬂY Y= z 7? IFX=z6
-{-Y[C)):lé le\{efxl\(sl)= {j £ et
\ 4 o bhenunse
N = 3 4
1



Joint  PDF 0 Ver view

The jornt Pdf  Hxy (£.¥) descrives

AV Prodabilily  density of 2 Verables
)( “'Y\d Y

Joint PDF:
Fxy(x9) 20 @y an (29)

_‘w/'/lw Fx,y("l".l)JZJﬂ =|

Dlxll/
Fry (2,9) = g cixm)

T PpE is only vard from o-1. find £
S.t ¢ indeqrares o L.

Volume = P[ (%, ¥) £4]
=.// £l 1) "/“Jﬁ
A

0cyel

0 therwise

]
! 1
! 1
! '
i

| [
: \

Seb VP dovlle indegrats , For feaions
0 intefest

Defa: Let X, Y be conbimgus V.S with joind

Pd ¥ ;C?l/'j)A ”\@zn

4 marag, J¥
Foln)=_J #lr1)d8 il i
-
“ Marding) PIF
\cymhf Flz,y)dz i

<00

Ploblem 5.2
pl1ex e, 12Y<2)

2 oxr —(r2Z- X+
f/f/'a 7 Jy dx k3
! 1
d -2iY ~xty z -2 - x4
= \/‘ e 4y = e I s e -e
) . .
% -3 ~2x -Zx143
=,/\c dx = c%-_z:—z; .:5'”7

Problem S5

X = proPorbam ¢¥ Capac

Y =prpportion sold doring  the week
3x

Tomb  dF i -F(y,}j)=§ 0.
PLx<3) and p(v74)

vy oF bank Stocked at gk
wee K.

TN ELE]
obhefise.

Problem 5.4
£l2,4)- g il
o

a) (
\/%—[znﬂ%
o '
tf wagdy - 2erd))
= 4

2:4—21) , IF 02x 21, 0cy<l|
elSewhefe

s

Mardinal Josty ¥onetion ©F 2

%Z*% g 0 2 x 2]

Fqu: ? 0 0. W

.

128
P {
by [Pz Yo - [ [ xdzdy
[4 2':’
% ‘
I 2z
]T dy
2 X =29
5
S 34
. 3 spr 0
= oge- ‘,‘“'z
|
fy)= ) Z(a+2q)dx
0 Xe
l 2, 2
= éJ xizydz = E(% +zyz)fo
MEVER:T)PRE EL
hlyJ:(z(é rdy  iF e 2ycl
6



g o¥ X qiven Y=y,

;ﬂ%x ci Y2y Det: Conditiona) densit
L S e Ly = HL2)

cp(xe}, ¥ ) Fyty)

P(Yz‘;) \CCZ/‘j)f Join¢g Pd¢ o¥ Z 2Y
r | Fyld) : margmal pde or ¥

:// %(14'2'3)de5 5-”4)

A\

: | 7 Fx iy = Flmwy o F ) aaey
F(,Xf tuyes) s 2 €y 19) £+ 35y s ;:‘:141

{ o
P Yzi)if é\:;!g"/ﬁ d) erx1). 222 oixc)
s z £yt iy A
,7:5;_2_31/::—3? v (4) sf F(xll-z)ch =/’ 7’2—:;—20(.2
z [ o)
7/24

P{ e dj¥rd)e—£n =2 Plxzt]| Y=%). &

Some  Proferdies

1y plxex) Y-9) = PLxsx ¥=9)

PlY=9)
2. ¥(xly)z0 Ho ab 2

3 00
C S 1) dx =)
-X)

‘:lx’(’):% X3y , 0éx2i and 0¢ gy
0 else
\

fylyS x+9 X

o |

23/‘ ¥ +9 = {452}0——‘4“1
Eytyy= L4y 78 0<qg
b) Plrzi] V?—;;) = p(xz4iond y:_;:) r()‘z;'_)

PCy>4)



Assianment (- Plactise 9
Normal CD S used rore
tof  helh} o¢ PJIF at o
specitic Ptk like 36.5 . T
3% on 2 coe Wbe s [131] 0am
using - 4§
_ _ 6-W
2 P(x 2y4s) T ",f's 37.4 137 = 0.05
- 2. w.S-37
P=0 .0 29156 B . S I P A e
Pz=0.6663 ?(z;l.%o): |-0.1%32 . -
N — 0.0668 11) 2%% Caen afPorimady e Rofma
720236 - 316 Using Yinomeal
- % =120
—\> Z= ”_14.6 Ple)(,h) il L
t',) Pz0.6¥9 2z ~0.565 Cheex, np= 120 x0.23
p -o-23774 wp= 22.6 »¢V
P=np 10 (1-0.22) = @2.uv
P=110-623 5 2:¢
o = L‘lGo’
ContinVity fol  Corfection:
. 2.8 -22
P(X?SZ)=}’[XZZZ,§)= ZE "Lm—é
P(2 232.9)= 6.855 13 z- l.ogg
1- 0.8 543 Z 2 |, Sk
Note For any nepiive 2 Scofes, Simplg do z o uyg.
L= p-2) () 4 yn G 80C™ . meraen w¥So
£(pP,5) ~=
SY L€t 2 be number of &Ces ! 0 , eisewhare
Oblamed m #irsi dlaw, W s toial 03w
#  boik diaws, g
' PLP20% and S>2)T/’ ¢LRS)dsdp
&) Joink PME: P02 auz
80
Z con be 0,1 0.3 _p
W cen  be U’"IZ ?(Flag avJS7Z);\/‘ /l SPG SJSJF
: fzo2 “szz
0 | 0.30
28 I ¥sad = -2 1 -zpP
e [ &JP’chJP=%‘
W IS 2 G 0.3
! zz| z2| 1 ’ZP] e
5 5 T = ‘a'[ = é (-
-—\L—/ -sz -5 -2(03) -2(0.2)
b) Bz Jiay sefir- 5 (e 2 e
1326 1226 f=0-2s . ) -
_ -& (-0a218) = 0.3037S
Pz =0) —/_"}_Z._Qé , ?Czﬂ):_l‘f?_i > T3 (-0
2 L) Plozse po30,s<l)

C) Conditynal 6Given  2=|
plz = U wzw)

Plu=pl=Y = Pl2=2)

Ao 2
(ZLEE. S

1226 i
- é ]
w=2|2:])= == =5
P[ I ) 1226 = 22,
Tag
1326

f°'3 ' es
=4 g J
AR /:' re " s dp
=S s - s(1-¢9)
Do.g
S et = o
0:25

-

- el oo

Plo.25¢p 203, Sc|)= 6.25-0.19 = 0.0
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ToPiC U Probability (Scc 1.2, 2.1-18)

1Y Defintions and Terms

Prolabiiity is o measre of cnet \elicy in the

o6Ctufonce oF o fondom  evehé.

Rond om EVent . ovicome of ex perimenis Yat annot

be Jc—i&(mmaJ Uniorely  from  Khowh cond cbions

Classical pryy. Pm)ﬂ!l;(l:'[;y oF an event
OCoring  based gn  eamslly  likely  Ovpcomes,

2) TYfes of Rule§

¥ A/B a Mubkaly  Exclsive
) Addition Ruie: P(AUBY = P(A) +P(8)

Sy Othefnse

PLAUB) = piA)+AB) - PLANB)

Sppsse We can 99 Job | in p wass
ang job 2 N XL wags Thyn we can
g0 either Jjob| ofjokz in Z+hN ways.

Alss  to checle  independent  evenic
2.5 Multification Rule @ P(ANB)=P(4) P(B)

We can do job | in 2o ways

We Can do gob 2 vu 7 ways
W Comn do J‘O% | an(J J% 2N Zox7 wavs

. ]
g) Pﬁ(MU'I;a%(OhS Rule : P(_n/ r‘> = _(%F_)‘

Svppose  there are n JiStinct objelts
Te # or woys lo  GIMNGe (pormuie) [ o0bjellsS
selected  Flom  these N objelss.

(Ofder Matgers)  (Objects dmwn  withovt repiacenss)



Combina brons Ryle CCn r) il IS KN
r‘ (!

Flom n  distincé objecds the # oF ways Lo
talle OUL  combinations or ¢ gybjecks at
o bine S densted by ch

ORDLR POES  NOT MaTTer

Objects are drawn  withws replacement

Sample Space ($): The Set of all possible ostomes of o (adom experiment.
Fvent (EY): SubSct of bhe Sample Space .pvent can hawe One or rofe  Ovbcomer.

Revieww o¥ Seb nobation

AL R - A (S o subset 0F BB AUB  inion of Asd B
$ S| AofB ar
A ox A T complment of A ANB TInkersection
7 o Of Aand B
@ @ Roth A amd 13
g+ empy st Probabilipy  Rules
De Morgan Low s >
(AnB) = 4 ‘v 1) P(4) =0
CAU@) “Ang 2y pLs) =

2.\ P (AuB) =PLAFFLR) ¢
A% are MWially  exclvsive .

ul = M
hen P4 -



Rules o8 Probabiliby

W PLA) = 1 — PLA) ¢=> PLA'l=1-PCA)

o
7,7
) P (¢) =0 for any Sampe Space g
and A CB

1) AB are tveds m S
Then pehy £ P(R)

4y P(AUR) = P4 +P(8) - P(ANB)
¢ AB ar

Conditiona| Probabiliby

T A and B are two ewents
in the sample space S, and PLA) =0
The  Conditional plobability of [3 given A

P(BIA) = PLACE)

P (A)

Mo lEiplicatron Lew of  Plobabiliby
I AB are bw evengs in S PLA)#0.

Then: p(4ng) = PCBY-P(AIB)
whith X jysé
P(4iB) = plAnB)

PLR) fwrm,an |

Mmybally  exclusive , Pl Augl=pLA) tP(B)

Tndependent  EVents

Def . Two erenss A, B ale indefendens of
(ANB) = P(A)-P(B)

B”W} ePerdent Means event B does now
mfluence  the  Profabilidy o elent A.

Muytally EXxClusive
Ooccyfl ot

Def: 2 eventS can  not
the Same +ime.

P(ANB) = O

Note: Mutually exclysive events Can noe
be mdefendent.

Be,chc the ha(?onmg of one event
difeCtly inFlinces, P odher elens.

Mutval  Tndependence

Def: A,B,C ale  Mylumlly indepondent if:
P( ANBNC)= PLA)-PLp) -PLc)
PlANR) =P (AN P(B)

Y(aney = P(AY- PCe)
P(BNCY = P(BR) ‘PCc)

Pail Wise Ino(éf’ano[eﬂcc
Pacrwise indep P
pPlaapy = (AN P(B)
Plancy= P(AY- PLc)
P(BNCY = P(B) -PLle)

AR C ale

Pariition - a bynCth of Coses that cowr
all possible ovkComes.

Thm 2.2 (Law of Total [’roba.bilﬁl:tg)

T¥ evepss b, B2.... Bx form o fargiton  of S,
an{ ”\&Y are ytwally excvsve and | most ocyr.

I’(A):%P(An&)

pLa) = F(_Bl) - P(A “’)l) + P(_SL)P(.'HBZ) ..... ?CTSK)- P[_A’“gx)



B(L\/S Theorem

Bay's Theorem s « way of vupdating
Probadililes bosed On  new information.

PCBIA) = PLALBY- plg:)
P(4)
— Where pLARY (s e Probadilivy of A
happoncng  Goven g, ( 1:1it hoad)
- PLR) s ke old Prbabiicy
. P(AY /s ke o ltal Probay ity

B“\/ﬁ”s Theotem is C’iﬂcﬂtj Clnted +0
Law/ of dodal  Probabiliby:

PR LAY = PLAIBY-pLer)
PLA)

PLAY =P (8)-PUALE) +P(p,) PLAIBY . Plre)- PLAIBY

Lowqer VerSion Could be

PLBilA) = PL1B)- PLB))
PUB)-PABY+P(B2)-P(4 1B2) .. 10 B

q\A/I'U\ RCP\QC(,Mgné Questions”

PefmubationS  with (ePlatemens  from .

Whete iS5 # of possibe oubomes apd K 1S how
Many are  ChosenChow many fosiéions).

Combinalions Witw TLPlacemends Cénh&—\, K)

Vhere nis # of OPEMS and K s how
Many  your Choosing.



Topic 2: Probabiliby Distribubions, Densibies ond FAectasions

Discrede Random Variable - Can +aKe on a Coundable number of Jistinct Volves

Prolaabfii{,rj MasS Funciion CPMF).' P(X =z) ives  the Probebiliyy lhat the 3%tebe  fandom
VMl'abe S equx| o o SFLCI‘FI‘C/ Volle x.

Formula: p(x- LylepcE)

Whew p(z) 1S the Probability that  bhe fandom Varalle X tayes on the
of 2. The Sum 0F oll  possibiligres MwsE  eaqed | 2?()(:)5).;]

valle

Th& Vel iqhle X s essencially o funChion J!’/Fl'laeJ on S, Lhots maps e  ovicomes

Of eXxteriments o numbers.

Conjomous Random Varcable - lae values in ome  intervals of rex) #e

Prolml;)b'j Distribvtions gor DiSerede RV
Det: T¢ x is a d&Screte 1 V. Thn
flxy=p(X=z) for cash z in the fange

Y
0f X (S caleg lhe PmF oOfF %Z.
Cumulatie Distribtion runction (COF) \\\J .
GiV&S Lhe Pro!:alailiénj that « random Variable,

X iS5 less than or €qun| t0 @ Cergain Valve.

Fr)=p(x22)

Thi¢ means #r a wge x, CDF gives bthe Probobili by dhad X
Will tqKe on a vale 135 Hgp o Cava to x -
O for 2z«-3

v 1
I’x(%): -5 for -3 ¢ <
0.8 For -\ €L <]

CDF :

7
3z foy 1€ 2¢3
v for 223



Practise Problems:

Al.q2) 62cs iS lodal optcomes

o)
Plai)e_lBe 2 - Heztez - lei - 4e)

92
PLPair): s
Plraie) - 0.0 %75
b) 1% Hon e
G2ce
: = J
Pl kind) Zig 5

aan) §7,m, O E, VY

) bpH =30
by Urz -1z = dp2 =12 2 1= tay
Yp2 - Hpz
il = L
1494 z
Al. M) v possibe  digits

26 possible letters

® )
) Find all  Possidle oykcComes

2
107202 17576 600

Plall 3lceters) = 26 - |as

11576 000
Plaw 3) = 0. 00t

3 3
3 -265 +5°26%
52600 175260p

k) Plewen) <

0dd
- 0.25

Gl-4¢)  F1,F2, F3,F4, FS

cl,cz2, 3

L) h= 4cz - 3!
PLA)= 0.6
or

‘1P= x3 =£
6o

o) Sp3=éo

7) P(0)= live orf campus
plv)= live ™ wirginca

/ X
P( V’UD )s Ve on CampPuy of out OF Statbe

Ploy=43 CAA%)/7A/U@I/
it /
PV = & (AvRY =A'nB
P(V'Uo')'—'—f—[
P(v'iao')=?
Plv'ue)= pev)y+ pLlo’) - P(v'no)
% = 'é“"a'_; -P(v'ne')
'n o’ 4 .2 _2 _ 13
Plv'no’) = +§-£ = 2

A2aqd) Fof AB lo be indep Means

L

100c4
by S
loocy

AR =A-B
P(AMBY = PCAY -p( B)
P(R) = |- A
PLe)=p( Ang") +p( A'NB)
= P(A ) + PLB') p(a)

P(r' nB')=p(8') - P(B") -P(AIB)=

=p(a’) [ 1- Peay]

= P(R') -p(A')

mez) O B
L L
2 [
0y A= box | or box 2 empiy
Total  Oubcomes  37=4
A:g 23,1%,33,22, 1, 31,32% 5 12, 2
A4 7 - B -
9
1
b p= 3 Tndep? P BAC) = ple) . peey
1 =11 . (L
C= JZ_ 9 G
\ ]
75 B,C at indep  * il
Bt avre not mubially exclusiy
Le.cIauSo dhet Can occuy At the same
time Pl 4ag) =0
5
9 b q No thete cwmss ar
noé¢ e Since
Pivas) = L.}
o =
27
o Ty are mubrally exclugye
w 2
izey ] []

A=§ 1% Jice gives t o1 20r3}
B=%1" dite. gives 4 0rs org g
c= g Sum oF Numless on bhe dites A'Q‘G

% P(ANBNC) -pcay-P(B) - PCcy
ThS (S Proving el inde Pendende .
6% opbions = 3¢ waws: PA): } , Pel= 4
b make q s £63, %6 45,547 £ ee)=)
The one wov Lo do AB.c s

L LA
26 2 3

26 . PLA /)llllc):;'6

wl- W=

“ A1l

6



Let D lefersers o Person oer So having  din betes )
More pPra Ckrse 7) Li{ C Geferesent a Ooffeed Jinghosis of o fPass of dibekes test
[P P(1)= 0.08
To ¢l ind ePend o¢
DI a%oftis”,_ They mus:m;; Palrurse P(CIDY= 045 PDIC)= pLcnd)
‘;W&n#“l’m dond  teiy on <ag, PCC\ D’) = bod
¥or otconaz = .
plcip)= PLcnD)
Plang)- L B pre) =7 = Febs
P(ARB) zpc ) PCR) P(cD)= 0.03.5.95
Lot Plcap)=oc.07
is; L Trey are Not independint. , l
LYR-774 i ?CC\; P[C'D)PLD)*P(C’D)'P(DJ
©) 10002 - Tobtl ovbcomes §(cy= o0.4¢.008 + 0.02-0.42
D] P e PCCY = 0.094¢
10e2
= A
(S b P(Dle)= pcein): Pd)
pee)
6. = . 0.08
ORI MR- S P(Dlc) %
a2.9/5) E;La See o qiVen Magazame @dd ?(:D(C): 0.906
gy 0.06 o.] 0.25 0.6
_é Sees the cottesponding mafazite doo o ‘ , 2
e [ [ P Plas) =0 P (A31B) = P(B) A3) PLA)
L Puchases a¥ler geemg add P(@J )__L P (R)
s L g “JJ Ai) = 2
%ﬂ duiChose Withok  Sesing D(BIAs) "% - Ix0.6 _ 76
.9
letb S be P who Se de add 0 (B 4s) = |
, bouwgat
Led A& :; f,;P/ u;:lrf’sﬂu” TV. add whae P (B) = P[BJA,)p(Al),tp/guz).FUz)+
LLt:L M LZ PR who 90t megazie add PLBIAs\. p(4)
= L x 0./ +2 %0.25 1"'*0-5:0.8
Given: p(B)= 3 xol4z
— Then  pLs)=P(muT) =
P(BIS)= L P mut)s PLM)4PE) -pl(wmr) P(Az18 )= o.15
7Leis) = P = 4t d -
PLmy =24 pLmvT) = 2L
PCTy= ¢ pLsrs 2
Pimar) =L )
= S) +pBAS)
P(B) =1 P(B)= p(BOS)+P (ki st
P(B)= PBIS)-PCS) + P; 7
= P(B0S3) L. 2 1.
P[BlS) 'Ts) FCQ\; £ o) 10 100
- lug
PlBasy= pla)-Plyy  7LB)= M
PLB) =049

Pls’y= 11—

20
o0



Practise STAT 268
Midterm 1.

loy {1, /(5 4, %

PLr)s Means Someledy 1S 1t handed
"'D P Ay means he did the Crime
P(EaF) =7 PCA,)=0.67 P(BIAY =
PLE) = 3/20__0.&/ Piate) =
F(E):g\l 124 32 E.'l"lﬁ Sz Eﬂ? PCay = PLBLA) - PLA)
PPy - Z 3, 32,34,35, 4, h2,43 45, S5 253543
g ;/Zo = 0.6
Are P(F) and P(F) independent?
No,

P(BIANp(A) * P(BIA) -PLA")
PCBM)'P(A): |- 0.6
P(BLA)-PLA) = 0.2 xo4
pAlgy = _|
L) Dice l:él/L/;/hislgi £3
Dice 2:51, 2 3, 4,,6)

Samle Space  S: ¢l 12,13,0,15,16,21,22,2
3233,34,35,36, 41,4 2,43, et 1, “s, i

PLEAP) X P(E) - P(F)
PLENF)= § =025

- 0.6
|1-0.6+ 0.2x0.4
PCAIB)= 0.932

The new Pfobo.br'h'iﬁ oc
225,263,
Wy 51,5583, 54,55 54 g

$3.2 7.
réz,
36 ways :5,2},:5,_5-2?
Plear)=§  Te PLENF)=PLE) -PLF) D $AB, ¢, D2
F(_g) -0 They afe  indePendens. /
PF) = 2 g A.BL ¢ & Mets
= I Yez =¢
© Indtfp
S= £ ABAC, AD B, BD, €02
3) 5105 = 254%9¢4s &) P(comnor or Davrd):_;i-; 2
3
) 30¢ w kind = 12cl- Me3 _ 4B
= 18 L) Order madters: 4p2 =|2 £48,84,42,CH, A0,
Be,ap cB e pp
2 Aces: - Yoz flz)= X 0 ] 2 D’c,} T T
2 4
=12 X Uez x 4e2 P(x=0) = Iz 1z _'LZ-
gLoS
b) czciz
5 amté 0¢ PPl who can
4 o 9et+ 4 Aces
aces © 4x Yy . Hg,q ways o
= Ux geq Select terainrng
S2c13 ikd
= 4y

4l6s



Pracbise Siat 268

Midbelrm

lay P(A)=0.25 p(A)=0.75
PrS)z63s P(sY=aes
Pl A ns)=o.4
PLAUS) =7

PrA) = PCAns’\ + P(Aas)

0.25 -0.| = P(ANS)
0.15 = pP(ANS)

PLANSY = P(4) +P(S) - P(AUS)
PLAUS) = 0.26 4035 -0.1S
P(AVS) = 0.45
PCA'VS) = L—pavs)

P(A'VS') = L= 0.5
=0.59

b) p(AAs) = P(AY-PLS)
PCANS)= ,0.25- 0.35
0.1$ X 0.08%
" not indep

%) P(D) =0.00)
oy P(P1IDY =o.a8

PLPID') =0.0

P(P) = 7

p(PID) = P(PND)
P(D)

P(PaD) = PCb) - PCPID)
P(PNND)= 0.00( - 0.98
P(PON) = ©0.00098

Ple)= | -( flID) + PCPID))

pLD') =0.994

o A — Chwoses e

&) 3% ways bo Choose
S= % Ao Bo, ALBZ(AH—B_"// ADBL/ Aa__g‘i,Az_Bl(,Aq_EJ,A‘IBL,ALBn }7
PeY- &

l’) 52 ways
. | 4 =
Plwok qebeing 4y L +1 =L
P(H) =1- 16
2s
Play- 9
25

P(PY = P(PIDY P(p) + PLPID’)- ADY

P(P) S 0.9¢x 0.001 +
P(P) = ©.01097
3t) PoIpY= P(PID)- P(D)
P(P)
F(Dl?): ©.q99- 0ool
6.0l0q7

YiDIpP) = 0. 06992345

0.0l 0.99q

Ba\(% Theovem
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Topic 2 ?Tolaki\l'l—j DiSeribubcons, Densiéies and Math

EexXpresSsions

Roard0m  Varvable — Fomcton thal assigny o homerical
L ecath oviceme

Valve

Discrete R.y -  TRKeS on  Comiqpe number of Possible Valsey
Contimpus R.V- TaKet on  an {n¥Mi3e humber of Possisie Verlpes
n o roange .
Probabilivy  Distribybiont for Discrete R’
Det: If X i5 o direle TV, bhen F(x)=P(X=x)
FoY eath X m the fange of X |5 called &, pm#
Plobability mass  Fonction of x
pr-2.1 ) Comulay. e DiStribubion Fumckion CCDF)
. o 1=2 ¥ bla %
—d ek | S @ £ pr et Def: IF 2 is a diceke rv. TeS
-2 : X=0 1,2
White @ CDE 5 9wen by: F)=PX = x)
'\C(°)=P§W‘“’z = ")_:zig Gives $he Ffobql,.l,,, X Vil take a value
(i) s than or canar %o
£1)= Ple=1)=PiRe, wh? - (?)‘(.3) s
(Z) = 3,5 o iFZ L
fr2)-pz=2)=pseBd~ () "7 Ftz)= ) 3 frxen
"(z)""u, % For x £ 6§
Fx26
To conticm ay Possiple OvbcomeS =] , *x
Plo¥ of x: I 2
EA [2]
The fMobability mass function
)y Yas Yy
15 {he fmckion thot  Maps oub the PosSibilites
blath Yo Pn¢
Lo B 4 o 2 (AL 10 1)
Y i £(2) 3 \2 /5-
Sy (PCX-fx\) z8 AL
S8
0 1 2 1 r 5

IL’) P( matching pair) = P(x=0 or xz2)

./}— = 22

(&4 29
s 3
¢) [P (Z){z._z x=0,1,2
z H’YP&( geemein,
Plx=2) deStibukron )
Th 2.1 For any dSume RV oz,
Leg Pez) be itS P iDE- | Then

). 0 L ¥FH) 2, For

fe (2) -
fo

any PosSigte 1 Valy



Frequency  Distribion  for ObServed Dok

ObServed Data - dabr onme has Scen

Freauenty - how many  2imes Haut  ambr hay occorved
TypeS 0f Frequeniy

AbSolute Frea, - Actual number of tmeS a vale occurs

Rela trve Freq, - AbSolube Frea,
Otal # of Data pis

Pr. 2.54)

?\HﬁlG PosSible oytcomes
M ¥ X (o] \ 2 3 L{
P N C I - S
N e Tz 6 T

Rinomiar  Distrbution

Pr 2.6 o)

v 40

S 6 1 %4

<P Jeoun
NN . © O

Nofmo.  Destribudion oF  Frequencien

Condinous RV, PDF an CDF.

Def: For o Continovs fandom Variable X, the PDF frx) oies the
Ffoh%ilrpg that X fals Wwithin & Certain  (ange - The probability
bt x ey between o and b 7S

b
Plac x£by = \af Fo) Jx

fox)
Notee © Te ¥ s cont .V bthen
FLX:Z)::O
a b @ The tola| o under the pIF
Otea  undel  the graph. Cutve 5 |,

4
__’4‘[-1362 =



Problem 2.9

fore § 2 2] POE — CDF

“l sz ¢

1 X 2| T—ﬂ‘bC%rﬂ{;C

1¢ xe-1, C

e ¢, 2 CDF-—-? PDF

o o Derivaiive
\ S B F O
< ?
=5 ' - |
flo- 4F0), To4es 00,F, we
x

) Frerentrade cbe
]
Aote: \/\5 - Sx+C
L]

Provem  2.10
fl2)= -: —\0425 t:‘l X
il I P Nole: Fex)=Plxez)- f° ¢ce)de
Tnlegrade do find CoF i
flz) = g 6 if x 4"‘ Iﬂ{éﬁm},{, up 0 X, not bounds.
i N ex Zo
For -1 ¢ vzo < Ve >
Llfx-wé )
S y %4&\—%'-"-% Q
4 [Fig i -1 R
fovx 0 cx | 5 17 ’F(’C?d%
e e _ ble)de = S
}I/‘%&"o/‘x dz F(¥)= la;f < -1
2 ¥ 2~ 3 ¢ -lexso = (i
e u
] I X A ? \ e
S | 21 M tim § oy | Hde =
2 x40 0 \ -l
x
3 San /
D,
HW,_,} : il
- %/——?J/ ] a
X
S ,{a('x) dx-c



Mathematical Expectations

Expected \alve: The long 1yn Alerng, Valle OFf o R.V, if YU were to do an  expeimens Many

Limes,

for Discrede RV: Sum all posSsible ovtcomes, weighted by prodabilidy

ECx)=& xp(x=x)

For Contings RV Indegrate the vmwes , weidnied by densities

E() = % peaya

Problem 2.1)
W x: | -1
fa): 1-(79,')L1 (-%—)H
0.51%
l1
Plas - = )
F(x)= V-os3 + (-0( %)H
- 0.0%6 ?0

260 he s eapected do win a ),

P(OP&H;IZS of Expetdations

N E(L) =l The oxpeCtation ¢ o
ConSian 15 Simpy Lhe comstant

1€ (aXh3YY) = «E(X) rbE(Y)
¥ Yad Y are 1.V and
Constants, you can  Spit

3 (X4Y) = f () +ELY)

The Cxpected
Sum of cxfccico/ yalves

a, L afe
them up

Vale ©Of & Sym

problerm 213

7,9 = s
KIA "* S

234561,9%10> — it

X = Moty he makeS pom | drow

e 15 5 -9
. 26
fep | E] [F| £
E =192 s & () X
Elx)=fo-3)

Mole: This @5 o diSClebe fandom Vafiable, ths
Meard he s exfried Lo vin b on ayg,

Problem 2.1y
4 if0<&xe
f=2)= 3 T(42f ' !
o O bheronSe

(e p
S =) dx — ho%n;i;faeg

- 204 | Uz 1eg2
= I:q]ﬂ(Hz) |wo dv=ex
T J 2o
-Gy ~U
= % lan v



The,orm 4.1

’ EXP&C%C&[OM 8t a funtdion of o [V
L x s a ddcete v with PmE PG,

E[{j(x)] = £ 90)-f0x)

$0, We agfly Some Funcion 9 GO X betore
I5"\|(i\'\5 Expettation

eTF X S o Cons Ly with PdF  Fiz)
ben £ (90d] - \/\ Iz) 2y -dx

froblem 2.5 MoMens of o ]QMJOM \Variable
ﬂ")’ggl 'f;;:;r:‘ -0 momend 1S o woy o deSclibe Variovs
3 (] < [lrzg - 22 o e s e o e
2 “The (n momen L gg X 3 /'Jr'“E[X)
: 7 - Moments  afe  vied Lo unfeStand  Shafe
L} y=100 X* r6o and Chafagioristics 0%  distribotions.
I
El ‘le]] S ooyt v6o) - 22dz
0 W
= $220 FicSt Moment (r;‘) :g()()lu,b mean o X.
&) Plys199)= P (200 x5 40 180) Secon) Moment (r=2): E(X)
=P(Z°°lx%> 12o Ceniral  Moments:
= F(XZ 7'%8_0) The (-¢h Centra) moment 7S I/r=E[(X' P)r]
_ 3
| ® P(x ’(9")) WO aled (U moment  abo Ve imcan,
= f Uy = zzl' .
T* ook il Vifiance and Standard Deviatron

The Voraye, (o o meature of how mucu

A X JCV"QM From &5 mean 0.
Tl'\l'S /S lhe szM;J Sqene Jﬂ{:ﬂnt:

0 X Ffrom 1§ meon,
E(x) = €(Y) v (3)

“Yar(x) = E[{x— vy]

v(Y) =

m 5 ,5 Called  Siandord Jevea tion
o X. Demoted by o



Theorem 4.6

T Vatiance: V(x) = E[(X v’
V0 £ () -[£(4)] S Do~ - 57,
1S a constent V(X): E(Xz) - E( ) i
- [t ’ S

E[ ] Problem 7.5
Xl- 2 X , Svuller ¢ : |
E( —E[ZVK]-FF('U) X= min of the Prr of 4%
=] AN X k4
x?) zule)uf x I 2 (2] 4 & | €
= () - 2uT g pt P e fa):L a 1 s &2 L
ZEL®) - b DSy 36 %6 T %6 36
N2 xfx)=1-Lig v 4¢. 4
() a1 x 26 36 26
=264
Problem 2.7
3 if 0 ¢xez
®) fxy= %% i 2 2%y
o O bhar wise |
al l | l | L >
Nole- €la)e 3 22 and € v-4 = \ Z‘SZ “ s ¢
% COF f(x) 39
*1 . 3
! 2
‘J:m—au s VA= E () - [E09]
x
X XPfay = B g A F
To ¢ind CDF, we ini<qrage E( ) A?l-x ) i 36 gg;-.—.é ;Is
Flx) = i x .
[ 4dx = § iF ogxe V(¥ = $.3¢c- (2.54] = 1.a
z 4 P
{'-;,AHJ ‘%d;—=l1#—f—6 . problem  2171)
~ <P i {xp,;cmhcms end Vrunce )
TS- ¢ 2 £xey 1L 2 —
| e azg  E®= /‘ X HOY {2 VC%)—E&M) [E )
£GD)= [ 2leapin
TS it consinos ? l/‘[i' fx .ldx +/| -—;Jx Z:é” «
= 2.1 2z
Yes, (by:;iz. S L _y; ) i " f ‘ofx ;JK!—‘/L‘;(.?J‘
fuiy- L, + ey =g
s 2 é
To_be condinous: je_ —i_ 3J vixy = U3 2)\"
* Non negaite (e 2 5T Tz)
CAddS up do | 0= %

Vixy = ()¢



Problenr 2.1 100 bes -

20i-x) | ir ocx 2|
f & ’ P
id E o) , o6dherwi'Se l ) VCX)EO -
2 2.} E(x) 2 (€]
2) Show p'r__ 2 V=2x + 2 il
(a1 r12) g') V(_QXH): a -V[)()
o0 i t v for any  congia A
¢ Ilf /&
E[XJ:f < Foddy =f’°r'z("")‘4" floblem 2.9
-0 o
j 1 . ) a(m ;,z ¢ FOAy = ch-L“_’zzl_ , if x23
22" (1-xda = 20 [ B A
0 r+i rez Ja (o) 0 thtew Se
- z): a4 } " = F
) o ®e Citt)(r42) ) E(Jl)i{‘ x- {L:LSJI Let ti—‘:;i
b Usin - S - (x-3) Jx=du
g bhe o - Creylrrez) Ens .3/\ z e
¢ .3 o
Vix) = E(X% ’[E(X>] Cly -« 32./\«215 v -/—%J 3¢ 2% Ju
o

< L o- /1y - b
vin= g - (3) 18 ely=2(3452)5
z LA

2 o, «
E(+") =3f 2 F(x)dx =f S ée—%braa)u
3

‘E(x'I'J =29
varl® =24.s5 =<
By PL14X€) = (=g =005

Uﬂdz:( Shevs  Theotem

Provides o« way to eStimate the Prodabilyy Hhat

& Yandom verable lie>  Within a4 Celain  numbed  6F
Standard devitions from  the vcanm. Nobe: This theorem  peovides
o loves Yound for the  prod
for any fandom Wriape X with Mean P and p
2 Fhat X bages vulves wwidnn
Varianie &, for any K 2|
: K séd of the mean
POX—,U] 2Kke)e =
or

Plx-u ¢ K5)2 l’—r‘(—z

K is th nomber of Stdls  away it /S from menn.



toblem  2.20 ,
i /Nobes  on ChehyShevs Tha,
a) E(x)=5
Vix)s4 = o?z4 va =2 * Applicadle on any -?77[’(,
PLicyeq) =2 — P(-4£x-5£4) h ¢ bivaway b U i3, 08
Plle-wr ¢ Kr) 2 15 B> "5 Jven afe cawl di5dans
phiexen)= ples) <4y bwe  NTIZ2
P 1x=51 < ay=1-P(1x-5) 24) K= 2
Since 022, e Stk Ko=4 .. k=2 I- "Iz,
P(11-s)2a) 2 i—z 25 -+ -0l5
ph-sl24) = - }, = 6.75
b) P(X22o0r x23) $ -5 _ 3
2 z
3 P(_ *-5¢& -3 or \(-523) e 3
= P(_ lx-9l 23 ) 4 |
I
Sek k=3, K=}-=ls (15)2
L.t o -
PO & 5 g * o =
P(XE 2 ot v28) = 0.4141
Ksz.;g_

K= l4s5-17
lo

K= 2¢

oF dcs4nbuéion

the  {wo  bownds
apalt



Moment Cenela 1ing
?Vnc-él'f)n

=l,2%

Recall fhat My = (X))

1¢ Lwo remoom wnapiets X ond Y haw
bhe  game Momengs ¥V all (2,43

’H‘CVI Xavd Y have Lthe Same ?robab{[.'ald $iSHbvzion.

for o vandom varcable X with pdf £(x)
the maf i debued s Myl =B (]
For  Condinvs  RV:

fwotz-ff*)JZ
MDY= L,

The WMomend qenerating punition cdjows
US 40 ¢ind all dhe diffetent wiowents

CEL) B4 eee)

F"V\dmg {he First denvadive of
the M6F ond Setting it do O Gives
You First Momeny

Seond DesVatoe Set 2o O,
gives the Setond pomentz.

Firse Moment:  dmlt) =k (¥)
J‘l’ §=0
Sccay\ol Moment dZM[fJ I = e[xa)
dr? 0
Tn Yenefal s
GRRLION Ry
d4 r } =0 =1Ur'

froblem 2-2]
3
£x)= M for X=o0, 1,2

D meye E(et) = ¢ e ) of

?m?: z | 0o |
. s &
f=: 121 Bl A

b) Finding £ (X) ond V(x
Stk d m(1) =6

. dmit)
LRACTIN

=

s

= Tg € F iy
15 )
PX3

\> Find Pmf by PlU9°/\'nj n Y vales
(%) 2) Mulbiply e I fns

the probavchy,

> Second db/\'V“-{"-VQ.'

:_L‘E—-Cf* ng-t'%,'kso

23
15 Lo
3

< 2%
£0x)= £

2
= €0 - (e ()]

Vi . 5 - (£)
\/(_X)-: Ms

uy



Problem 2.22
| -
()« ? 3€ z
& 0 bhereosse

*) for o Con binovs 1V

G-% = The mgp must
il 3 —2———_ be o Finite Valve
(A 7 <0

24 -\ 2t
0y R
M) = 24-1 26\ o if =l
P _t e L
741 ot
oo F 1‘:>%_

Probiem 2.2
mew= 2, 2 J#

m= [ [ ——F By Definvhon
The fandom  varables 4ake on dhe
Valves of 0, 2, 5 becawrse dhese ar
e owsteciont on the t deims.
The tedms Suggest - Plx=0) = ‘15

Plx=2)= %

Ple=2= 2

i# *20 b)

The Pme 900 Yoy

The MAT (e pelesenss

& Lrans formed way,

pro ba bilities Jlfdﬁ'ﬂg
these Prdkzb”l'&l'ca in

d mlt) _ z 2 |
dt A A2 o
E[X)s Z
E(J(’L) = 8
vixy= 3 -
Vix) g
I¢ dwo (VS hawe ke

‘“05 must  have

PME is ditecty

1o the MaGr.

'LIIC Sa me

dm’lty - 3

|

t2 (1-z#)*

Vo= E6)- [E 07

ZZ

5"4—7’15 ma.¢

IiStribution.

reinted



Topic 3

* Bernoolii Distrgyrion ond Binomad  DiStribusion

Deemition: A befngutli vl 0SS an expervent  with 2 mutwally excluossve  istmet
O( fcomes. Theve are  Syccesses (P) and Failues (1 —P).

Em TDSJ o COl'VI, Sheod é’-’?dé—_-efc
leb Z= # OF SUEES n o bempy il dria) Pobability Mass Funckion
|| suedess For Bernoyll  ranfom varmble X
e % 0 failyve v —
P[l-;l):o IDCM-:O) ;1’0 P<sz§’/ F (l—P) ,wh;fa X=0,]|

Way o write: X 2V Bernovly (0)

Binomial Distribysbion
-A binomwal €XPerrment (o nNdiSES o¥  n idendiced  and  independent
fBernovii drmls

Linomal RavchOM Varables 2 ~Binoma) (n,P)

?MF of Binomial DiSH(bution
For o binomial random  mftble X / the propebiity e
OF qepbing  exately (K Susesses in n krows 1S P(XEK) ,( V|I(> FK[I' P) ’

Binorial  Disicilyiioh

| CovsrS#s oF  n idendaml  drals

7. ‘\NIefendd  frionl

By gazln brial 5« Bernoili Lriay

Q. ppb OF SU@S is G ia ealh {yq)



Problem 3.1

Recognize, % ~vBin(n=3 - %)
2 have O +

nvs 4 o¢ {,Y:“ru,j L@ iS Ffobobgl'{;"bﬁ 0f Sutcesg,
Values 1t ¥ tan dale on, X: 0 , ), z, 3.

hove o—

)
g
|

3 ra.nclumhd Selested
X # o dovers with OF blood

Find PMF: f(or2 p(x=0) = () -2)°
Pl = (31E)(1- 2)
sy = (2)(2) (- 2)
P(x=3) - (;)3

ISing bhe e o¢ bunomin! dist. plywey=( B PS(1=P)

3-z

wo- (3)(2) (- 2)

/\/0{:6'- %unou“r(@) iS o Specia| Case
of Bin(n, 8) wth n-|,

n-K
X=0,1,2,3

Thm 54
The mMage of Z~Bin s
mede L1y olef-0]"

foo€: )
Mit)= £ ("
L én eFx (’ 2) 9‘7'- Li- é)n—f(-

Zo (%) (0e*)” (1—@)‘“1
= [+ e[c*xi)}h

\\

Thm
¢ % ~nin(n, ), then E(x)=he,

Vixy= ho (1-o)

Pe: dm(é) Y
1“7 t-o
h-2
I mi) o) [1releta)] be’ - 0e?

+ n[l r 9[6*'1)Jh~l Qg+

E(x?) =
Vi) = n[&—gz) - né(l-e)

n(n-1) 6" ) ne



Prodlem 2.2 &)  PLxE3)-plx=0)4+ Plx=() + Plx=2) P(x=3)
= 0.7% ('f) 0.4 -0 7“1 ro | I%)"-Bg' 01 ?

Recovery rate 0.%
-0.297

15 People selected (n ¢riais)
8 Let ¥ be the # of fope b P(X22)= Plx=2)r ... +p(x=15)

amog dhe 1S who (ecovered, | = Plx =0) - plx=1) = 0965
Y v Bin (1215, g=0.2)
Gwm&érfc Dfs%(l'lgué on Disirbution Mode!S
Befnevii Single  {ra)
Rinomi af Nimbel of Suttesses in n

The aeomedic  disdiibudion is o diSclete Geamegric deias fust
! roaqis b0 S
Probodiliby distribudion Lhal models the nember Numjar o BI

of Lliwg Needed to othier 4ho £irst  Suctess

One fafametef i> @, whye 6 i Propebilily of
Suleess in eath triaf.

PMF: p(x=2) = (175" -p

The First x-\ Lrais Mot be  Faijos imes the
Probability ot Sutless. P S Prob ot Success

E[x)=~  Var (x)= t;@@{

)

Problem 2.3 y
0) Ltk x= # of bras undill § appes 4
% rn Geofa fng’) ' Pioboubi Liby
= = ~)= Z
ey - @1 (z): 22

Tfits o €& 6n the fhird toss,
had o have begn -5 on irst jwo

b) Psz;)= l/?(xgl)—[?cv-z) -
_z
- g )k

T2 4 o . ..[-
Triatg  for first Suctess

The S A alwul’j heed h,'gh55(; PObub

P(x 23) = P(x =0) +P(X=2) +PLx=2) at A= i

1-) ] z
= (1-03) 03 +(1-08)-03 ¥(I-03) 0.3
— 0667

for  Geomedsic  Distribution: |
Gn als USe the (DE:  FX)= P(X 2x) = 1-(1-p)



Problem 2.4

The menargless propersy of ke deomeiric
disMibution | ;s o Uniaue ChalelderiShic

whefe  Probabilits of needny wore il

o) Show Hat for o Positive indeger a,

Plx0) =@ where a=1-P

Failyte = ez 1-P
for o Sulless , independent  From hpw many fleny Xya means that the First oo dras are
have been  Com plesed all - ¥ailyles.

b) P(X>at) | x7a)e PLxsb)

by the Defincdion
o¥ Cphejl“ll'fml
Plo bab: IH,I;{ g

P oatblx) =

P( xrats n Xa)

(X2 «)
Becake Plxdass) impves P (% 2a) 3 cwnt

= P(x >a+a!

P()( 70.)
Flom o P Xoa)- o and PUQM%)-«Q?”’
ut b b
=8 -q =Plx7)

Plxn) =(1-p)" = ¢

Coan |5k e

Negative Binomia) Distr busian

Models the number o (Erals  Hezded ko achieve
& Specified Mombel 0¥ Sucllesses in o Seavente

of independent ond Werhiany diStrputed  Befmoulligram.
Fotmula

If x (e Pere sent lhe numper of Hriais needed 1o
Yeb 1 Sutlesses , X foligws

negative  Bino mial
- = K-T

ME= PLx-k)= (1) (1-9)
* P s the  Pobebility of  Suwess
s I-P fob of  foilvfe
* U 0SS H of requited Sycesses
K L’Ll@ Lotal nomper  of trmls,n(dd ¥or Y Suteess
c l::l‘ Binomial  Coef, oonps wavs 0 Gramg, 14

SULLAS Tn K4 drial g,

Tlu; Firsh x4 brals wny (esult in (-] Successes.

disétibubim

Exfested  Vale Elg= £

Vorance - Var(x) = r{ 1-p)
PZ

(eol

When

MNote.
T=1, neqabiVe binom|

distrib Ubion  becomes Yeomet! C



Problem 3.5

0 N TN
P(x=10) = (’;:,’) : o.5z<l— 0.%)3
Plx=10) = L?) ~o.3L(o,7)g

?(Xalo),,- 0.0967
by Plx ca)= Plea)v plx=) +Plx=4)

ot r gz——\l)‘o'f'@*(21)‘0'3;'@

=0.24¢§ WS fem S introdveed
becavse we hwe [ and
\I\/L(;rf, rle Y= Cl‘nnql)) P:g,_f, .‘7‘40,“ 7 failwes i thin e
First x  frcats.

Peoblem 5.6
Pzos Fz0.6 Problem 2.7
*;‘4/5,‘/7 Series  lenglh Y $ [ 7
. Obsgie Frew U1 16 16 12

Y winy means Sehies S over

Probability: one deom wing Obsered fiop: 11 L5 %5 %
4 0

U inavrow 1S F(S"'u(’):o.s /] l' “ )I
P Sweep)= 0293 025 0261 o.z0

%
Pro;ﬂ::: Plxsy= ((§)- 05 0624 L= ,; /J\cm/ they dort £t o simiver  distedyi,
h;];::s‘! el %>lo'sﬁ_0'sz° oL =—'€,=7éz mtaw‘;:a :,S:::ly ale  not evenly weichd up
i A AR I N I

9amey

?M@ Let Y be # of Goames il One
leam  wins.
Y= 4 s 6 1
f9)=  0.125 6.2% 0.825 0.312¢

Myltitly alt Prombilibies by 2.




Hyecaeomesric. Distribupion

Probability distrbytion Hut describes the
likelihood of gefting a (Corfam Nimber o Svedsies

in o Sequmce oF OfawS flom o finte [oPylatisy,
withovt Teplagemen 2.

Withoys Reflacement - mel'cs that  Probabilitres

will Change based on draws, makmg bhe draws  dependent.

Kcy Chavacter s bics

* Finite populagion , divided ko Successes ond  failures
» Draw x items$ withovt TePlalement.

-D(u.\./\'nﬂ SPELHL Number OF  SuCceS in 9iven amt  of Erves.
ways to
—d

s
Choo Wways o Cheose

PME plaenr= ((2) (4) T

n-x
(n ) ~— Total ouUtomes

Whefe; Mean: = nM
*N is tota) Se of fopulation N
M S dotel  “Sucesses” in population
e n S {he number of Jdraws

var ()= aM (y-m) (m-n)
wE =)

- X is random  Var (eperesontivg the #
OF Sutess bhap we Wwani

The beim AA//:—:'- S caled the Finite

Pofulagion  a dyussmens.
Note: T& Samping less dhan Sz oF dhe

Tota popolation, Yhe hymrmeometric and  binowial
diSt b ution Wil give YClose”  onswers.



Problem 3-%

Box condnins 1 % red balls
2 black bans

&) Hyﬂrgazngtn'cz 2
B (v . s
?anea),“'—m >z
('2)
x
b) P(R)=
P(RY=0-2

Tota| Oytcomes -

Bin »~ ‘1) @%)

Prol, ‘[&Hovo(

of from g

ozwa‘n'!g
Zode U black,

Choosing
Y/s Red

Problem 2.9

120 opplitant$

g0 Qum|itred
Uo nop awalitied

sy (£)-(%)
Cl?.so)

N ol
) pl=2

=0.144

= Gl g™ (o)) -2

p=0
JL:H
K<

AR AN 5 )PK(I/P)X-K

£(x=u)= (”"‘) 0. %l Ll—o.a)
(2) (o2

=| 4
625

2 =0-l64g

“-|



\ /) ) s s st

Final Exam
Study Guide

- - 7 7 /7 /7 /

NN N N N SN~

W W N NN
NN N N N

NN N N N
NN N N N SN S

\

N\

N\

\

S

~

S\

-~

-

-

s 7 7 /

-

/

N NN SN SN S == e or 7/

N NN SN SN~ - -

NN N NS

-— g P o P

7 S S s s

/7 /7 7 7/
[ T T

| W W WA
NN N N

N

~

4

-

- o 7 J / / /
o 4 [} \ \ \

] \ \ N\ NN

.
]
)
\

\
\
\
\
N\
NN\

\
\
N
~
-
-

/
\

N

\

- N\

|

/§

/
/

- N N\

|
|
/
/

7 -

— N~ N\

- ~ N\ \



TopPiC | Probobility

ImPo(éM{' Terms and Definitions

. Classical proy.  often Jgﬁ.ncd Lovah  yelabive freaventy of
occurance °¥ o f(andom  eygng

o Sample spaze () iS the Ser of &l Possibe  Ovbcemes of on experimens

« Random Event (AB) s o Subsek OF the Semple $pace

Rules of Probg bility

VVLUH,-PI;'LakIfV(, Rules . FOF 2 iﬂc)’fzﬁ’/ﬂcJ@nl’ elen 5, '“’\C, Frobabil;'{’q oF
both  happenng P (A UR) s PLAY P(R)

AJJHIDY] Rule: For 2 Mudually eXClus\e  The Probability of dorng event 4 of doing
evené B. P(ANB) = p(AY +PLB) 27 Non muvally ex clusive
> P(AUB) = P(M) +p(z)- PLANB)

Couném@ Rules
o ot mwda bions, Ofdel Mabrers: The #o0f ways lo arrange I objects, selecked From

N distinct ObsectsS. n P( ;f‘l(r:t—}—rﬂ 6r gf)?,:éo

* Combinations, Order Does MT Matger: The # 06F wsys Jo Choose
U Subjects £oM n disbinct  Ohjecss. nCr = ('r‘) or ez

Review o¥  Sef nobation

AL B - A (S o subset OF B AUB  inion of Aud B
= Aor 3
. 0% [0
A/ oY IZ - -”15 COMF[&MZV'J‘ ofF A A N e InterSection

| - e h
oth A amd 3
@ (Ams) 4 B, R

(M/r;) A U8



Proba bility ProPeciies

. P(AY 20

2. P(S) =]

3. T¢ A, Az, Az e Paitwise mutvally exclosive,
Lhen the Sum  of theic unin is &l of their
indivedual  probabilidies Summed yp.

PLAVVAL UAs) = PLA) 4 PLAZ) +PLA)

Sortple Point  Medhod

eQally JH{g}i

—Tl'leyl ]9[4): Lnﬁ = -%_—SMMLJ)A

'h S

Common  Rules

- PLATY = |- FLA)

* Tnde fendent Gvents: P(A NB) = PLA) PLB)

« P A VB UCY = pAVIPLB) +PCC) - PLAAB) -p(ANC) - plenc) + P(ANBAC)

‘D Morgans Law: A'NB = (AUB) and (AOB)' = AUB

Condidional Evenis:
« Probabilidy o A g4ien B: /\/\U{,UQHS EXC\USN&

p(AIB) = w Def: 2 eventS can Mot Occufl ot
P(R) lhe Same Hime.

P(ANBY = p(R) PLAIB) e(ANBY = O

Ote: Mutually extiysive cVents Can noe
be mderendent.

Becavse the h_urfanmg of one €vent
difeltly inFlunces, B Obher even.



Rules o8 Probabiliby

W PLA) = 1 — PLA) ¢=> PLA'l=1-PCA)

i
%%
2) P (¢)=0 For any sample Space g

2) AB are cevends m S, and A CB
Then pehy £ P(R)

4y P(AUR) = P4 +P(8) - P(ANB)
¢ AB ar  mubely excisive , PCAUB)= PLA) tP(B)

Conditiona| Probabiliby

T A and B are two ewents
in the sample space S, and PLA) =0
The  Conditional plobability of [3 given A

P(BIA) = PLACE)

P (A)

Mo lEiplecation Law of  Probabiliby

I AB are bw evengs in S PLA)#0.
Then: p4ang) = PCB)-P (AIB)
Whith 3 jusé
P(41B) = _P(AQBR)
PLR) fwrm,an,

Tndependent  EVents

bef: Two eygngs A, 6 afe
(AQB) = P(A -P(B)

independent f

B”W} ePerdent Means event B does now
mfluence  the  Profabilidy o elent A.

Muytally EXxClusive
Ooccyfl ot

Def: 2 eventS can  not
the Same +ime.

P(ANB) = O

Note: Mutually exclysive events Can noe
be mdefendent.

Be,chc the ha(?onmg of one event
difeCtly inFlinces, P odher elens.

Mutval  Tndependence

Def: A,B,C ale  Mylumlly indepondent if:
P ANBNC)= PLA)-PLe) -PLey
PLanRy =P (AN - P(B) [/

Y(aney = P(AY - PLe) J
?(ﬁﬂc):?[ﬁ)‘PCc) \/

Pail Wise Ino(éf’ano[eﬂcc
Paciwise  indef  iP:
PLAARY =P (AN P(B) S
Plancy= P(AY- PLc)
P(BNCY = P(B) -PLle)

AR C ale

Partition - a bynCh of CeseS that cowr

all possible ovtcomes.

Thm 2.2 (Law of Total l’roba.bilﬁl;g)

T¢ evonss B, B2.... Bx form ol Somfl foirls in

an{ WY are vytwally excvsVe ang | most ocayr.

I’(A):%P(An&)

g/

PLA) = F(_Bl) <P(a “’)l) + P(_SL)P(.'HBz) _____ FCTSK)’ P[_A’“gx)



B(L\/S Theorem

Bay's Theorem s « way of vpdating
Probadililes bosed On  new infofmation.

PCBIA) = PLALBY- plg:)
P(4)
— Where pLARY (s e Probadilivy of A
hadponing  Given g, ( 1itcitihood)
- PLR) s ke old Prbabiicy
- PLAY v dke  doltal Probat i lity

B“\/ﬁ”s Theotem is C’iﬂcﬂtj Clnted +0
Law/ of dodal  Probabiliby:

PR LAY = PLAIBY-pLer)
PLA)

PLAY =P (8)-PUALE) +P(p,) PLAIBY . Plre)- PLAIBY

Lowqef VerSion Could be

PLBilA) = PL1B)- PLB))
PUB)-PABY+P(B2)-P(4 1B2) .. 10 B

(] .
With RePlacement Questions”
PermytationS  with (ePlatemens  From nK-

Whele 0 1S # OF possible oubemes apd K iS how
Many are Chosen (how Mmany ro',.'{:fon.s),

Combinalions Witw TLPlacemends Cénh&—\, K)

Vhere nis # of OPEMS and K s how
Many  your Choosing.




Togic |: Proctrse

l.bl)
o) Se2
Ranied - f hz84,5%

Totu| Possbililies 1S Sez

(ba) (19) = &

Cow

b)) (19 (i), (L)
B3 (24 (29 7
Sz
friobem 15)
Tolal Opicares; S2cs
15 ranks
Y IN7AW RS

To pie % 0F th Some

fang, US) (l%) ] (l?)(L”

"o Loy 3
A1DY = P(DIA P(A)
5.95 D
QB F(D)
0. =
\\ P(p) = 0.0M10.03 =003
Oq DI P[A): 0.6
P(D[A') = 0.05
plaID) = =
O0-04+ 0.03
Tola(:. 1S5S
(3)(4)
15 S
D) L Bok  Placed in lo boxes

U R 5 O I I K o W QY W
P(&'L\Cn.ﬂ | box has mue than 1Boot) =
= I'P(_MUA booK gets (€S own boX)

52¢5 B of wans 10 adsigh b odjects fo N
OLIctﬂ'S, lOf’6-= 151 200
(',3) [7) Bath book has i 10° Opsins
— - 1
S, L °lzi 0.%43¢
~L=
- K 9ets
& (7?% Euk"egwawg. bax.
) o Tolal W) LB (e = P(8) FPlez) —P(BIUg2)
(_533 Box [ and box 2 Shoud have the Sare
0\'\ = Prov of eing empby:
1o 4 bo Lhoose , i¥ bax | empy: Ar6 - 5 u3g
S\.r3\.[2 3
L> ( |\ ( :) ( () T Both o gmgey: 1%5. NPT 9
3
|0C% plelnbz)
= 0.112%-2 -0.077 = 61506
1) Z Dites rolied (1:2) ('/5)(11“)[1,5) ) Actyl.
¢% ook comes (2,2) L23) (@) 2,5) (2.6) A s
lo
Sampy Space. 3( [3,’) (3,2) (3,9 _ (3s) (9/6) P( both mpiy) - ,,i b2z
A . Somis 7 (Y (,0) (GB) (44 (4.5) 1y 106

(1) (5,2) (53) €8%) (s5) (5.€)
(60 (c2y 3y &

W ((,9) ({0 =

D.$3¢

Rewsit 1.6 /1.1

P one Cmply) = 6.53 +o.53 - 2( O-262)



Topic 2: Probabiliby  Disribubions, Densibies and £ rediaaond

DiScrete Random Vorable — Con 3aKe on a Coundalle number of diskingt Valves

Prolaabfii{,rj MasS Funciion CPMF).' P(X =z) ives  the Probebiliyy lhat the 3%tebe  fandom
VMl'abe S equx| o o SFLCI‘FI‘C/ Volle x.

Formule: P (x= <) = pCx)

Whew p(z) 1S the Probability that  bhe fandom Varalle X tayes on the
of 2. The Sum 0F oll  possibiligres MwsE  eaqed | 2?()(:)5).;]

valle

Th& Veliqlie X s essencially o funChion J&Fmg,[ on S/ Lok maps be  ovicomes

Of eXxteriments o numbers.

Continovs Random Varcable - tale valtes in eome interals of el #:

Prol:alalbbj Distributions  for DiScrede RV 'S

Det: T€ x is a d&Screte V. Thn
flxy=p(X=z) for cash z in the fange
0f X IS taley lhe PmF of Z%.

CUMUM!:I'\/& D|'5£r{(>v6f0h FunGtion (CDF)
Gives the Probability that & fandom variaple
X iS5 less than or €qun| t0 @ Cergain Valve.

Flr)=p(X<2)

Thi¢ means #r a wge x, CDF gives bthe Probobili by dhad X
Will tqKe on a vale 135 Hgp o Cava to x -
O for 2z«-3

i 1
Fx(2) = Y for sz e 2
0.8 For -\ €L <]

CDF :

7
3z for 1€ 223
1 for 223



Frequency  Distrltion for OlServed Duta
O0bServed Data - dabr ome has Scen
Fr€Q/U{VIL=3 how Many 2imeg Pt nmbe/ hay occorved

Types  of  Frequenty

AbSolute Frea, - Actual number of timeS o valw occors

Relatbive  Freg, -  Abselube FPrea
otal # of Dato pis

Continovs RV, PDF and (DF.

Def: For o comdinovs Tandom Variable X, bhe PDF fix) aies the
Protakiliyy that X fals within o Cerbain tange - The Plobability
that x 1ies beteen o ond b S

b
Plag xby = \Qf Fo) Jx

fox)
Note: © Ie ¥ ;5 cont v bhen
P(X=2) =0
o b @ The tola) o under the pdf
e yndel e graph, Wive & |,
00
_/\ £0x) dx =|
Zeo
The Comvlative Disic budion Funchion for Conbinos R.y Common
Def: The CPDE for combinavt RV X, Flx) qives Q/W/Sll'on
e pobabilty X bokes o valve €SS than or cqua F(Y\c} 1',}\,(, A), F/ ql'VCH
o

PDF.

F(x) 3?(X£Z)=\/D‘°ZF(Z) é‘” J‘b ; FOY — W<cz<oo

Relatomship behween CDF and PDF

-The CDF 5 defied by integraiing bhe PDE PDF — CDF
—The PDF is fomd iy diffenéiating the CDE Inteqrate
Fx ) = <= Fxtx) LDE > PDF

Der.'Va Live

- Fl-00)=0 ,F(c0)=|



Mathematical Expectations
Expected Value: The long  ryn Averag, Vale O0F oo R.V, if You wee to do an  experiment r:l;n‘i
mes,

for  Discrede RV: Sum all poSsible ovtcomes, Weifhted by prodability

£ =€ xp(x-x)

Foo Contingys RV: Inbegrate the vawes , weihied Ly densitieq

E(N) =/ #-ptaydx
= Probem 2.12
J,& = §Is

Problem 2.1)
KIA "* S

o) 2z | -1
) “(E?)H (%)H 2%,45,6,7,%49,10 = "‘yf
0.513 X = Moty he makeS pom | drow
l1
Plx=-) = (£) v 18 5 -4
L’
£(x)= 1-osis + (-0 3) Diset feh - ';% il 2
- - “ 6
©.0%6 %9 E-15E s & +(w) X
Elx)=lo.3)

260 he is  expected o win a 13,
Mole; This iS5 o discrete  gandom vafialle, this

Progerties of Expect ations [y bel @ phad by T ] ey
LE(b) =b, The wpeClation o o

froblem 2.1

ConSian 15 Simpy Lhe comstant 4
1€ (aXp3Y) = (X FbE(Y) - %*‘o‘”‘) *:;Zs'

¥ Xond Y are 1V and &, afe !
El*):
DJ\ X - (i Jz > ho"‘('”*i;'aeg

Constants, you can  Spit  them op
sl
5 € (XY) <€ () +E Y i S i
= G.iye U
VaLUC DF a SVM 05 = 2z la U
I3

The Cxpected
Sum of cxfccico/ yalves

[ [axb]= & Flx]+b

Vex 4b) = &0o”



Theotem 4.6

VO = E (%) - [m]

1S a Constant

H Nobes -

L) vix) 20

2) £ (Y 2 [ewa)”

2y v(ax+)= a vy
ot any congiant a,h

I
- £ [ix-wy]
o f [ R +P"}
“EuM) - Elavx) g (#)
= E(xH) - w £lx) + p?
= E(xt) - 2ot pt
:Euz)_pz

C/l’ldzt( Shevs  Theofem

Provides o way b0 eSlimate the  Probabilyy Hhat
& Yandom verable Within 4  Ceutain nombed o6F

Shanderd  devaations  from  bhe  vecam.

)

for any random Wwriape X with Mean ang
&L, for any K 2|

P(lX'P’ 2Kd)< 'IR_Z. ~_ Wha

; ver eibwt’
pd

Vartan(e

Plx-p1 ¢ Kr) 2 [";(;

K is the nomber of Stdls  away it S from mean.

Noles  on Chehy Shevs Thw,

* Applicable on  any  Yype  oF disdnbuiion

¢ bivavay o U b, 1S the  dwo baonds ,L
Jiven atle equat Or5dang apaft K>

Te vt asiks
0F bthe wmean , you Use

. Obherwise , it (4

K= %OUﬂJS - M

Fha b X fages ymlves

/VO‘b(?l This $heorem fmv.'o’ts
o lower bouud for whe prok
W bhn

K s¢d of tHhe wmean

i Lwe upref bouvnd

wivbhin Ko

J -
'S ovpside the Mewn
K- # of Sfﬁr\dov&; deviatong. e Kz -



The,orm 4.1

’ EXP&C%C&[OM 8t a funtdion of o [V
L x s a ddcete v with PmE PG,

E[{j(x)] = £ 90)-f0x)

$0, We agfly Some Funcion 9 GO X betore
I5"\|(i\'\5 Expettation

eTF X S o Cons Ly with PdF  Fiz)
ben £ (90d] - \/\ Iz) 2y -dx

froblem 2.5 MoMens of o ]QMJOM \Variable
ﬂ")’ggl 'f;;:;r:‘ -0 momend 1S o woy o deSclibe Variovs
3 (] < [lrzg - 22 o e s e o e
2 “The (n momen L gg X 3 /'Jr'“E[X)
: 7 - Moments  afe  vied Lo unfeStand  Shafe
L} y=100 X* r6o and Chafagioristics 0%  distribotions.
I
El ‘le]] S ooyt v6o) - 22dz
0 W
= $220 FicSt Moment (r;‘) :g()()lu,b mean o X.
&) Plys199)= P (200 x5 40 180) Secon) Moment (r=2): E(X)
=P(Z°°lx%> 12o Ceniral  Moments:
= F(XZ 7'%8_0) The (-¢h Centra) moment 7S Pr=E[(X' P)rJ
_ 3
| ® P(x ’(9")) WO aled (U moment  abo Ve imcan,
= f Uy = zzl' .
T* ook il Vifiance and Standard Deviatron

The Voraye, (o o meature of how mucu

A X JCV"QM From &5 mean 0.
Tl'\l'S /S lhe szM;J Sqene Jﬂ{:ﬂnt:

0 X Ffrom 1§ meon,
E(x) = €(Y) v (3)

Svar (x) = E[(x- v'J
vm
0 = vix) .5 Called  Siandord Jeveation
o¢ X. Denoted by o



MOM@YHF é@ﬂ@(@‘ﬁfﬂff The woment aenoraiing ponction oo
?vnu.'on US 40 ¢ind all the Jiffefent vrowents

Cele), EL#) eve)

Recall dhay My =g (x), r=lz3
Finding {he first dervadive of
the M6F ond Setting it do O Gives
You First Momeny

1¢ Lwo remoom wnapiets X ond Y haw
bhe Same (M Momengs ¥V all (2,43
Ben Xow Y have bhe same Probabivey 4iSibuzion.

Dintttle Yandom Varcable X with pd¢  £(x) | _ Second  Denvaiive Sed 2o (0)
the mef s deked » Myle)E ]2 o8| qlwes the  Second  moment.
For  Conkinovs RV:

foogﬂ--ﬂ?”x
m (=,

Firsk Morent: dr;ie) ) — Sev Fist derwadive ,Plvg M O
-&50 ! . .
Second Momgnt dZM[fJZ I L 6[?62) I Scb scConA (Jcnl/‘l{lw, /P[u% in O
JL/ 4£ -0
In Yeneral ¢
[
d'l’ f =0 _—_I{/r'
fcoblem 2.2] & ivenuy
I R e ]| /-\,';ﬁ’\D"”WG
S .
Ter= M for X=o, 1,2 ) Find Prodabilbies by Plgging in X vawes.
4
@) My (%) = E(C“X 3 é e - F(%) of Xs.
Pmt:  2: o | 2
£(x) - ‘5} \S/L; %1 5 Sacondlsdblt'l/lh'l@ ;t
slo . = Zet r ng"%,#:o
e f0) +etlien) v &4 e xl, b
< 2%
= m R 5 f0)- % 2
b) Fiding £ (X) and V(X) ihovgh Fhe wigf. Vix)= E(_x'”)—{&(x)]
St d m(y) =0 15 it vix)= 58 - ( £)?
[«(S,DM)[ L ’ﬁc’** % . 2e Jix Z4 ( ..,)
Jbo W0 g 10 o35 s )‘%i
= L 35 ° 4 T3



froblem 2.23
men= 41 2B, 3 T | PMF i ditecty  feinted
sue ([0 —— BY Dehnhm 3o bhe MEr
The fandom  vanables taKe on Zhe
Valves p¢ o0, 2, %

V) becryse dhese ar

bhe Cotbiecient on the T deims.
The teims Suggest - P[X:O) = 'lg

Plx=2)= %
Plx=2)= 3

3
The Pme 9% Yoy probabilities difectly

The MAT  (etelesenss +thede fProlmbilizies in
& Llans formed way,

How bo Solie MGF Questrons

I)D(,{ramm(, i Yo are guen  a Contingvs .V or  disclete r-V.('Conbiaws Meany  PDF, DiStrcate

Mmeans PMF),Than Use  ejdher % e Fx)  or Da-vc
= € fe Flx)

-

Exponent  Ruies
2) Faclor  expomentrnl  bermsy Simplify

| a ) a+p
1) Solve  imteqral ) e =
4) Lok ot hehavowr B Sec how, o ) o bz Cad)x
Can make #xy) a  Fintbe  \mitke. < e E f‘)z
: (8.7) < 9 »
5) flug in limié, sove

53 find  First/Seond moment From desvaiies.

Kcy [’fOFcfl;u‘es fo( Ex?onenimls

r
.For ck if a 20 6&

p ) , gfons  Loward 6Nty aS X 50
Foa LO, c"lx Secws foward 0 as x-9©
Behavwr  at iy
o, &0 ay x-100

wyo, dfy @ ay x4



) rtcoinne di'SClete case

How {o Solve MG ¥ Qestions, Discrete Geometiic Seres
2y Simprigy

and §eb in ot form

?’) APW geametric  Sesies, 17)' Plsging in  Smallest Valwe &or K, then u5e {l/us oS numesador
FOr gemed ¢ seires

M) Pl Sack in and find valid bomds (1F) 1)
) bet Mgk and  Compue

ECx), £(x2] , V().
G 3e® if x o
{Le)- g 0 , ¢elsewhefe

00
4 -3
Mry = J [ z %e
-oD
od

-3z
Aty = y’ S5 e

o

- 3}‘» é’“"g) 5 need o maxe
% . Sure -3 L0
- 3 6%”) ) 3 MG
_—l = — ot z-3
{7"3) 0 t-3 %
> ¢ 2 et )
Py = -t phan| <8 "‘“:%" ‘ ZL,_ g +
o5, 4 Z e
- _ = | = L =z =
Fin- 3 (t3) - f(%) - £ %-o"
-2 Kel FA
= 3. (-0 (¢3) ‘ +
e iy e
‘- a 3
) (=) = e ee)- (¢)]-¢)
€0 < (3P = (1-¢*)"
=5 z = / _ t » 12 Lt
_CT:_SZ—'[D = -q —q z ¢ [é 5)(6))
(Z—J)L
= 2t 2
(Z~&*)L “




ToPic % - Discrete Random Variables and bheir  distrbubions

Becnoulli Drsdibution

Dee inbion: A Lomoull-' lval 7S an  expernvieny with 2 mugvally  exclusive dsemet
0U£‘Cdmbs' T],\(,fg are Suclesse’s (P) ﬁ.vu; FOL(IU/LS é("?)-

E)(am?le/. Fli?l’mg o Coin
PmF: P(st,) = PZ<|’F>-Z/ Where 2 iso0, (0 s failure, | ;5 success)
M<an - N = P

Varianse = PL1-P)

Binomvoa Diséribution
- Repeat  indefendent Bernoulli trals wivh N Fintde  bimes.

-K
PMF"P(X"K):(R)FK(’-P)”I K=o0,1..n —> K 5 the # oF Suctesses
v N ’
#of suwes ¥ _OF

Failvres
Mean : 44 =np

Variance: o= np( l-p)

/\/066: D) Pobability of Sutcess is P
) Fincke number OF briats
%) Same Mean an.c[ Voriance o be/rnavlh",,jl/ﬁb MUM/'H(::J |7'3 n.
L{) Benou il Istlibugiop 15 o Special Cade OF  Binvmial dish, when n= |

Geomede Disttibution

Dee: Coom}z'ng bhe number of  frials  Unkil the #irst Success.

k-]
PMF: Plx= K)=/(\l;P/) _'\\B, whefe P is Probebility of Suzess and K S # of fuais o fires

# oF failves BULess-
Fust svoress
. L O beh Lid
Mean:. L= “PL Plability
, z l-P TZ 3 o .. ...
Vecianee - 0 = z Triawg  For firse Suaess

TW; A5t trial alweys kS highest Popua,
a Lo



Negative Binomal Distr busion

Models the (wmber o Eriais ezded o achieve

. ¥ - K x-K
PM.F F(X: K) = ( K’l>j_/ Q:_i) Y whete P s ﬁdbabfh‘lfj 0F Sultess

Suctess PRV )\ hote XS fhe numiber of bials | needed o r Suctesses
, Where K s the

o~
(7 Suctevses, for Bernoulli elents

Byired  amomf oF Suctesses.
TTNEE'
(eol  Note:
z L When =1, n Linomiag
Varance: o = % s Meqobve "

p di St budion ]:choms Ggeomet!'C

H‘/ ferdeo Mg D isttibvdion

PfO}mBi(flj distrbotion that descrives the

likelihood op 'Jeumg a  Cerfain g nNumber of Svecesies in o SeQuemce | OF

draws  from o finite
foPy latroy,

withovt feplatemen 2.
Withoot Reflacement - Impres that Plodabilitres

will thange based on  draws, making the draws  dependent. Revssid: Hipemes
S Binomal
“Without? v
“\,\/fl;l// (¢ Ploterrcnt

Key Chavactershics

* Finite populagion, diwded o
o Draw x items

Suscesses ond  failures
withovt  1ePlalement.

Ol i InB.
o Dlwwing  sprcihz Number 0f  Succes in 9uen @mt of ines.
ways kcahuoiﬂ
’_/F - ¢ Woys Mb’l Cheose
o - t 7,
PME: PLx=n)= ( 4 (n,x> il
N PN

(n ) ~— Totul oUtomes

Whefe:

*N s tota) Size of fopulation
* M S lotal  “SuCessess” in

Meen: V= n-M
N

population
e n S the number of draws

varanee . o= NMV-M)(p-p) X "'5 ”WM% var r¢f’mszvbw te #
% Sulcess ab e wanl
nELV D)




PO 13500 Distebudion

The PoisSon disthbution moders the Number OF (fafe Events

that Occor i a €ixed intetval of time o space.

The ewnis m™moss be:
1) Ranéomlti angd Ihd&fonc/enélj of cach othor
2.) A{ & onstant avelage TYabe [7L) (YLUWL;,,;,/
2) Evenis an ok occor  Simultaneorsly

e K 1 _
PMF: P(X=k) = 220 1420002 — wher,
K Where

var » o = &
Caltlletor Tie

*Poisson Pp for exaci.  P(x=4), 1=5
s forsson LD fof X &£ K. Plx 4!)=P(x——UJ+PZx=|)

0f extected OuL come s )

A = AWy rate of eVentr
K = humber of Cvents in interve

Note: Binomial — Porsson Distribytion  offrox ,when n s large and

when P 5 Small  and pnpw= %



Topic 4: Conkinovs Random variables and bhér Distribudions

Réml‘ncl&(' Vawes come from o Contimovs renge

The  foobabilily or & SpecifiC Vale i 0, bok ovel o Pesibite
inbefyal is ?[Q‘X“’) f-(x[x {z.

Uniform Dis dribudion

The Uniform  disdribubion models  SituabionS where

Cvery ovjLome in o~ Ceftain inteval > equally likely.

-~ _/,— i
PDA Jech 2 o =71 7 1°[F

0, edSewhere % A=l

o Heint of PDr s constant  becmssc x ®
QWitomes ade  eamlly (i Kely.

o Afea uynder Curve s

- - at)
Aean: P =l

Pleexed) ; CDF, Whith Can be vsed

L0 Compue Proballls;
Variante © o = —x P F ity

The Exponen tial Dis%ﬁ‘kw’::‘on

Def: Modeling the Lime unbil the next eveny in Poisson Process.

« Evends Occor  indePendendly
o KAueinge Yobe o¥ octulfente s ConSlant

XX 3 7 x
2
FL%)= g 7‘6 . zze

o, X Lo

L
7

whefe K S the (obe Paramede: humber of ecwenis per unid bime
f2) decayg exponeniraly a5 X iNiiases.

J
Mean. M = X Plobabiliby of Tnbervals

Plxety- |- g™
Px2¢) =

| B
VCX)I g = 22



EX Ponential [)iStibudion -Contimyed

Relatonship  forsSon  and f XPonendiol s irihudion

Poisson  descibes Chonces of  eend occuriny . EXPonera; Gives distaute Deliween ecvemps dhet

are  descriied by Poisson Sidualion.

Solvmﬂ Pfobl&ms with Exfonen}fa) Dist b bion

1) Find R: A = Fof cvents
Total 4ime

Menoryless  Property
2y VSe PDF #of  exacl probadsies p(k2s +4 | X>5)=P(X2t)

PLX=%Y , 4ix)= NE

The Plobability of an event OCCurting
5-) Use LD in the Fopoe does nst depend on hew
To f"V\A P[X éz).‘ Flx)=1- EAK WMuch bime oy alfeady passed.

R
To pl'Vl{’j P[)(}Z)'. LSe l.,-FCXS:@

X

R@Mincje( B\/ D@Jl:mf{fon, L
s Fx(x) = PR < z)sf x(4)dt

—)

S FX O<> ) '6]16 Cjexfl\/ué]\/& 0¢€ F)( [7’)
* Expectotun - FE"]*«\/mxfxéx) dx
=50

s\aranice : E[XZJ _ [E [ X:UZ



G&MMA Distribydion

Def: ModelS Lwe Sum o¥ independent ex poviential  fandom Variobles.

Thee  distr bution models wait bimes  fof (7] cvents,

The Gamme.  DiStri budton 3o Pafemeterized :
« Shape [astame ter CM>O): Repeltsents  the cumbar of events.
* Rate  falameter (? 7o) RePeesen s the  rafe o¢ proccess. { Stale)

o (o) f°° A

Key Proferzies:

/\/0661 Whé/Vl L=, the Jammo. ch“S%ﬁ'bUl;fon

Mean E[X]-"‘ﬁ (educes Lo 1he  exporentia| diskeibudion
Varione:  Var [x]= xp°

E)(m?le,: wWailing for the ?;"J event in o Poisson Proces .

Note. The %amma  distribubion  Models how long  you'll wait
for mubsyre @&ents Ho ocour. AS ( intrecaes,
i} becomes more  SymmetiC, feSembling normel i3 7 by von.

Be b Disteibution

Th@ ]DW J(g{n'bu%,‘oy) medels random varables bound bebwien 0O amJ l

A (and0m  Vafiably X follows o Reia  distrcbvtion if:

Zp(_lu/%)g-l Z xXe
‘F}\(i)‘ B(DL/E) /O_/X ]

Whele &, B afe Shafe Pafarmebery,

PorSSom - # of fare evenss ar prab

/\/\/m‘n . o - of thal Cvens oceuring
ot

Exponeniial - Lime N detween Frissen
evenis, or Lill next PoisSon evar

: . XB bamma — time it tanes do achieve
\/ﬂ(lm’lbfx, 2 N7 numbe 0% expoial evensg
(wip) [ w+B+)




The Normal D;strbution
o This s o pobebility distribuéron
That 15 Sy mwmednl abot 315 mean ,

e The  Shape of (2% PDF rs bell Curved ,
V- /[l vag

Key Choroctefrishics
« Meon (V) Detel mues  Clentte o€  distrbuiion
* Slandard Deyiation () Determines  how Spread  the  Corve s,

I¢ 6 7S Smales: Te 6 S larger-

A AN

PDF‘ 2 The normal  dis tibvdion s
1 = (x-#) asympiobiC and  Newesr Glbwlly boughy .

- ————— e 262
Emperita) Rule
[_.Otr)

e 632 or dois €allS lithin | Séandacd Jdeviation
(P L2s)

e 157 of dala IS within 2 Standard devagins
c99.77 ot daia Faks ki 3 Standod dewabies (PR 35)

The Standayd Notmal Diskrbyéion Problem 4.9
i ®) Find  betvewm g ond 4

* 1S when o nomad distiidogoon  with
pv=o and o’=) & =) ! ”0‘”;"“‘ SEL;
o T =0 .
U r=75
z¢s
E)/ ¢ o:lo .ZN/VC'O; ?Sla'zsl.oz)
[ - z -2 Qou-2
£ X 29) = go-15 o > 2 3]
l ;' fat T
! H
pia 1;’175.3\\’,4;4_0- = Plos 22z . .5)
= = 06-9%32-9.64915

169.2 =133.4
") Find  Score x = A5 th Felcendile

To ﬁz’ncJ Yoth (Pefcent e, Firse P(xg zr) =0.9s

Standardiz: 2 - w -u P(z ¢ %-15) =05
— 5 10
&—7;5 =1.64s
lo

X =25 410 xlL6yc=al.4s

Plzv1.6e5)= 005
20,4 =0

Notme| ¢ . P=0-3



Lineay Tlans€ofmation of  Aormal DS E0vbudmon
Thm: Aanlt,0) and Y =ax+b then:
Yol (&t vb, ats®)

Pe: EZYJ; E[ax-}ﬁ]:m@%l,: u_‘,l;-k[,

Z

varly) = ver (axip) = a® Varlx) =’ a

Pletiy ruon replating  definvtions here

Distibudion

Norma]  Approximation to Binomial
For o Linemiai [V X ABin(n,P) with:
,U'.;I'\P

o= np( I’P)

&S Ny w, the diskrbubion of X can be apporimared

by the Wormal dispribvion. X v N np, np(i-pJ)
(o
42 2 - x - E(%) X — nP
Vvar(x) J npl1-7)
The ™g¢ of 2 Convely ¢S Lo khae maf of

Be Standerd normal 9%t ws n — oo

Conditions for ApProximation

N » npys
e n(|-p) 75

2) Cortection fol  Condiny éy:
Since  the  binomial disé s discrete and

the mormal dist 1S Continous. Apply a
Conlinw'ty comettion pP(X £1K) P(r <

Kl'o.s)

yromPle  of  APPloximation
D 2 4 gin(n-25, 8=0.4)
Find P (x=g)"
Plx=5) = (% ) e.qq =0.120

2) 2 x(nPz25-0-%7=10, ne(i-6)=6)
ch Y"’N(’alé)
Ply- ¢y = P(7.5 Y2 Ls)

= pl-loz 22z -0.6() =017
StV Table

D) Tduntiey cJ@SCf/‘L(nﬂ bLinomia)
diSE byt im

1) check if nofmal
iS appropriate

ApPioXip adion
nPzs  n(i-e)2s

3 find penp ,o=dneli-p)

H) AW normal disEnbokion with
Continyity correction

5) APPlY  Z Seote
?YOI)ULI']/l‘j

1hen find



Formuia;

All _Discrete Distributions

-z

Befnovli ——— ModtlS & Single mubvally exciesive indépandent rial — P"( |—p ) 2 by o of
1

slzales Fou 1UTes Successes
n-K

K
Rinomial — Folows n Bermouili riats, Covnts the  pumbor OF  Sudiestes. — (Q)F (l—P)
Ksuaeses in n 4rels
Betmoulli dsteibogion s nothing bot the Binomal diStrbotion, where dhe tra| only sccors  once.

Bitomial —— E(X)lnf , VarGa) = n-p( 1)

Wing wing Losses

x-l
S Numper OF reas o Fifst SyClesS =L [ [-p) :_F:
Failyfes  Success

GeomeriC
K- «r
Negebve  Binomea| ———> Aomber of Hials it Zares b 9ef Cotin # 0F Successes (r,, >-p'(1-p>

IS 4 of success
IS amt or Hrmals

ways 4o

TV S
. - tpegy
Hyferaeoneiiic ———  Draving £0Om  finjde pplgiog, Withovt teplacemont ( 5 ) r\—x>

")
n ~— Total oUtwres

Uogt 08 n £rias’
ttn n trals”

Binaminl  Questione have a  Set  numbd g tromls

Neqabyve rnommal  Qvegtons have  a Set  homber of  Successes.

1 hymbes aF SuClessess’s

POISSon Distribubion — Models omber of fare eventS thab octur in fixed dime  ipielval

oy |
Poisson  PMF:  ALe€ xeone, Elx]em Vel fx)e R
K



All Condinovy  DiStribukions

Unhcofm Du’S‘H.'bué,‘on — Models where evefy ovtcome in an inkerval is €Qually h‘Kdy.
PDF 2 - Tox W ol Exelbd
Fi- % 19) Clsevhele Note: & iS the 5(707’% £ the intel)
ﬁ i éb\-{_ Cﬂc/ 0¥ the nicrval
- Height of PDF (s ConStant
- Arer uvnder cotve 7S L

Expoventiat Distrivosron — MolelS: dhe hime in - bedwesn Poisson proctesses

fiz)= % “05“’ T Pfobﬂbfh'%lv{ of  Lntesvals
Plxedy- |- 5™
whefe 7A = (abe farameler ]9[7(7£) . M

Fx) decays ad X inLfoses

G&me Dﬁ%mév&;m —s The conbinous [wmmy Eime) il an efent can be
described by on expnentia distribvdion.

hetual A For (7| eyents.
Lammo o =l _—y )
fmcsion [ oc) J\ t e db - Whete o0 s he number of  olurtences Jeyents
0 -Whele Bois the qobl oF the Process.
PDF: Given

S« ofeesey, [edSermles  haymal  ¢iSiribybion.
[ Positive int ) = (posigive it =1) L —> L oL is not re) ={'wyk—'- ¢’'dy

Pos ing, use:

To Solle  Tnkefyal C?/Umé.wd
«P(¥X216)=F(l6) f 4 59 Ix

(oLl-f

\
v\

22 5 3 X

A
"PLYExe32) cp(32)-FLe) = z°-e dx—/' re
0 loZzy ? (024

wik




All continous DisAr bd {ons

Betow Distribubon —> Models fandmm eniapis  boomd bedveen 0 amd 1. TE (s purameicrzed
by cotond B both Share Pasmoers.
PDF - M zq-l( ,x)'g/—, bs xe
ri<) I (P)

where [ (%) 7S Gamma  fonchion
The Diskrbvbion S Symmedric if oL = B

To Solve intefva) Questions
4(}:05) —Plvg m o PJF, Use  Gammon  Ettion
f(x&08 -7
fFloxcxghp) -7

Notmay D isirebysion — Ths s Symmetnc  abovk 43 mean, Shage  Fslows o
LOH Curve.

Key Cheracteristics ;

o Mean (V)i Detel mmes Centte o€ disinbosion (2

* Slandard Deyiation (O‘) Determines  how  Spread the Corve s.
2
. | )
PDF F(.JC)= : %)

2% 0% = /\4(/0\_;/)‘. FLX] Y
Vadance : V[x) = 0%

The ¢ [re i

* 1S When o nomet distridution ot 7 = u AP X-nf
©=0 and o’=) & =] & l \im’[f—P)
Ex

1
[l

[
H-e :"’f'76-3\",«/+cr
= l61.2 =954

Notmey D . P=0.3

To  Fid 90 Pefcent e, €irst

Sbﬂﬂd@rdn'za-. Z = ¥ -p
—_—=



ToPic S MultiVariate DiStribudions

Des: Mulbivarcate Distribupng Study {he

behaviouy OF  mulbipie
Yondom  Vay iables at  the Same Lime.

Joint Distribudions
-X and Y are 4wo disclebe T-VS
- The Joint PMF is:

Fl2,4)= Ple==x, =)

Propertres of Joint  Dist
1) £(Z4) zo
2-) i éF[J{/"J)"’l

Addiny vP all Proba bl tves vor
This 9ives  dhe Fro}aLfl.‘éy A=x and Y’J wt Cvery Possible Part OF [z/‘jj

e Some time. (%M Wil picture)

Note: T# X and Y ar indep
2 Jong  PmE  wih Factor ink

2 9) = 4 (x) - ¥y(9)
For Conbinovs Somb Distribugionse., il y
b oo
I 6o Loy)dady =)

/V\arq inod Disttibutions
* The margimal PMF desciibes e Prabﬂ.bl-’lb‘,f/ (Jl‘Sér, budron of one of the (VS on rés own,
iGnoting  the odner Var.

«To find marginai PMF o X, Som join Prosabiligies ¥loy) ove all fossisle Valus  of | Y.
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CO nof itione)  Distribudron

The  Condidrone| Frobabn‘lil—j P(X=zl‘{=5) oS

Yrven L‘J:
pla==1Y=9)=

Joint  PDE 0 Ver view
The jornt PIF  fuy (X/.Y) descripes

b prodaditity  density of 2 Veralks
X oand V.
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_\M//' fryCx1)dedy =1

B el oy 4 g eza) | P T
X t <
(4]
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How {o Solve MG ¥ Qestions, Discrete Geometiic Seres

1) recodnpe diSClete case
2 Simfiigy  and 9eb in Covet  form

?’) APW geametric  Sesies, ]7)' Plsging in  Smallest Valwe &or K, then u5e {l/us oS numesador
FOr gemed ¢ seires

M) Pl Sack in and find valid bomds (1F) 1)
5) bet M9¢ and  tompige  E(x], €(x%] V().
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1) 6 Books
b foxes

fach book has lo opérong
SO Tolal arrasgaments: 106

8 Pl 1 box has mow then | book)= - P(All books ac ,n dise boxes)

PCdife boxes) = 10xqxgxa x6¥S

106
E"Cl‘ book, kas | less apbion than tue lege

P (dits boxesy = o512
P(1 b0k kas mote fami) = 101512
= 0.844

b) P(Box 1 or Boxz or Path empiy)=?
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Box | is empiy .
5
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e = 0.262
PLBI enpty) = 0,531
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) um ) vt 2
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s tee. (3) (5
Plx=2)= @) ) =)= (1) (%)
( £ (%)
il
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1\ 2 ) 2
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i 615463
T 00 _o g5 ¢y
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UVARRTS 3. f-acx ca
0 0}helwise

Show var oF X S Ef

To find Vol (1), we need E[x"_]—(ﬁ[*])z
a
E[zy=j 2 FCx)dx

|
f X o7 d
-0
q
J_f &f}—-
2 z
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Practse Fxam #2

) Fur die is  lossed ungiy € occus 4 4 imes,
we  ofe  riodeling ihe vumber oF  ¢rmls
to 9ot Mr# gueresses.

dey Binomn) (I’k-—'i, = '2)
B P Xv6)=1- Plx 26)
Plx26) = I- plx=6) - Plx=4) -P(x=6]

X Can only l2ke on elues 4,5 becavse
Y0 need miniman 4 bsses do gep 4 heads,

fuesye (50 ) 0T o) ()3

. 4 ‘ = 6.6053S
mes ()1 (-4)
Plrzsy = 0.00257L
Plx=u)e (3) () (-3)
z 0.00p077

Plxrg) = 1- 0.002512 -0.0077 - 5,60535
Plx6)= 0. 291

),) Pl¥=lg) = ( 16 - i -5 (I__";I)o-‘l

Nowaly, = 602 17
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I
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Prob o>t 2
Are heads
s 0.0072
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P(w) : The pobability She wis can de, - 0.1493

EHHH, Him, Ml—l}f,z Plwy = Plwi) 4Plwz) - ©.24)

Pl\u) _ 07.04-0.7 + 0.1.0.4-0.% *+ 0.3.0.10]
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To? middle Hoyiom

0.7 0.6 0.9
Letb D) fepatesent mding o in dop dfower
Led Dy fepeteseat €inding o in mid dower

Let D_z fepetesent Frndimg Cotn in bolk dower
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Ploay=3 = pCo/1D2) =1 prpiy_ (ol [0)-P(n) +PLD11D2)-Pl1y) +P(D)103) plpa)

Ploy) = D PIRESEINEE N
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_Q - Tgi.ai - z 18— ~
r(7) rs) el Plxrus) = P(=2 7 —=
=Pz > lgs)
K = ¢0086 Plz2148) = |- 0. 474y
B To end  ELE] T we 9et i meon, 7 0-p2sf

1
f 2°. 30030 2° [1- :ll)uI
(o]
L

f gooso 21( 1-2)

o

1
q
3 9ODBDL/\ e 1-%) dx
N—
o Descelibes beton Funption

R =10 Plvg in to Constany
X =8 foimvia;, 1
24310
)
= %60%0- ——
2y3lo = 3 24

€0x*)az.204 2
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= |- 0.0256
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i+ o0 < xg|
iE V2 X glsS

elsewhere

5 firy- N
[»])

B 1) For
x
J‘ f(x)dX =g
-0

F(x)

X <40

2) For 0 < xg|

2z z
Jroee 2| =3

3) For 12 x 1.5

4) for x21.$
%
\/] £Ux)/x =0
s

b) Y= Yooz -50

Find o To find  thl, T voud #ind the
ViR £02]- (F1)
viv)= E[v) -(E [1))°

viaxsb) = a L[y +b

1
ET'Z;/\ % (4gox- s0) +/

§
( '-5

2
Hoox —-Soy
})f + Hoox®= S0«

Variante  using

(s
X-(Yoox -So)

Ls
2ot
=z

= z o )
= los.3> + 235116

292, 26

= 100 (393.1) -S0
— 1s7u3%.y

= §is72u36 ¢

0 = 396.7%2

Rlrez, Yel)

Py <D

) - Y

Motgina)l pyg e y; ‘/ﬂ‘ etz = &
-\

3

b) Plxeziye) =

fylt) < e
Now W9 in oy g »
gV = ¢
c‘)j1 o ’a

6) beometric.

[ xzo
x= 02 X%\
- z
| 12 X¢l.8
| i X708
F(1.2) - F(oas)
L 2
- 0.67§
3
2

Thes 7S o discretc
M.TX = g 5{:1' FLX)

K=o
< -1
1o 12 et PLI-P)Z

ea) s PL1-p)*!
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Kz0 e
6, -
=p 2 &5 (1-P)
K=0 X -] .
~p 2z [6#0/?)] 2
X=0 o | - %([’P)
[ - etrp)
Mxlt)= Pet
I- (1P)eb
&)
Ser  feniva tive camt to O,
dr_ pe ¢

B ) = ¢t

2) p(xszY) = I-P(x <2Y)

50w
D\/‘g{\ ¢ dxdy = —ZZLY
oa,_z\{ _ -2y 0
oJ‘ ¢ d‘(j = }o

iF0¢Yye 22
(2] elSeA here
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Yoy (4 np)'= A'UE

2) 52¢5 - Tobal cords
st (D () (F)DL 1))
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Tt —s 025 hondy domt fake Ore
YRk, Yoy the other
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