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Topic 1 : Probability

Probability is a measure of one's belief in the

occurance of a random event.

Random Event : outcome or experiments that cannot be determined

uniquely from known conditions

Eg .

Coin Flip H = 0
. S

T = 0
. 5

Classical prob .
Often defined through relative frequency of

occurance of a random event

Buffon's
.

4040 Losses
, 2048 heads

Relative Frequency 2048
- = 0

. 3072040

Karl Pearson 24000 tosses
, 12012 heads

Need to count outcomes for an experiment
- Counting Rules

- multiplicative Rules

↳ we can do job 1 in 20 ways

we can do job 2 in 7 ways

we can do jobl and job 2 in xm ways

E
. g Tossing 2 Dice ,

I green,
I red

# possible outcomes : 646 = 36 Problem 1-1

All outcomes : & (1 , 1)
,

(1
,

2), .
. . .

(1
, 6) a) S3 = 125

(2 , 1)
,

(2, 2) .
. .. (2

,
6)

..... (6
, 6)3v

order matters



Addition Rule :

suppose we can do job I in ways

and job 2 in X ways. Then we can do

either job/ or jobe in+H ways.
-> ?

E . g : Tossing a pair of dice

# of possible outcomes S + &
the total # ofpts on the 2 dice is

> 103 r +g = 11 -> (5, 6) , 16
, 3) - 2 ways

r+ g = 12 -> 16, 6) - 1 way

2 + 1 = 3 ways

3. Permutation Rule :

Suppose there aren distinct objects

The # of ways to arrange (permute) r objects P = n objects are

selected from these n objects. drawn without

is ph =
n(n-1

.

... (n - r + 1) =r !

replacement.

Pn = n !

Note : Order Matters
-

# of Distinguishable ways for
Problem 1-1a) A B C

35S "MISSISS AUG A"

b)
ABC Sp3 = 60 ways

I 23 ! = 415800
213

ways

Extension .

# of distinguishable permutation of

the word "MISS"

MISS 4 !
-

2 !

MSIS } same outora



combinations.

Fromn distinct objects the # of ways to order does

take out combinations ofr subjects at Not Matter

a time is denoted by ch
n-total

r-Subset (r)= =-r) !

3 Objects are drawn

without replacement.

Problem 1-2 (n) = 1(Y) = n

Total 4 chem
, 3 Phys. ( % ). (n-r)

Choose 2 chem
,

I phys (8) = (3)
422 X3C1 = 18 ways

· ProbabilityConcepts 32
.
2-2-4

1 . Sample space (s) roblem↳E,M
,

HAM
,
M

,
MHM

set of all possible outcomes MMH
,

MHM , MMM3
of an experiment. 8 outcomes

6) A = EHMH, HAM
,MAH3

Each outcome in S
,

is called a

B = GMMM, HMM , MHM
,

M + M3
sample point (potential outcome)

2 . Random Event(denoted by A
, B...) An event A is said to occur

a subset of a sample space. if the outcome of the experiment

belongs to A.

Review of set notation

ALB- A is a subset of B AUB Union of A and B

Both# /,
S AorB or

A' or 1 : The complement of A. A 1 B Intersection

Of A and 13
S

-A Carb =dub
TB Both A and B

(AUB) = A'UB'



3.) Probability

suppose s is a sample space of an experiment. Definition
The probability of an event A . PLA) ,

must
Of

Satisfy :

Axiom 1 : P(A) = 0 Probability
Axiom 2 : P(S) = 1

Axiom 3 : If Al
,

Az
, As ---- -are

Pairwise mutually exclusive events in S.

Aid Ay = P if if]
,

then

pla, UACUAs ... ) = P(Ai)

Note : Assigned Probability must satisfy 3Axioms 1
, 2 , 3 and be realistic.

A
,

Ac are disjoint events,

Axiom 3 =) P(A
, VAz) = P(A , ) + P(Az)↑ I

~

Calculating Point of an event

Using Sample-Point Method :

Thm
.
2 . 2 An experiment can give n different outcomes,

each outcome is equally likely. EventA consists of m

of these out comes.

Then P(A) = En=orsample its into



Problem 1
. 4

canidates :31 ,
2

,
3
,

4
, 53

Best Poorest

s = E

(2) =
10 A = 30 , 9)

,
(1, 5)3

= zo or 0
. 2 or 20%

B = G(1, 2), (1, 3) .... 3

To = 0. 7

Problem 1
.

S

A = Ea full house) 6) Total # of Arrangements of S2 cards

cards positions :

(5) = 2598960

13 face value (5)
p(A)=
!

Options 3 out of

Y

P(7)=)
; 12

P(A) = 1960
P(A) = 0

. 000144



Thm 2
.

1 : If an experiment gives a

discrete sample space S,
the prob of an event A (AIS) is the

sum of the probabilities of all sample PtS Comprising 1.

Note : the samplepts in s may or may not be equally likely.

Ex
.

A coin is flipped untill heads appears

S = SH , TH
, TTH, .... 3

Pl P2 P3

② zet p(0
.

) = (E)?, i = 1
,

2
,

3 The Birthday problem

This defines a prob measure for Prt - 6 The # of sample Pts in

this experiment. 1 + 1 + ... day I day 2 Person 20

& # 8

Review Geometric Series :
365 A 365 365 = 36520

A = 3, at least 2 people have the sameday)
atartar

...
rar"= A = En0 person's same 6 day 3

= sample
# int' 365 . 364 .... (365 - 20 + 1)

= jif 0 > x7/ PE

34620

Rules of Probability (1 . 5)
PlA) = = 0

. 500

1) Thom 2.
3 P(A)) = 1 - P(t)

P(A) = 1 - p(t) = 1 - 0
.
5886

< PE S = AUA' = 0 . 4114
6)

A1A' = 0 P(no one is born on sept .
1) =out

.. A and A are

mutually exclusive. P(I was born on Sept
. 1) = 203h,a

Axiom 3 : PLAVA') = P(A) + P(A)
Let A represent at least

I born on sept. 1.

P(S) = 1

Axiom 2 : p(A) + P(A) y = 1

P(A) = 1
-3 = 0

. 0019



Other rules of probability rules

2) P(Q) = 0 for any sample space S
.

3) A
, B are events is sample spaces

,

and ACB
,

then PLA)[P(B)

⑮
4) OXPLA) 11 , for any event A

.

S
. ) p(AUB) = P(A)+ P(B) - P(ARB)

S

B
A

6)) PLAUBUC) - P(A) + P(B) + P(c) - P(AnB) - P(Anc) - P(B1c) +P)AnB(c)

Pr . 1 . 8

A = 5 male ?
99 -------

B = 3 married 3 Method 1 : orderMatters

p(t) = P(A
, ) + P(tz)

Find PCA1B) know P(A) =0
. 58

,
P1)= 0

. 65
= P(both won ends) + P(both m on ends)

P(A'nB) = 0
. 25

=
By Morgans Rule

8 !

↑ B
A'rB' = (AVB) -P(A'nB) = 0 . 25

P(AUB) = 1 - 0
. 25 = 0

. S Method 2 : order does not matter

P(AVB) = P(A) +P(B) - P(AUB) PCA)== 0 . 38 + 0
.
65 - 0

. 75

PlAVB) = 0
. 48

6) P(A1B) = P(A) - 1(A1B)
= 0

. 58 - 0 .
48

* = 0 .1

((AnB)u(A1B) = A

disjoint



solve (a) When the die is twice as likely
Conditional Probability to occur as each

even #

If P(A) =0 then the conditional Assign Prob to an even

Prob of B given A is 2 w + w + 2w + w + 2w + w =

w = t
S = 3 1,

2, 3

Ba Prob =Bta
= E

Multiplication Law of Probability
Pr 1

. 10

c = Scolor Hind 3
P(A(B) = P(A) - P(B(A)

- A andB must be
in S

.

M = 3 male? ↓ - AlB Can't be 0.

P(c) = P(c(m) + p(((m) Likewise
,

P(A1B) = P(B) · P(AIB)
= 0 . 03 + 0

. 003 = 0 . 035
Problem 1

. 1

(6) P(CIM) 225 N. DF
A = Eboth are defective?

15 DF

CB--- Total <US
o

,
24022E

= 0
. ! 15c2 =

2) 0 .
0 Method 2:

D, = E 1st TV
. iS DE

Example : Toss a die onced 1) 2 = E2nd TV
. 1S DE

Given
, the number is higher than 3, a) p(PMP2) = P(D) - P(D2ID)

Whats Probability is even. = = 0
. 003)

possible : E 4
,

5
, 63 6)

PCIOF
,

1 good: P = 0 . 66

P(BIA) =

MAR
= PLD

, 1Dc'l + P(DinDc)
= P(p

, ) -

P(pz(D i ) + P(bi) -P(p
- (p

, )= = 0
. 117



Recall
,

A , B are mutually exclusive iff
Independent events (2 . 7)

AlB = 0 (A, B are not empty)

Def : Events A
,

B are independent
S P(AnB) = 0

iff P(An B) = P(A) . P(B) A B
A , B are not independent

Multiplication
Problem 1 .3Law : P(A1B) = P(t)

.P(BIA)
a) S = GAA,

AB
,

BA
, BB3

If A and B are indep
.

then P(B) = PCBIA)
↑ (E) = PEAA ,

AB
, BAS = E.

3 ! = 6

6) S = GAAA,
ABA

,
AAB

,
BAApr1 - 12 3 = 3 xy 2

, x24 , 4x2
, 722

, 2x4
, 24x3 &

B
,

BAB
,
BBA

, BBB3
Event A : 36 C = 3 B wins at least twice ?

Event B : 3 P(A1B) = P(A) . P(B) P(c) = 3 . 5 + z +1 - 5 -5 . 53 + (5)= 1Event C: Z
- A lB are not indep

27

There is an outcomes
Pairwise independence does not imply mutual

that captures them both
independence !

But A and C are independent Pr
.

1 - 14 (a) A = GHH
, HiS B = EHA , THE

P(A1C) = P(t) . P(c)
c = GHH , TT3

A1B = EHH}

Note: A
,

B are indep p(AnB) = t .

P(A) = P(B) =E - P(A1B)

= A and B' are indep P(Anc) = P(A) . P(c)

= A and B are indep P(BRC) = P(B) . P(C)

= A and i' are indep What about PLAMB1C) E P(A)-P(B) · P()

P(A1B1) = Eproof :

Need to Show PLAIRB) = PLA) - PCB) P(A) ,
P(B)

,
P(c) = E-t : z=

Ans
s P(A) =

PLAOr AMB)
A , B

,
C are not mutually independent.

disjoint Law of total probability

AlB
= P(AvB) + P(AnB)
= P(t) - P(B) + P(A1B') Pr

. 1 .
16

PLANB') = P(A) - P(A) - P(B) F P(c(M)

= P(A)(1 - P(B))
s =

ma p(c(F)

= P(A) - PLB') p(c) = P(cnm) + p(F1c)
= P(m)p(((M) + P(F) - p(CIF)

= 0 . 3 . 0
. 1 + 0 . S - 0

.
0

= 0
. 0 S

Definition : Let Sets B1
,

B2 ... By be

s . t 1
. BUBeU.... UBr = S

2
. BilBj = d for it j

(pairwise mutually exclusive).

Then Bl-BR is a partition of s



Thm : 2 . 12 (Law of Total Prob)

if events B.... Be from a

Partition of Sand PCB,) + 0

then for
any event Ac

P(A)
=E , P(Bi) - PLAIB,

Pr 1-17
-

a) c= Ecorrect ans ?
k = Estudent limous

P(c) = P(((k) + P(CMI)

= P(k) - p(C(k) + P(k) - P(c(k)
= 0 . 6 . 1 + 0. 4 . ! = 0.

7

6) p(NIC)= = R
=

P(k()=P((k)
u



Topic 2



Topic 2 : Probability Distributions
, Densities and Math expressions

Random Variable - function that assigns a numerical value

to each outcome

Discrete R . V -
Takes on countable number of possible values

continuous RV-Takes on an infinite number of possible values
in a range.

Probability Distribution's for Discrete RV's

Def : If X is a discrete V.
V

,
then f(x) = P(X = x)

For each X in the range of X is called the prf
probability mass function of X

pr -2
..

/ Cumulative Distribution Function (CDF)

- 5 black

4)

SBBHobas Def : Ifa is a discrete r. U. It's
- 3 White

CDF is given by : F(x) = P(***)
+ (0) = PEww3 =

(2) = Gives the probability X Will take a value

(2) less than or equal to.

f(l) = P(x = 1) = PSBw
, wi= - OEX if XL

f(l) = P(x = 2) = PEBB3 = 2)=
F(x) =&For t(2)

To confirm all Possible outcomes =

Prof of X :

Z O I 2

The probability mass function
f(x) 31281128 S/1y

Is the function that maps out the possibilities
Graph your Puf

f(x)1 M
Ex

Xi O 12 (Adds to 1)
Y128

of

(ptx) -
S

3/14 28 14

3128
I
j ii

!"

16) ↑ (matching pair) = P(x = 0 or X = 2)
= Er + Y =g

3 +(x) = );
P(x = x)

(Hyper geometric)
distribution

Thm 3 . 1. For any discrete R . UX.

Let f(x) be itsTinf. Then

I
. · (F(x) [*

,
for any Possible & Value

2

.Ex +(x) = 1



Frequency Distribution for Observed Data

Observed Data-data one has seen

Frequency - how many times that number has occurred

Types of Frequency

Absolute Frea-Actual number of times a value occurs

Relative Frea-soluteFreStats
3

r
.

2 . 56)

2" = 16 Possible outcomes

PMF x : 01 234

f(x) : to to to

Binomial Distribution

Pr 2 .
6 a)

36
-

92 31
Norma Distribution of frequencies

Continous R
.

V
,

PDF and CDF

Def : For a continous random Variable X
,

the PDF f(x) gives the

Probability that X falls within a certain range. The probability

that x lies between a and 6 is :

~
f(x)

P(azX = b) = +(x)bx 3 PDF

-
Note : O If X is cont r. V then

P(X =x) = 0

>
② The total area under the pdf

area under the graph . curve is 1.

(x)0x = 1



Continuity Paradox

Def: Including or Excluding the endpoints

does not matter Since the prob of a single

Point is 0
.

P(a(X = b) = P(a(X =b) = P(a = X(b) = p(acx(6)

Problem 2
.
7

The Cumulative Distribution Function for Continous R.
a) f(x) =

Ske if x >

O elsewhere Def : The CDFFor continous R .
UX

,
F(x) gives

↑ x =
the probability X takes a value less than or equal

to X

k3x = k F(x) = P(X(x)= f(x)(t)dt , for - ac

= k(o- l- 5) = E = 1

... k = 3

6) Finding p(o . S[X[1) =↓" Relationship between CDF and PDF

- The CDF is derived by integrating the PDF

= - The PDF is found by differentiating the CDF

I 0 . 173 fx(x)= + x(x)

ap(x))) = /
*

ze
*

Ex

P(X(0. 5) =S3
- F(- x) = 0

,
F(x) = 1

Problem 2 .
8

f(x) = [32-3xifXhere

a) The CDF F(x) of X is 6) 1 F(- x) = 0 Want to
found by integrating the PDF Over X.

1
. F(x) = 1 Revisit ?

F(x) = P(X(x) = A f(x)(t) - Ot as X -> N,
the term e-31-0

1 .
For X10 :

F(N)= 1 - 0 = 1
FX = 0 for X

.10
3. The CDF is non

decreasing because the derivative↳Best It
Of the CDF (PDF) is always non negative

G

F(x) =
- e3t =-

: Fx(x) is non decreasing for all X

10
: The CDF is F(x) = 3 %-34 x

f(x)
F(x)

M

- -----4 -

. x

/
·
S



Problem 2
. 9

xc - 1
F(x) = 3 - 11XL

X-

If X2 - 1
,

C

If X ] 1
,

X

CDF
- F(x)

z
E S

-

! S - " S

f(x)= To get P . D
,

F , we

differentiate CDE

Note : J's -> Sx +

O

Problem 2 . 10

- X -I (X(0
f(x) =

X 01 x4

O otherwise Note: F(x) = P(x =x)= f(t)dt

Integrate to find CDF

F(x) = 30 if
x - Integrate up to X

, not bounds.
if - 12XL0

For - 12 X 0
2 X E

M
*

-t de
- I un ↑ m

=
- E"= - -s less

- 1 O 1
O

For 0 < X ~ Y + (x)dxE(f(x)dx2

Noxx+↓xdx if Xc-1

- 1
if-12X(o - I

2 + (E1)
F(x) =

[ 01X1

I

=+ I
X - I My imfixd

+(x/by -
11

O ↓"IIII -
3 x

7

-
V

Ny
Sf(x)dx = c

- I

I



Mathematical Expectations

Expected value : The long run average value of a R .
V if you were to do an experiment many/

times .

For Discrete RV : Sum all possible outcomes
,

weighted by probability

E(X) = &XP(X = x)

For Continous RV : Integrate the values , weighted by densities

z(x) = -x f(x)8x

problem 2 . 13
problem 2 . 1

J
,
Q = $15

a) X : I - I
k

, A =$S
f(x) : 1 -(5)"(5)" 2, 3, 4

,
5
, 6

,
7 , 8

,
4
,

10 =
- $4

0 . 518 X = Money he makes from I draw

P(x =
- 1) = (5)) Xi IS S - T

8f(x) = 1 . 0 . 318 + ( -1(f) f(x) : 52 5
= 0 . 036 > 0

E(x) = 13 . G + S. + ( -4)
-So he is expected to win a bit.

E(x) = 10
. 3)

Note : This is a discrete random variable, this

Properties of Expectations means he is expected to win 31k on arg.

1 . E(6) = 6
.

The expectation of a Problem 2 . 14

constant is simply the constant

2
. E(aX + 6Y) = aE(X) + 6f(y) +(x) = G =Yu +xyi + 0x4

g Otherwise
If X and Y are r.

V and a
, 6 are

-> how to

constants , you can split them up.

E(x)= x. d
integrate

= z(n(1 +x)
=0

V = 1 +22
du = 2x

3
. ((X + Y) = f(x) + E(Y) = ↓

= 6
. 4413

The expected value of aSum is
=

Env
Sum of expected values



Theorem 4.

· Expectation of a function of a r. V

If X is a discrete V with PmF F(x1 ,

E (g(x)] =Eg(x) . f(x)

so
, we apply some function g to X before

taking Expectation

· If X is a can't rv with Pdf f(x),
thenE(g(x)) = (x) f(x) . &x

Problem 2 . 15

Moments of a Random Variable
f(x) = 32x,

if 02x1

otherwise - a moment is a way to describe various

a) f(x) = (x . 2x(x = 2x3 aspects of a distribution of r. V X.
&

= 3 Therih moment of X is No = E(Xr)

6) y = 200X
*

+ 60
- Moments are used to understand Shape

and characteristics of distributions.
t(4(x)) = %(200x*

+ 60) . 2x62
Ex

= $220 First Moment (v = 1) : E(X)
,

the mean of X.
c) P(y > 180) = P(200 x

*
+ 607180) second Moment (r= 2) : E(XY

= p(200x5 >120) Central Moments :

= P(x +z0
= P(x > (0 . 6))

The -th Central moment is Nr = E[(X-4)r]
also calledith moment about the mean .

= zxx =
os e

= 0 . 8724 ariance and Standard Deviation

The Variance is a measure of how much

X deviates from it's mean N .

- This is the averaged savare distance

- of X from it's mean
.

E(x) = E(y) v(B)
- var(x) = E[(x- ((]
v(X) = 02

-

8 = NX) : is called standard deviation
of X . Denoted by 0.



Theorem 4 . 6
variance : V(x) = f((X-1(2)

r(x) = f(xz) - (f(x)] Standard Deviation : = o=CX)
N is a constant v(x) = E(x)) - [E(x)]2

= f((X - N)]]
= t(x - 2NX +z]

Problem 2 . 16

smaller # :1
= E(x)) - f(2Nx) + f(x)

X = min of the Pair of His
= E(x)) - zu f(x) + wa
= f(x)) - 2n2 + Ni PmfX : 1 L3 456

= E(x2) - N2 f(x): 36565656

f(x)= xf(x) =12.+6
= 2 . 54

Problem 2
.17 1

- if 0 EX2
a

f(x) = 58 if 22 x4

O otherwise

↑
Note : f(x)= 3 = t and &X= 4 = 1 12134s &

M

↳ CDF F(x) E(X)
in

] i v(x) = E(x)) - (E(x)]⑧

X

f(x2) = 2x2 - f(x) = 2.( + 22 . 165 .... 6To find CDF
,

we integrate all X

S
if X o

= 8
. 36

F(x)= x = = if 02x v(x) = 8
. 36 - (2 .54) = 1

. 91

↑ x +/Et = 5+ problem 2
. 176)

= I if 2 x
Expectations and Variance

I
if x 14

t(x) = 12.f(x)8x v(x) = E(xz) - (E(x)]
Is it continous

?· = (x - Gox + M.x
f(x2) =/x f(x)dx

-
①

Yes, it is .

*

F(x) =
E,
"I =+ =

=
To be continous : o + ( - 5)

= 47

· Non negative
v(x) = 4 - (2

· Adds up to E(x)=
V(x) = 1

. 16



Problem 2 . 16 Notes :

f(x) = 324- x)
,iFOUT

-

1 . ) V(X)30

2 2) E(x2)-(t(x)]"
a) show Ni=Cr + 2)

Y=2x + 2

3 . ) v(aX + 6) =
a2 - v(x)

I
I Y for any constant a

, 6
E(x]=x f(x)dx =(x- 2(1-x)dx

Problem 2 . 19

= ('(x) -x)dx = 2) f(x) = Get a
j

= 2( -) =(+ 2) a) E(x) =/
*

x - f(x)8x Let v = x - 3

x = u + 3
- N

6) Using the Ea:=(+ 2)
E(x)= /

*

x .Le
dx =du

3

v(x) = E(xE - (E(x)]2 E =z
v(x) =5 - (-) = i

t(x) = 2(* + 3. ) =

E(x) = jxf(x)dx=
f(x2) = 29

var(x) = 29-32 = 4

6)p(1(x(9) = 1 -e =
0

. 95

ChebyShew's Theorem
provides a way to estimate the probability that

a random variable lies Within a certain number of

Standard deviations from the mean . Note: This theorem provides

a lower bound for the prob
For any random variable X with mean N and

that X takes values within
variance 82

,
for any K21

k see of the mean

P((X -x) = ko)1
op

P((x - y
< ko)-)-

K is the number of std's away it is from mean.



Problem 2
.
20

Notes on ChebySher's Thm
a) f(x) = S

v(x) = y + 02= 4 - 5 = z
· Applicable on any type of distribution

P(((X(9) = ? -> P(- 4(X - Sz4) · Giveaway to use it,
is the two bounds

P((x- ycko)-) - + k = ↳ given are equal distant a part12

P(1 < x(q) = P((X - 3) < 4) Equal x=
P((x- S)(4) = 1 - p((x - 3) - 4) k = 2

Since =2
, we set k= 4 : k = 2

1- Te
P((x - s(79)= + 1 - + = 0

. 75
4

P(k - S((4) =
1 - E = 0

. 7

b) P(x[2 or X (8) 8 =
= P(X- 32 - 3 or X - S23)

= P((x - 3) 23(
k = 2

Seto = 3
,

k = = 1 . "IR
P((x-s -3) 12 = j" Its 0-44

P(x[2 or Xz8) = 0 . 44

-:k = 2 . 5

145 N
= 10

ins =

N - ko N + ko

2-
25 25

1- He = 1-2
= 0

. 89



Moment Generating The moment generating function allows

Function us to find all the different moments

(E(x2)
, E(x)e + c)

Recall that Nr = E(X) .

V = 1
,

2
.

3

If two random variables X andY have the MGF and Setting it to 0 gives
the same ith moments for all r= 1

,
2

,
3 I Finding the first derivative of

then X and Y have the same probability distribution
.

you First Moment

For
a random variable X with por f(x) Second Derivative Set to O,

the mgf is defined as Mx(t) =EletX] = et+(x) gives the second moment.

For Continous R.
V :

Mx(T) = N+ f(x)x

FirstMoment:MH(t
= 0

= E(x)

second momentmo = E(x)

In general
, gr . mct)

= E(xy)
dr t =0 =Nr

Problem 2 . 21

f(x)=(x) for x=2 Find pmf
, by plugging in valeas

2) Multiply etX times the probability
a)

Mx(t) = E(e+) = 3e
+ x

. f(x) of XS
.

2PMF

:isin Second derivative :

et + net/t =0
= et

.o

. f(0) + et! f() + et- 2
. f(z) >

=

Is

=+ . et+ f(x)
6) Finding E(X) and V(X) through the mgf. v(x) = f(xy) - ((x)]2

v(x) = = - (3)2setmeSe v(x) = =

E(x) = E



Problem 2 . 22

f(x) = 3ze if +30 6) A==O otherwise

a) For a continuous rv
E(x) = 2

m(t)=
X

et?f(x)dx E(x2) = S v(x) = f(xz) - (t(x)))
- D v(x) = 8 - z

S

= /e.* dx
v(x) = 4

O

L

= /ex* x

If two rvS have the same might
o

(t - z)x= C they must have the same distribution.

=
The mgF must

be a finite value

=-
m(t)=E+

- 2 = 0 if t = 2

S -E =
et

ift

L if t > t

The migf of X is mct) = Yet for the

Problem 2 . 23

m(t) =13
mx(t) = E(e+*]
The random variables take on the

values of 0
,

1
,

3 because these are

the coefrecient on the t terms.

The terms suggest : P(X= 0) = t
P(x = 2) = =
P(X = 3) = 3

The Pmf gives you probabilities directly

The mgf represents these probabilities in

a transformed way .



Topic 3



Topic 3

· Bernoulli Distribution and Binomial Distribution

Definition : A dernoulli trial is an experiment with 2 mutually exclusive distinct

outcomes. There are successes (P) and Failures (1-P).

Example : Toss a Coin
,

Shoottarget
... etc

-

Let x = # of success in a bernoulli trial
Probability Mass Function

For Bernoulli random variable X
= &1 ,

if success

O failure

P(X = 1) = 0 p(x = 0) = 1 - 0 P(X = x) = p*() - p)
- Y

,
where x = 0,

way to write : X ~ Bernoulli (e)

Binomial Distribution
- A binomial experiment consists of n identical and independent

Bernoulli trials

Binomial Random Variable : * ~ Binomial (n , k)

PMF of Binomial Distribution

For a binomial random variable X ,
the probability

of getting exately K successes inn trials is P(X= K) = ( * ) p * (1-p)"-*

Binomial Distribution

1 . Consists of n identical trials

2 . independenttrial v

3. EachErial is a Bernoulli trial Mean : up var : np(1 - P)
4 . Prob of success is G in each trial



Problem 3 . 1

Recognize ,
xmBin (n = 3

,

0 = 3)
I have of

n is of trials
,

o is probability of success
.

↓ have or
15 values that X can take on

,
X : 0

,

1
,

2
,

3.

3 randomly selected
1

X # of donors with of blood

Find PMF : F(0)= P(X = 0) = (1 - 3) ↓ -

P(x = 1) = ( 3) .(5)(1 - 2)
P(x = 2) = (2)(b)(1 - 5)
P(x= 3) = (z)3

0123

using the Pmf of binomial dist
. p(X= ) = ( * ) p * (1-p)"-* X = 0

,
1
,

2
, 3

+(x) = (2)(5)"(1 - z)3T
Note : Bernoulli (O) is a special case

of Bin (n
, 0) with n = 1.

Thm 5 .4 Thm

The mgf of ~ Bin is If & ~ Bin(n , e)
,

then E(x) =no,

m(t) = [1 + o(et-1] v(x) = n0(1 - 0)

Proof :

M(t) = E(e+ Y)
=e=

(2)
*

(1- o
-*

PF: 10 = ne

X= 0

I () (oet) (1-o
- *

mi = nin(I + oletoetot
= (1 + o(et-1)]n

+ n[1 + O(e +
-1))" get

t(x)) =
n(n - 1)82 + ne

v(x) = n(0 - 02) = ne(1- 0)



Problem 3.2 a) P(x (3) = p(x = 0) + p(x = 1) + P(x= 2)+ P(x = 3)

Recovery rate 0 . 3
= 0

.
2+ (1) . 0

. 31 . 0 .
%" + .... (3)0 .

33 .

o .
c

= 0 . 297
13 People selected (n trials)

a) Let X be the # of People 6) P(X = 2) = P(x= 2) +... + p(x = (s)

among the IS who recovered. 1 - P(x = 0) - p(x = 1) = 0 . 965

x - Bin (n = 13
, 0 = 0

. 3)

Geometric Distribution Distribution Models
-

Bernouli Single trial

The geometric distribution is a discrete Binomial Number of successes in

trials
Geometric

Number of trials to first

probability distribution that models the number success.

of trials needed to achieve the first success

one parameter is O
, whereo is probability of

success in each trial .

PMF : P(X = x) = (1-P)" . p
the First X-1 trials must be failures times the

Probability of success . P is prob of success

E(x] = = Var(x)=

Problem 3
.
3

-

x ~Geolo =-) Probability

a) Let x = # of trials until 6 appears

-P(x= 3) = (5)(b)=
If its a 6 on the third toss

,

-

had to have been -s on first two

1234
......

6) P(x(3) = 1 - P(x= 1) - p(x= 2)

= 1 - t - (5) · = 36 Trials for first success

The first trial always has highest probability
P(x = 3) = P(X = 1) + P(X = 2) + p(x = 3) a t X = 1 .

2

= (1- 0 .3) . 0 . 3 + (1 -0 . 3)' - 0
. 3 + (1 - 0 . 3) . 0 . 3

=
0

. 657

For Geometric Distribution :

Can also use the CDF : F(x) = P(X [x) = 1 -(l-p)
*



Types of Distributions

Formula:

Bernouli > Models a single mutually exclusive independent trial <P* is # or

successes

Binomial > Follows n Bernoulli trials
,

counts the number of successes. > (u)pk) - py
-

ksuccesses inn trials

Bernoulli distribution is nothing but the Binomial distribution
, where the trial only occurs once.

Binomial > z(x)=p
,

var(x)=
wins Losses

Geometric > Number of trials to first success 2
Failures success

Negative Binomial <Number of trials it zalies to yet certain # of successes (*) pr(1-p)
*

↓ is # of success

K is amt of trials

the "rest"

Hypergeometric - 1 Drawing from finite population,
without replacementWastoa

Binomial questions have a set number of trials
"Out ofa trials"

"inn trials"

Negative Binomial Questions have a set number of successes.

" number of successes



Problem 3 . 4

a) show that for a positive integer a

The memoryless property of the geometric P(x(a) = &"
,

where a = 1-p
distribution

, is a unique characteristic

where probability of needing more trials Failure : Q = 1 - P

for a success
,

independent from how many Event X a means that the first a trials are

have been completed all failures.

6) P(X(a + b(x)a)= P(X > 6)
P(x(a) = (1 - p)a =a

By the Definition

of Conditional P(x(a +(xza) = P(x(a+ 61xxa)
probability :

P(x)a)
Because P(Xa+) implies P(X2a) the event can just be

=xa
From a) P(X(a) = " and P(X(a +6) = @

+

= ==P(X

Negative Binomial Distribution

models the number of trials needed to achieve

a specified number of successes in a sequence

of independent and identically distributed Bernoulli trials.

Formula : Expected value : E(X)=*
If X represents the number of trials needed to

getr successes
,

X follows negative Binomial distribution variance : Var(x) =

(,
k -f

PMF = P(X = k) = (ET) . pr(1 - p)
Cool Note :

· P is the probability of success When r= 1
, negative binomial

· 1-p prob of failure distribution becomes geometric
· r is # of required successes
· K is the total number of trials

, needed for success

· (E) Binomial Coeff
,

counts ways to arrange v-

success in + trials .

The first X-1 trials must result in 2-1 successes.



Problem 3
.
5

a) P= 0
. 3

r = 2 P(X = k) = (]) . pr(1 - p)F
X = 10

P(x = 10) = ( '2 ) . 0
.5)1 - 0 .3)8

P(x = 10) = (9) : 0
.
32 (0 . 138

P(x = 10) = 0 . 0467

6) P(X (4) = P(x= 2) + p(x= 3) + P(x = 4)

= 0 . 3 + (E) - 0 .34(i) - 0.
= 0

. 348 This term is introduced

because we have l and
Where r= 2

,
X = Changes

,
P = 0 . 3 then2 failures within the

First x trials.

Problem 3
.

6

p = 0 .5 F= o
.

S

X = 7 , S
,

6
,

7 series length Y S 6 7
r = 4

Obsered Fred 1 IS 16 12

4 Wins means series is over

Probability : one team wins
Observed prob :↳

4 in a row is p(Sweep) = 0
.

3
P(Sweep=

des des "zer
20

Prob of

Y = 4 S 67
I

Problem 3. 7

games : P(X= 3) = (5) .
0 .

54 . 0 . 3 = 4=*
NO , they dont fit a similiar distribution,
teams usually are not evenly matched up

Prop 06
p(X= 6) = (3) . 0 .

5 . 0 .

52 = 10:= in the finals .
games :

propos p(X = 1) = (3) - 0 .5 . 0
.
3= 20 ·=

games

PmF Let Y be # of games till one

team wins.

f(y) = 0 . 125 0 . 23 0 . 3125 0
. 312

Multiply all probabilities by 2.

&



Hypergeometric Distribution

Probability distribution that describes the

likelihood of getting a certain number of successes

in a sequence of draws from a finite population

without replacement.

Without Replacement - Impies that probabilities

will change based on draws
, making the draws dependent.

key Characteristics
· Finite population ,

divided into successes and failures

· Draw x items without replacement.

· Drawing specific number of success in given amt of tries .

ways thoose-
X Ways to choose

the "rest"PMF : P(X = M)MN-M
Total outcomes

where: Mean :
N =

· N is total size of population
· M is total "successes" in population var(x)=MCN-MN· n is the number of draws

· X is random var representing the #

of success that we want.
*

The term # is called the finite

population adjustment.

Note : If sampling less than 5% of the

total population,
the hypergeometric and binomial

distribution will give "Close" answers.



Problem 3 . 8 With Replacement - Independent
Box contains : 8 red balls

2 black balls
without replacement - Not Independent

a) Hypergeometric :

Planed=

(2) · (2)
= works

with geo and negbinomial
(1)

6) P(R) = 0
. 8 C)

*

+(x) = (ET)p+)1 - p)
x - k

P(B) = 0 . 2
P = 0 . 8

f(x = m = (Y= )- 0 . %(1 - 0
. 837

Total Outcomes : X = 4

k = 1
= (8) - 0

. 8 (0 . 23

Binn) .

(8
.
0 =
- 625

leftover
choosing

of from the
4/5 Red choosing 1 black

reds

Problem 3
. 9 Bernoulli--single trial

120 applicants Binomial - independent bernouli
80 qualified trials
no not qualified Geometric - till first success

a) (2) · (3)
= 0 . 164 # of trials,

needed for

(120) Neg Binomial- # of success.

Hypergeometric - finite population

6) p = 5 without replacement

P(x= 2) = (b)(2)2( +3 = 13 = 0
. 1646

Derivatives Reminders

Product rule : f(x) · g(x) = ='(x) · g(x) + q(x) - f(x)

Quotient :=
1 · 9(x)

·gC
Exponential : ev = ev

2x- S 2x - S

Lawns · av = aV . U . Ina 7 = 7 . 2 . 17

constants : x) =c (x)

::



Practise Midterm #2 - Test 2

1) a) Leta represent a student born in key words
november in grade 2.

set number of n ("in 10 games')
20 Students

This can be modelled
means Bin (n = 10

, P = (
P(Nor) = t
P(x(2) = ?

Using Binomial

(E) (p)
* (l-p

-k

P(X(z) = P(x =0) + P(x= 1) + P(x= 2)
x ~ Bin(n= 20

, p=e)

P(x=a) = (20 = 0 . 17548 set number of successes means

negative Binomial

P(x= n = (2
%) .(t) - (i) " = 0 . 319

P(x = z) = (5%(+ )2. (t) = 0 .
27

P(x=2) = ( + 12 + (i) ()"+ (i) :(
P(x(z) = 0 . 770

6)3 Students until he finds
2) E

ifo(X1)

I born in no

f(x) = Ei + kx + 2

elsewhere
Modelled by binomial Distribution.

Y ~ Binomial (n = 4
,

P = 1) a) To find theProbability P(0 . SEX[1
. 3)

P(Y(2) = P(y =0) + P(y = 1) We integratef(x)

I
.
SPly =0) = (b) . (t)0 · (i)

Pa = x(6)=P(y = 1) = (4) · (i) · ( +2)
P(y(2) = 0 .

706 + 0 . 2567s = x10 + 5x) ,
= 0 . 963

=3 +
2 = 0 .54(0 . 31X41

. 5) = 0
. 5

10

26) f(x) = 65
ifo(X)

Note : From density function
,

to get

3
if 1 + +2

elsewhere Probabilities, you integrate over that region.

M 30x = Ex) = 2x From CDF
,
p(a(x16) = F(b) - F(a)

G

(43dt = 3t)Y = 3x - 3 = 3(x - 1
S

combine : 2 + (x - 1) Solving CDF Questions

01X
if

F(x) =

[x
=Ess

Note: To find CDF from PDF
,

Set

if 1(x12
= 2

,
x- 1

Up bounds to X and remember it

is Cumulative
, so you must add the

Previous intervals probability, evaluated

at the start of the new bounds.



EX
x.=x = 5

3)
f(x = ((x i = xz e . [X . e

O

O otherwise
let . e). e

= 23x1z = 18x4 = to mx(i) = E(e + x) (e
+ -

1)
X

· C

↓ (t - 1)x + 1

=
+
z + = 1 10tX-(xix=

C

E(X] = 1 . 1 I

t(x)=x ux() = 1* (t - 1)x + 16x = e(x(x=I

= 'Ex(x +(2xx - ey
O

&

=

(x3) ! + Ex As X-> &
,

if +(1
,

then
et *

->

=5 + 5 = 3
when x= =

E(x2) = 2

var(x) = E(x2) - (t(x])2
Mx(t) =

c. for +

var(x) = (7,3) - (1 . 1) 6)m =
var(x)=

= (et)(t -1) - (t)(et))-

(t - 1)2
f(x) = 2

key Properties for Exponentials

· For et
, if a zo

,
e grows toward infinity as X-x

if a 20
, ex decays toward 0 as X-x

Behaviour at infinity :

a co
,

e" - > 0 as X-I

as0
, e** as X- X

Ote : Given a PmF and asked for CDF
,

is simply the probabilities

adding on to each other.

To Find Mean / Expected value : solve the integrals of the

PDF
.



How to Solve MGF Questions

1) Determine if you are given a continuous DV or discrete r. V
. (Continous means PDF

,
Discreate

means PMF)
.

Then use either . f(x) or(x)

Exponent Rules

2) Factor exponential terms/ simplify
1) e . e =

a + 6

e

3) solve integral

4) Look at behaviour to see how
,

we

2)a
. bx (ab) X

can make fix) a finite value.
= e

(EX.3) =((z- 3)4
=

5) Plug in limit
, solve

6) Find First/Second moment from derivatives
.

1) MGF Practice Questions
3) f(x) = Gzxz0D

g otherwise

Jet . zedx Finding Mgf.

G continuous RV : Mx(i)= et.

310txxx-3xt :/
*

ex
O 0 N

j

g

To make ex(t-3)
= ! .Selt-approach j

0 t must be less than1x(t-3) 3.
X(t -3)0

for exte to approach o
,

t musta

less than E : <z
t - 31 0

= 0 - (s) + = 3 0-t=t
=-E is the mgf ?

ar= fr Irk1
i 10(27) = z(x] = 2

2) P(X =0) = 0 .
S Find mgf:

P(X= 1) = 0 .
3 3) P(X = k) = &( = )*

,
k =0

,
1
,

2 ...

P(x = 2) = 0 .
2

1) Discrete : Mx(T) = e*
1) Discreter.V implies we use this def Mx(i)= e* +x

because values ofare infinite we do :

2t S

x=" =(= e. 0 . 3 + 25. 0 .3 + e - 0 . 2 Ee
2t K

a = 1
= 0 . 3 + 0 .35 + 0 . 2e

=Let where re zit because

k= 0

2) Find E(x] : Derive
,

set to 0. gives I

Because 101 < 1
,

Setup incavality 2et
-- = 0 . Set + 0 . Lest

Let = ze = et=
= 0 .Set + 0

.

4e241
.

I
= 0 . 3 + 0

. 4 = 0 . 7 =zet = - for t < In 3
3- Let

:Let-(l-Zet)) =
Ex



1)p(x = x) = +x ,
x = 1

,
x = 2

,
x = 3 sar"= for la

Mx(T)=e.

T e- - (e)
* r=e=

= for a
(e

*

so + 0

=et
Binomial : (2) PR(1-p)"-

*

MoreMGF practsa

+(x) = Ste in X 0

o otherwise

a) This is a continuous r

: We use Mix =etx . f(x)x

↑ ex . La
g

L

↓O
L

If et-E) Need t-t co

g + <

Fort=
First moment

I Setderivative m(t) = + + 22 +3

t =2 E[X] = 2
Def : M+

= EetX . f(x)

In this case X = 1
,

2
, 3

= The pmF is x = ↳
2

t(x2)= S
x = 2 T

v(x) = 0 - z = 4
X =35



Practise Midterm #2-Test
P(win) = -2

1) Independent - Binomial
16) Binomial :

a) Alice wing 7 times in no more

than 10 games . P(x(8) = P(x = 8) + P(x =a) + P(x= 10)

There are 36 outcomes :
- (8) .(i)( + (8) · (t)"()' + (8) · (2) ()-

There are 6 ways to tie : to
splitting the remaining 30 outcomes

= 0 . 019588 x2 = 0 . 03917
both ways gives us Plain) = =3

12

x -kF(x) = ( * = ))p" (1-p) Binomial has fixed n

P(x = (0) = P(x= x + P(x= 8) + p(x=a) + P(x = ()
Negative Binomial has r

= (i) + (3)(i)(2) + (2)(zP(z) + 2 =1)(z)(1 - -)( successes fixed.

- 0 . 068
is the prob she wins times

in no more than 10 games

(c) Alice wins -
Draws

=
Bob wins first time in less than 10 games.

Geor (P = *)
+ (x) = fe( *)+ (+)

= 0 . 660

2) 2x 26) Let Y =6X + 3
,

Find P(- . =Y < 6)
f(x) =

e for XLO

E 1 - X for o XEl 1) Sub in : P(-1 . 31 - 6x + 316)
O otherwise 2) Subtract 3 from both sides : P(-4 .S1-6x[3)

a) 1) For Xco 3) divide both sides 64 6 : P( **** = - 2)
: P( -z = * +&)x= o=

using CDF : F(*) - F(-1)

2) For OXl
= 3 - 0 .

18393

plug in 0 = = 0 .
785

(1 -x(x = x -E =
x - E +]() Given Y=6x +3

f(uX + 6) = af(X] + 6O

3) For x10
plug in li =1

f (- 6x + 3) =6E(x] + 3

(f(x) = 0 + 1 = 1 f(x)=x -eT(x + xjx(x)x x -
x2

I

-
CDF : So x* xex v = X Jud = unrdu

= -
I for X71

.

ju = 1
= X -ex =dx = dj

V= [ex
How to sketch this function ? dV = e2X = xte- 1 + 2

-6 . - + 3 5

= 0 - ! .. -2 +

=



3) f(x) = 3 (1)**Where x =0
,

1 , 2 2a) Sketch
·

a) Mx(T) = E(e+ x)
1

1) Find PMF :
z

2x-

ze
M(t)=

0
e

+X
- f(x)

= e3
= 3. Let: )

*

X *

= (en)

=(=
= Zetet

for + < In4

36) E[X] = Get

:
= zet == t

4 - et

t(x)==letu)-eS
varce) et
=
- 1 -

2
= 4

8 Questions
,

s answers to each P(X(z) = 1 - P(X = 1) + p(x=0)

a) Exately 4 correct answers. (i)()' ( = ) + (8)(5)%
P(right answer) = ↳
8 Total Question

= 1 - 0 . 156 - 0 . 039
P(X = 4) , Independent trials

r successes means neg binomial dist
= 0

. 80S

8 - 4

f(x) = (a)(t)4(1 - -)
= No = 0. 1



Assignment 3 Questions

1)
① Q

23

③ 31224

a) Numbers on

z values

2 : 37367 "F 412[S

the 2 balls f(z) tt 31116

(1
, 2) 3

1
6427

(1
, 3) Y I 27

.

(1
, 4)

(2 , 3) S
hi

(2 , 4)
(3

, 4) 7
Given the CDF :

2)a)P(x = 3) = P(x=2) + P(x = 1) + p(x =o) 1) To find P(X(a) ,
P(X13)

, simply
P(x(3) =

just find F(3)

P( - 0
. 4 < x (4) = F(u) - F( - 0

. n)
=3 - 4 2) For P(Xca) , P(X > S) , simply

= use 1 - P(X(s) = 1 - F(s)

P(x = s) = 5 P(x =) = 1 - y =
P(X(3) = 3
P(x(3) = E

+(x) = 2(j)" for x = 1
,

2
,

3 ....

N = 0 .
260

8 = 0 . 00

1) This is a discrete r. k = <Lim-N
Mx(T)= etX

. f(x) sar"= for la 1-36 6 = him- 0
.260

-=
0 .00S

= YetX. 2(5)
*

+ = i + - 1

= Lim-0
. 260

= 2 . 5 et .( z = 556
+ 0

.
260 = Lim

Limi = 0
. 29

X
k2 = 36 This is upper sim

= 2 . (et* where r = (get) ,

a = Yet k = 6
: Lower = 0

. 23
> to ensure Ir21 , Extet21x

I

↳ et3
t < 1n3

Get-zet + 2et(bre)- L(e) -eel Get



CDF Related Questions 3) f(x) = 4x2x X30

1) given the pdf : E 8 XL0

f(x) =

S
E 0 <x[

O

Judi= ureroo
= 1X12 a) case ! : X 10 Case 2 : x20

(3-x) 24x43
X BP=4

O Otherwise +(x) =0 ↓ uxe*x
dv= =2x
v=

&F(x) = P(x = x)=(x)x ~ ux=
O

1) When x o 2) When OX 1
= - 2x2 + 2 -

-Le
2x

O X

() =0 =I = - (x*-
2

= e)- 2x + 1)
O

= xh
-

T

3) when 1x[2 4) When 22xE3 6) P(X = 1) = Fx(1) = 1 - (2 + 1)

/Idx = Exp (
*

+(3 - 7)(x = 3-
= 1 - 3 - 2

I

= (x - 1) +t = ( - * - 2 + 3)
= (x - m

= - = ( - * - 5)
5) wher X73 if X0

5 f(x) = 0

: f(x) = S & if 0 EXEl

Ex- if 12x12

3 if 2

I if XI3

2a) f(x) = 3202XE 26) P(0 .
23 x 10- 13)otherwise

Using CDF, we see

Casel : -* to o

P(0 .
25 (x 1 0 . 15) = F(0. 7S) - F(0. 2S)

*

↓ +(x)dx = 0 = to-to = 1
2

-w

case 2 : 0x11
2)[[X] = /x · f(x) on the range of X

X

(2xx = 2 == f(x) = 2 x . 2xdx
8 I

Plug 1 : I

= /2xdx = 2 = z - 0

j=0 = f(x] = 3
I

F(x) = E 2
X20

OXE
I X30



More CDE

nx 02X2 FindP(1 < 13) 2) f(x) =
Ex 0 X4

- +(x) = 3 Y 24x4 E 2- x)2X42

O otherwise j otherwise

From - too

(
°

f(x) = 0

1
°

f(x)dX = 0
For xo

- X

-D
X

- Exx = =to 1
*

3x2(x = 13 = z- 0 + 0=O

O

↑ zox = yx = (x - y + 2 = Ex + 4 (c -x(x = 2x - x" = (x -E - ( - 2) + 2
(

*

f(x) = 1 I 2

Y

X 10 (
*

f(x) = 1

= 2x - E - 1

for X20= (x) = E 0x2
F(x) =&

or
12x +

0 x = )fx +12X4
I x > 4

1 for X72

P(((x (3) = F(3) - F()

P(1 = x (3) = 3 -z = t

To Find the Expected value in

CDF Questions:

N

1) use PDF integrated JX . f(x)
-g

and add up all valid intervals for

that function.
-> E[X]

2) Then do the same for E(X"]



Poisson Distribution

ThePoisson distribution models the number of rare events

that occur in a fixed interval of time or space.

The events must be :

1
.
) Randomly and Independently of each other

2
.) At a constant average rate (4) (number of expected outcomes

3 .) Events can not occur simultaneously

PMF for Poisson Distribution Note :

E[X) = X

P(X = k)== var(x) = 4

The mean and variance are

where : equal to Lambda.

X = number of events in interval

X = average rate of events. If lambda is closer to 0,

e = 2
. 718 ...

Poisson is Right skewed
.
If lambda is

Note : ThePoisson distribution is a limiting infinity
,

it is symmetric.

case of the binomial distribution.

· n -> X p(X(3) = P(x=0) + p(x = 1) + P(x = e) + P(x= 3)

· P -> 0

· Up remains constant Calculator Tip

When n is large and P is small · Poisson PD for exact : P(X = 4)
,

1 =

Rule 1220
,

P20. 05 · Poisson CD for XEK : P(x = 1) = P(x = a) + P(x = 1)

P(X (4) =
1 - p(x = 3)



Problem 3 . 10

4 = 5 Showing E(x) = ↑ by mgt

a) P(x23) = P(x =0) +P(X = 1) +P(x= z)
m'(t) = etCet-1)

.
Net

P(x(3) = 0 . 0006738 + 0 .
0337 + 0 .08422

P(X(3) = 0 . 12466 E(x)=z
= 0

= &

6) P(X24) in exactly 3 of the next days

P(x (4) = 1 - P(x = 3)

= 1 -0 . 265

= 0 . 733 -> Probability of success

Fixed 3 days from 5.

Bin (n= S
,

P=o. 13s)

= (5) (0 . 733)3(1-0 . 735)2
= 0 . 279

Problem 3 . 11

P = 0, 0000S

n = 10000

x = 2

a)p(x =0) + P(x = 1) + P(x = z)

1 , 00003) + (10, 000) (0 . 00003)' (1-0 . 0005)' + 110000) (0 .000
p = 0 . 9856

6) Approximate with nP = 0
.
00005X 10 , 000

P = 0
. 9856 Problem 3

. 12
Thm 3

. 9. The mgf of Pois (4)
4 = 2

is m(t) = et(e
+

- 1)
x = 30 - 2y - y2

Pf : m(t) = E(e
+ *) t(X) = E(so - 24 - Y2)

= Pmfor = 30 - zt(y) - E(y)2

= (e =2

X !
V(y) = 4

v(i) = E(y2) - (t(y))
- ~i= v (y) + (E(y)]

2

In the form = 2 + 22 = 6
of geometric

series E(X) = 50 - 2. 2 - 6 = 40

="( ...) : Expected Profit is $40.

=(c) = exet- 1)



Topic 4



Uniform Distribution

The uniform distribution models situations where

every outcome in a certain interval is equally likely .

General : A rV X takes values in an interval (a . B)

with all values being equally likely ~Uniform (x, B)

Note : The expected value provides

A = 1 us no relevant information. The expected· value and the mean gives us no

B predictive power.

For a continuous R
.

V distributed on [a ,b]

PDF :
Discrete Uniform Distribution

f(x) = 2 - probability of each outcome :

P(x= x) = t
,

x631 ,
2 .... 43

· Height of PDF is constant because

outcomes are equally likely.

· Area under curve is 1
.

- Mean : E(X)=

CDF var(x) =m
Xa

F(x) = Ea a

x76

Mean :

t(X) = 26 (average of intervalsa

var(x) = I
Problem 4

. 1

Let X = waiting time in

minutes untill the bos comes.

xv unit (0, 5) ,8: 04
,

8 : 05

P(X33) = =
,

because per min.

f(x) =55 it 0xx1s

G else

P(x,3) =x= = 2 = 0
. 4



Thm 6
. 1

xwunif (a, b),
then E(X)= and V(X) = *C6-ap

PF :

=(x) = Sax=as I

=
t(x)= d =/
=

v(x) = f(xz) -(E(x)]
= 5(a2 + ab + (2) - (a)
= +(a) - 2ab +64

V(X) = Ha

The Exponential Distribution
Exponential Distribution describes the time

1

between successive events in a poisson process . ↓
-

&

· Events occur independently

· Average rate of occurrence is constant

PDF : !
3 X

r(x) =&X0

where I is the rate Parameter : number of events per unit time

f(x) decays exponentially as X increases.

⑭
F(x) = S ! -e

Xz0

Relationship Poisson and

Exponential Distribution

<
Poisson describes chances of event occuring

Exponential gives distance between events that

If X vEXP(4) are described by poisson situation.

f(x) = + ,
v(x) +



Solving Problems with Exponential Distribution Memoryless Property
1

. ) Find 4 :4eventse P(X(s + + (x> S) = P(X(t)

The Probability of an event occurring
2 .) Use PDF for exact probabilities :

in the future does not depend on how

P(X = x)
, f(x) =

+ex
much time has already passed.

3 .) Use CDE P(x)s +t(x() = p(x(S+t Vxxs)

To find P(XEX) : F(x) = 1 -
* x

P(X(S)
-1x

To find P(X > x) : Use 1- f(x) = e

=St
Problem 4

. 4 : Volcano

36 observations of X
1))P(xys) =1* x

Average time between eruptions 36
. 72 months

=
or = 0 . 027 per month

- S+ t

Density Scaled Histogram 2
. ) P(x > S ++ ) = 2T

Time Interval observed Density
Freq

01X(20 13 0
.

0181

20X40 0 .

0125

401x60 a 0 . 0069

& , i
" , L

Density:served Fromervations x Bin with

Total Area =1



Gamma Distribution
· The gamma distribution is continuous distribution,

that generalizes the exponential distribution

· The gamma distribution handles waiting times

for R21 events .

The Gamma Distribution is parameterized :

·Shape Parameter (x>0) : Represents the number of events.

· Rate Parameter (B30) : Represents the rate of process .
(Scale

PDF :

f(x ; r,)=
where i (r) is the gamma function

,
a generalization

of factorial : T(r) = 1* It de
O

key properties :

Mean : E[X] = F or a B

Variance : Var[x) = F or XB

Special cases :

When U= 1
, gamma dist reduces to exponential dist

Note : The gamma distribution models how long you'll wait

for multiple events to occur
.

As increases,

it becomes more symmetric ,
resembling normal distribution.

Example
IS Ihr

P(X < 10) = 1- P(X](0) For first 3

customers to arrive.

13/60 min
-> 1/4 min -> 4 = 4

and the number of times we

are interested in is r = 3.

P(x[10)= T = 0
. 45



Properties of the Gamma Function

i) i (1) = problem4 iF
This is the base case for the gamma function.

g

i(l) = Jay dy = 1 e a) To Find K :x = 1
O

The integral ofis from o to ↓ is I. x -(x =4
,

B = 2)

normalizing constant
ii) i (x) = (x - 1) +(x - 1)

((x) = Joy * + e- dy
k = p= )

=! as

= - ya
-

1
-3 - y dy

O

= (x - 1) ./ya 2 . Edy
g

(x - 1)r(a - 1)

iii) If n is a positive integer
,

x = n

[(n) = (n- 1) !

P(n) = (n- 1) · P(n-1) = (n -1) (n - 2) - P(n -2)

: ((n) = (n -1) !

Problem 4 . 6
T(r + 1) =++d

Asked to Show Nr =BrTL
for < + 20.

No = To

The rth Moment of X is :
N Nu = Bo

No = E(/] = ( x+x(x)dx

subbing in PDF · The oth moment of

Nr=
X

g

dz f xm Gamma (x ,
B)·

↑

combine
is Nr = Brett

Then useu substitution :

Let v = Y B, x = Bu
,

dx = Bdu

No=Br d

This is in the form of the

gamma function



Problem 4 . 7

f(y) = 3ky(1
- y)?

,
if 04y Special Cases for Gamma

O elsewhere

a) To find K
,

we know

1) When Shape Parameter < = 1
, it

V'ky(1 - y)2dy = 1

becomes the exponential distribution

j

= k]'y(1 - 2y + y2)dy 2) Chi-Square (X") distribution
= k(z - 2 . b + 4) = 1

· This occurs when :

k -z
= 1 .: k = 12 ·Shape parameter (a =)

where V is the degrees of freedom

6) TheProbability all counters are · Scale Parameter (B = 2)
Jusy for more than half the day.

In which case : E[X]=
P(430. 5) = 1 flyidy =- v(x] =

zu

= /'12y -1293 dy
0 . S

= -
=%6

2) Find Expected proportion of time

all counters are busy.
I

t(4] =( y(Ry(1-y)2dy
g

[[y] = 1292(1-y1 dy
I

[[y] = 12g2 - z4g3 + 129" dy
O

= zg
E(7)= E



The Normal Distribution
· This is a probability distribution

~that is symmetric about it's mean.

· The shape of it's PDF is bell curved
+

key Characteristics
· Mean (N) : Determines Centre of distribution
· Standard Deviation (0) : Determines how spread the curve is .

If o is smaller : If o is larger :

- -
PDF :

The normal distribution is

f(x)= asymptotic and never actually touches O.

Emperical Rule

· 68 % of data falls within I Standard deviation (10)

· 95 % of data falls within I Standard deviations (N125)

· 99 . 7 % of data falls within 3 Standard deviations (NI 30

The Standard Normal Distribution Problem 4
.
9

· IS when a normal distribution with
a) Find between 80 and 90

N = 0 and o= 1
,

0 = ~ Normal CD :

3 P = 0 . 2417

EX
o = 10 x v N(n = 75

,
82 = 102)

& P(80cx(90) = P(90)
= P(0 . S22 < 1 . 5)

= 183 . 4 = 0 . 9332- 0
. 6915

Normal CD : P = 0 . 3
6) Find score x -> 95th percentile

To find goth percentile
,

first P(X(x) = 0
. 95

Standardize : 2= P(z(x= ) = 0 .9

= 1
. 64

x = 75 + 10 x 1 . 645 = 91 . 45

P(2 < 1
. Gns) = 0 .05

20
. 5 = 0



Thm 6
. 6 Show E(X) = N

,
V(X) = o

The mgf of a r. V X that

follows a normal Distribution
Pf : d=N

- - N(N , 02) is : E(x) =m)t = 0

= N

Mx(t) = E[e
+

] = 2t + 102t

&
mIt) =eatN +0

Proof :
·

o 2

Mx(t) = E(e
=x] f(x)) =

om = 0

= 02+0

PDF : Ex(x)=
v(x) = E(x2) - [z(x)]2 = 12+ 02

-p

mx(t)=e
I az

-Tate
Detour :

complete the square :

+ (t+ (x =zoz(x- 2xo2(t + t )

Factorssimplify(2+E + N) = NE+

x =Fo

Mx(t) = 2n + + 0

Thm : If X-N(N , 03)
,

then

z =xN(0 , )

1) Mz(t) = E [et*]

2)Mz(T) = E [e]
3) Mc(t) = e= .Mx(=)
4) Mz(k) == +)

= Mz(t) = ezz



Linear Transformation of Normal Distribution

Thm : X-N(N
,
0 % and Y = aX + 6 then:

ywN(ax + 6
,

at2)

PF :

E(y] = E(ax + 6) = at(x) + 6 = ay +6
-

var(y) = var(ax +2) = a Var(x) =a
-

pretty much replacing definitions here

Normal Approximation to Binomial Distribution

For a binomial r . V ~Bin(n, P) with :

N = np

o= np(1- P)

as n -> X
,

the distribution of X can be approximated

by the normal distribution. xwN(nP
, MP(1-P))

#
z=

The mgt of I converges to the mat of

the standard normal dist as n + X

Conditions for Approximation
1) · nP > S

· n(l-P) < S

2) Correction for Continuity :

Since the binomial dist is discrete and

the normal dist is continous. Apply a

continuity correction : P(X[K) : P(X = R + o .S)

Example of Approximation

1) x ↓ Bin (n =25
,

0 =0 . 4)
Find P(X = 8)

P(x = 8) = (28)0 . 48 = 0
. 120

2) x = (np = 23 . 0 . 4 = 10
,

ne(1-0) = 6)

LetY- (10 , 6)

P(y = 8) =p(7 .
3 LY20 . S)

=

Pl. 6 =0
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Joint
, Marginal and

Conditional Distributions
These are multivariate distributions

,

which study the behaviour of multiple random

variables at the same time.

Joint Distributions Properties of Joint Dist

- X and Y are two discrete r. V's 1) f(x, y)z0

- The joint PMF is : 2) [ f(x, y) = 1

f(x, y) = P(x= X
,

Y = 3) Adding up all probabilities for

every possible pair of (x , 4)
This gives the probability X = X and Y=y at

the same time. (the full picture Note : If X and Y are indep

the joint PmF will factor into

f(x, y) = fx(x) - Fy(y)

Marginal Distributions
· The marginal PMF describes the probability
distribution of one of the r. V's on its own,

ignoring the other var.

· To find marginal PMF of X
,

Sum joint Probabilities F(x, 4)
over all possible values of Y

.

fx(x) = P(X = x) = Ef(x, y)
-

-

Prof of
all together

just X

fr(y) = P(y = y) = f(x , y)

Problem 5. In general we get :

2 caplets from :

3 aspirin Let X = aspirin
f(x

, y) = p(x = x
,

Y = y) =(
2 Sedative Let Y = Sedative

a laxitive
Bivariate

, depends on 2 variables,

a) Find joint Prob ? S = S , 20 ,
1)

,
(1 ,

0
x = 0

,
1
,

2

O I = Sf(x , )

↑
02x + y 12

f(x, y) = P(x= X
,

Y = 3)
(1 , 1) , (2 , 0)

,
10 , 21 3 = 0

,
1

,
2

X

0 I
P(y = 1) This resembels a hypergeometric

fx(x) : distribution.3.r



Problem S . l

6) Find marginal probability of X
Conditional Distribution

Xi

fx(x) :
0 12 fx(0) = 2 The conditional probability P(X = x(Y = 3) is

I t te given by :

These are the coloumn totals P(X = x(Y = y)=
Of the joint Pmf f(x

, y)

Marginal PMF of Y : Divide joint PmE by Marginal Pmf

I 2

fyY : E to so

to get the conditional distribution.
↓

Problem S .
-

C) Given Y = 1 , distribution

of aspiring

f(x))) = P(X = x)Y = 1)

f(x(011) = = = = 5
fxy(1)))= =
(11)

= =
makes

sense,
Can't choose

2. givenI is alr selected .

Practise

4 Red Let X be # of red

3 Blue Let Y be # of blue

2 Green 2 Drawn

a) joint PMF
X

M
O I 2

o
·(e) (c

Y1 0

256 O g
conditional prob

Marginal PMF for X =
fx +y(x(Y = 1)

f(x = 0) = Eg f(o)= =f(x= 1) = 5
f(x= 2) = t

(11)
Marginal PMF for Y =

fy(0)= fxy = (x(y = 1) = E
e

fY(1) =

fy(z) = Tz



Problem 5 .2
Joint PDF Overview

P(1 < X(3
,

1 < ↑(2)
3

The joint Pdf Fxy (X , 5) describes = Nex+
dydx

- X + 2 - X + 1

= - 2x + 3

the probability density of 2 variables
1 Y

X and Y
.

= (2[x +

y(y =
x +

y x +
-+

I

Joint PDF :

=3
2x + 30x =x2 =

222x + 3) = 3
. 33

fxY(x , y)=0 for all (x, y)

ex, (x, 4)dxdy = 1
Problem 5 . 3

X = proportion of Capacity of tank stocked at the

week.

Example
FxY(x , y) = Se(x

+ y) o(X(1
,

02YC/ Y = proportion sold during the week

O otherwise
Joint d

.
F is f(x

, y) = & 341
+ 02 =

Otherwise .

The PDF is only Valid from 0-1 .

Find

Sit It integrates to 1. P(X-2) and P(y < :)

volume = p((X, Y)[A)
In

7y= x

↑ =( +(x, y) dxdy M -xdy
X

"
set up double integrals , for regions

X z
=

I ex
of interest

3:t ↳
= 0-- F

3x - 3
= Es

Defi : Let X
,

Y be continuous r
.

V. S with joint
6) P(XI2Y) x = 24 S'xexdyPdO F(X, y)

.

Then : X y = Ex =y=
o 2 y

L
marginal pdf

1 X = 2y orfx(x) =1 f(x , y)dy
of X

-y = 1x =- x

marginal pdf - ify(y) = (f(x, y)dx
of Y ! =

y = Ex

-2

Problem 5
. 4

fy(y) = ( 'z(x +2y)dx
g

f(x
, y) =S = (x

+ 2y) ,
if o(x(

,
0(y)

= xyx= 2x),
elsewhere

a) 'z(x +zy)dy = 5)z + 2y) = 3+ y

8
I

=(x + zydy = z(xy + 22)) fy(y) =Gz + Ey
,

if ocyc

j

=
Marginal density function of X

fx(x) =3 + z ,
if 0x4

o .

W



Problem S . 4
Def : Conditional density of X given Y = Y :

6) Find P(X ** /Y = 2)
f(x(y) =

= P(x = &
,

Y = =)
F(x, y) : joint Pdr of X ey

P(Y = E)
Fy(y) : marginal Pdf Of Y

= Miz(x +2y)dxdy 3 . 4c)

↳ O

P(x = zVY = z) = 24
-(x(y)=4)

orSe
PlY = 2)= b) f(X(E)=

+ 2

,
ocx

"2

= y +2 =(f(x))dx =1
O

P(x = E)Y = 2) = 1 = 5 P(x =z)Y = E)=

some properties

1) P(x = x(y = y) = P(XX,
2 . F(x(y) 10 for all &

3. (x ( 2)dx

+ (x , y) = GX
+ 3 , 04x1and 0 : ye

O else

Fylyly'x + ydx
O

= (x + y= + yx)) = z + 3

O

fy(y) = E+ y if 01y[

b) P(x = z(4xz) = P(X]zandY7t)P(Xzz)
P(y3E)

=I'l x + y dx dy

↳ "

= + yx)! % = =



Assignment 6-Practise

2) Normal CD is used more

·

2
for height of pdf at a

~ specific point like5. I

3 % on I score table is 1
.
89

,

0
. 970

33 -
N = 37

.
6 using this

o = 4
. 6

a)p(x(44. 5) ~
1 . 89 = E

P = 0 . 028136
N = 6 + 0

.
094 = 6 . 0945

P = 0 .
0668

P(z1 . 50) = 1 - 0 . 9332

= 0 .
0668 4) 23 % can approximate the normal

6) P =0 . 286 -> z = 33. n = 120 using binomial,

P(x(32) n =120

C) P = 0 . 649
z = -0 . 365 Check np =

120 x0
. 23

p = 0 .
28774

N = n . P
up = 22

.
6 > -

120 (1-0 . 23) = 92 .
n

Note: For these kinds of Questions N = 120 · 0 . 23 -7 21 . 6

Use Normal CD , because they are o = 4
.60

Continuity for correction :
cumulative

. To solve these questions first,
P(x(32) = p(x =32 . S) =

z =3-
Standardize then read from table to

P(z(32 . 3)= 0 .
85343 z = 1, 064solve for probability . = 1.3

1 - 0 . 85543

Note : For any negative I scores
,

simply do = 0
. 1446 .

1 - P( - z) 6a)f(p
, s) = Espeps , 0 . 2 < PLOK and so

5) Let I be number of aces O
,

elsewhere

obtained in first draw
,

w is total

# in both draws.
P(P20 . 3 and S32-Opsdsdp

a) Joint PMF :

z can

w can be !, z P(P20 . 3 and >2) =o Aspos
Z

O I

-
10

.

30erpep =/+jp =
-ze

2

W P = 0
. 2

= 3 .-

,
p(==

103 Se2P(p =E)e203)-2(0- 2)

P = 0 . 20

-

- E . ( - 0 . (215) = 0 .
30375

6) P(0 . 25 < p(0. 30
,
s()

C) Conditional Given 2 =1
=u spe

IP(w= w/z = 1) = PLU = (SpPds = S(1 - eP)

P(w= 117 = 1)=
=10. (1- e-P)(p = 0

.

0

p(w= 212 = 1) =26 =

- (
0 . 30

-
0 . 25)

P(o . 2S(P20.30, <(1) = 0
.
25 -0 . 19 = 0

.
06
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Topic 1 : Probability (Sec 1 . 2
,

2 . 1-2 .8)

) Definitions and Terms

Probability is a measure of one's belief in the

occurance of a random event.

Random Event : outcome or experiments that cannot

be determined uniquely from known conditions

Classical prob . Probability of an event

occuring based on equally likely outcomes.

2) Types of Rules
If A , B are Mutually Exclusive

1) Addition Rule : P(AUB) = P(A) + P(B) < Otherwise

suppose we can do job I in ways
P (AVB) = P(A) + P(B) - P(A1B)

and job 2 in X ways. Then we can

do either job/ or jobe in+H ways.

Also to check independent events

2 . ) Multiplication Rule : P(A1B) = P(A) · P(B)

we can do job 1 in 20 ways

we can do job 2 in 7 ways

we can do job1 and job 2 in 20x7 ways

3
.) Permutations Rule : P(n , r) =) !

Suppose there aren distinct objects

The # of ways to arrange (permute) r objects
selected from these n objects.

(order Matters) (objects drawn without replacement)



Combinations Rule : ((n,
r)=-r) !

Fromn distinct objects the # of ways to

take out combinations ofr subjects at

a time is denoted by ch

ORDER DOES NOT MaTTerI

Objects are drawn without replacement

Sample Space(s) : The set of all possible outcomes of a random experiment.

Event (E) : Subset of the sample space. Event can have one or more outcomes.

Review of set notation

ALB- A is a subset of B AUB Union of A and B

S A OrB or

# #11 Both

A' or 1 : The complement of A. A 1 B Intersection

Of A and 13
S

-A TB
Both A and B

/ : empty set
-
Probability Rules

De Morgan Laws :

(A1B)' = A 'uB 1) P(A)] O

I I

(AUB) = A'nB 2. ) p(s) =

3.)) P(AUB) = PLAI PLB) if

A , B are mutually exclusive.

Thm
.
2 . 2 An experiment can give n different outcomes,

each outcome is equally likely. EventA consists of m

of these out comes.

Then PCA)=
n



Zules of Probability Independent Events

Def : Two events A ,
B are independent if

1) P(A) = 1 - P(A)(=> P(A) = 1 - P(A) [A (B) = P(A) - P(B)

FF
Being independent means event B does not

influence the probability of event A.

Mutually Exclusive

2 .) P(0) = 0 For any sample space s . Def : 2 event's can not occurr at

3.) A , B are events in S
.

and ACB. the same time.

Then PLA) 1P(B) P(A1B) = 0

Es Note : Mutually exclusive events can not

be independent.
4

. ) P(AUB) = P(A) + P(B) - P(AMB)
Because the happening of one event

If A, B are mutually exclusive ,
P(AUB) = P(A) +P(B)

directly influences
, the other event.

Conditional Probability Mutual Independence

Def : A , B,
C are mutually independent if:

If A and B are two events P(ARB1C) = P(A) . P(B) · P(c)

in the sample space S
,

and P(A) * O P(A(B) = P(A) - P(B)

P(An() = P(A) - P(c)
The conditional probability of B given A :

P (BRC) = P(B) · P(c)

P(BIA)=B Pairwise Independence
A

,
B

,
C are pairwise indep if :

Multiplication Law of Probability P(A(B) = P(A) - P(B)

P(An() = P(A) - P(c)
If A

, B are two events in S
,

PLA)O. P (BRC) = P(B) · P(c)
Then : PLANB) = P(B) · P(AIB)

Partition - a bunch of cases that cover
which is just

all possible outcomes.P(AIB) = e rearranged
&

Ihm 2 . 12 (Law of Total Probability)

If events B1
,

B2 . . . . Be form a partition of S
,

and they are mutually exclusive and I most occur.

P(A) = P(ABi)

P(A) = P(B, ) - P(A(B1) + P(B2) · PCAIB2)
... .. P(BK) . PLAIBR)



-

Bays Theorem
Bay's Theorem is a way of updating
Probabilities based on new information.

P(Bi(A)=AlBiCB
- Where PCAIBi) is the probability of A

happening given Bi (likilihood
- P(Bi) is the old probability

P/A) is the total probability

Baye's Theorem is directly related to

Law of total probability :

P(Bi(A)=AlBiCB
P(A) = P(B, ) - P(A(B1) + P(B2) · PLAIB2)

. . . . . P(BK) · PLAIBR)C
longer version could be

PLBilALABSPCI PEEP(A(B2)
. .

.
. -- to BE

"With Replacement Questions"

permutations with replacement from n.

Where n is # of possible outcomes and K is how

many are Chosen Chow many positions) .

combinations with replacements ((n + k - 1
, k)

where n is # of options and his how

many your choosing:



Topic 2 : Probability Distributions
, Densities and Expectations

-

Discrete Random Variable - Can take on a countable number of distinct values

Probability Mass Function (PMF) : P(X = x) gives the probability that the discrete random

variable X is equal to a specific value X.

Formula : P(X = x) = P(x)

Where p(X) is the probability that the random Variable X takes on the value

of X. The sum of all possibilities must earal 1 : [P(X = x) =

The variable X is essencially a function defined on S
,

that maps the outcomes

of experiments to numberss

Continous Random Variable - take values in some intervals of real #'s

Probabity Distributions for Discrete RV's

Def : If x is a discrete T- V. Then,

f(x) = P(X = x) for each x in the range
-y

of X is called the pmf of X.

Cumulative DistributionFunction (CDF) "I
Gives the probability that a random variable v

X is less than or equal to a certain value.

F(x) = P(X(x)

This means for a value x
,

CDF gives the probability that X

will take on a value less than or eval to >.

G for xL - 3
CDF : Fx(x) = ↳ For -3 [x < -

0 . S for -11xE - for 11 X <3

I for X 23



Practise Problems :
·

a
e
aAl .@2) 52C5 is total outcomes

a)

P(pair) =
13c2 . 4c2 . 422 · 11c1 . 401

A2 . Q2) For A
, B to be indep means AnB = A . B

52c5
P(pair):

P(AB) = P(A) - P(B)
P(pair) = 0 . 0475

P(t) = 1 - P(A)
6).

noM.
1!

P(B) = P(A(B) + P(A' 1B)
P(4 kind) = -

4165 = P(A'nB) + P(B') - P(A)

Al
. 3) &T

,
M

,
0

,
W

,
E

, V3 P(A'B') = P(B) - P(B') . P(AIB) =

a)6p4 = 360 = P(B') (1 - P(A)]
6) 4p2 = 12 -> 4P2 = 12 -> 122= 144

= P(B') ·P(A)
2)2. Mi- A3

.
3) D

Al . Q4) 10 possible digits W W W
A C

26 possible letters a) A = box 1 or box 2 empty

a) Find all possible outcomes Total outcomes 32= a

103 · 263 = 17576, 000 A = 323, 13,
33

,
22

, 131, 323 -> 12
, 21

P(all 3 letters) = 260 e
P(A) = -

-

P(a)(3) = 0. 0015 6) B = 5 Indep ? P(B(C) = P(B) . P(c)

6) PLEven)=
0

c = - a
= - -

ord
= 0

. 25
Yes B

, C are indep
= I

B
, C are not mutually exclusive

because they can occur at the sameal . 06) F1
,

F2 , F3
,

F4
,

FS time P(A1B) = 0

C1
,

C2 , C3
c)D= no these events are

a) Sp3 = 60 6) n = 422 · 3 ! not indep Since

P(A) = 0
. 6 P(DB)or

4p2 x 3 =36 : They are mutually exclusive
w 13

7) P(0) = live off campus A2 .Q 4)

P(v) = live in Virginia

A = 5 1st dice gives 1 or zor33
P(V'VO) = live on campus or out of state

B = Eit dice gives y ors or 63

P(0) = 5 CABAU ,
c = & Sum of numbers on the dices are 93

P(u) = >
a) P(A1B1C) = P(A) - P(B) . P(c)P(vvd) = 3 This is proving mutual independence.

P(v'101 =? 6 options = 36 ways : PSA) =, P(B) =1
P(v' vol= P(u) + P(o) - P(v'no) to make a is 263 ,

36
, 45

, 343P(C)=
- = 5 + - P(v'n0) The one way to do A,B, C is 36 : PLANB1C) =It
P(v'n0) =+ z - 3= =

= 56



More practise 7) Let D represent a person over so having diabetes
Let C represent a correct diagnosis or a pass of diabetes test

A2 . Q4)
b) To Check independence of P(D) = 0

. 08
3 events

, they must be pairwise
independent. They don't rely on each

P(c(D) = 0
.
95

P(DIC) = (D)
other for outcomes P(C(D') = 0

.02

P(A1B) = 1
a) P(c) = ?

P(c(D) = P
P(ANB) = P(A) . P(B) P(c1D) = 0 . 08 - 0 . 95

T E P((1D) = 0
. 076

- **.: They are not independent.

al .06 P(c) = P(CID)- P(D) + P(CID') · P(D)
6) 10002 - Total outcomes 9 (c) = 0

. 93 . 0 . 08 + 0
. 02 -0

.
92

a
o!

P(C) = 0 . 0944

P(R +W)= 2 6)P(D() = XXID)·PC
6) I . 40+ = 0

. 2 P(D(C)=0
azas) t see a given magazine add P(p(c) = 0

. 805

↳ sees the corresponding magazine too 8) 0 . 05 0 . 1 0 . 25 0
.
6

G 12 3
↓ sees both
100

- Purchases after seeing add
P(BIA0) = 0 P(As(B)=BA3)A

to purchase without seeing add P(B(A1) = t

Let s be pp1 who see the add
P(B(Az) = E = 106.

Let B be PP1 who bought P(B1A3) = 1

Let A be PP1 who saw TV. add
where P(B) = P(B(A, ) P(A)) +P(BlAz) - P(Az) +

Let M 62 PPI who got magazine add
P(BIA3) . P(As)

-

Given :

Then P(S) = P(MUT) P(B) = +x0.
1 +zx0 .

23 + 1x0
. 6

= 0 . 8

P(BIS) = 1 P(MUT) = P(r) + P(T) - P(m1T) P(Az(B) = 0
.

15
P(BIs) = is PlMUT) = bot 5 - too
P(m) = 50 P(MUT) =

2to
P(T) = 5 P(s) = 2
P(M(T) = too
P(B) = ? P(B) = P(BMS) + PLBMS)

↑ (B) = P(BIS) ·P(s) + P(BIS' · P(s)
P(BIS) = PLBS

(s) P(B) = 5 Fo + to

P(B1S) = P(BIS)-P(s) PCB)=
P (B) = 0. 149

PIs) = 1 - 5



Practise STAT 268

Midterm
1
.

P(B) = means somebody is left handed

(a) 31 ,
2 , 3

,
9

, 53 4) P(A.) means he did the crime

P(E1F) = ? P(A0) = 0 . 6 P(BIA) = 1

P(E) =

20 = 0 . 4
P(t(B) = ?

P(E) = 3, 12

1424323423-

P(A(B) = P(B(A) · P(A)
P(F) = 331 ,32

,
34

, 33
,

41
, 42,43,

45
,

5
, 3433 ↑ (BIA). P(A) + P(BIA') · P(A)

= = 0.

Are PCE) and P(F) independent ? P(BIA) · P(A) = 1 : 0
. 6

No , PLEMF) = P(E) · P(F) P(B(t) . P(A) = 0
. 2x0 . 4

PLAIB) = 1060 . 2x0. 7P(ERF) = + = 0
. 25

P(A1B) = 0
. 8826) Dice 1 : El ,

2, 3,
4
, 5, 63 *

Dice 2 : El ,
2
, 3

,
4
,

3
, 63 * The new probability is 88 . 2 %

Sample Space 5 : &11,
12

, 13,1, 15, 16 ,
21

,21, 23,24, 2)
,

26
, 31 ,-

-

32,33, 34, 35
,26,

41
, 42, 43,4

,
us
, 46, S1

, 3453
,36 ways

PCERF) = E If PLEnFl = PCE) - P(F) 2) GA , B
,

c
, D3

P(E) = 0
.

S They are independent.
A

,
B-2 hats

P(F) = E .=
4C2 = 6

. Indep
S = &AB,1CAD, BL, BD , CD3

43)5225 = 2598960 a) p(connor or David)==
a) 3 of a kind = 12.01 . Yo A B

= 48 6) order matters : 4p2 = 12
SAB,

BA
,
C

,
JA

, ED
,

DA
-

2 Aces : · 402 f(x) = X 012 CBD CBDI

↳ 1
=

1243xcA P(x = 0) = 12 12

6) 52213

->
amt of pp1 who

Ca Aces
naces : < x 424 . 4809 -> ways to

=
select remaining

cards

=
165



Practise Stat 268 2) ⑳ ↳
0 = 0 A - chooses 301
2 = 200

Midterm
↳ 4 = 400

(a) P(A) = 0 . 25 P(A) = 0 . 75

P(S) = 0
. 35 P(s) = 0

. 65 as 32 ways to choose

P(AMS) = 0
. 1

S = EAoBo ,
AzBz

, AuBy,
AoBe

, ArB4, AzBy, AyBo , AyBe,
AzBo 3

P(AUS") = ? P(E) = *

P(A) = P(A1s) + P(AS) 6) 3 Ways
0

.
25 - 0

. 1 = P(Ans)
0

. 15 = P(AMS) P(Notgetting 4): X =
P (AMS) = P(A) + P(s) - P(AUS) P(u) = 1 - 16
P (AUS) = 0 .

25 + 0
. 33 - 0 . 15

P(AVs) = 0 .
45

P(4)=
P(A'vs) = 1 - P(Aus)

P(Aus') = 1 - 0 . 45

= 0 . 55

6) P(A1s) = P(A) - P(s)

P (A 1s) = 0 . 23 . 0
.
33

↑
0

. 15 - 0
.
0875

: not indep

3) P(D) = 0 . 001 PLD') = 0
.
99a

a) P(P(D) = 0 . 98

P(P(D') = 0
.
01

P(p) = ?

P(p(x)=4
P(P1D) = P (D) - P(PIP)

P(P1D) = 0 . 001 · 0 . 98

P(P1D) = 0
. 00098

P(p) = 1 - (P(P(D) + P(PID')
P(p) = P((P(D) · P(D) + PLPID') . PLD)
P(p) = 0 . 98x 0 . 001 + 0 . 01 . 0 . 999

P(p) = 0 . 01097

36

PDP
Bayes Thereis

P(DIP) = 0
. 0089334
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Topic 2 : Probability Distributions
, Densities and Math expressions

Random Variable - function that assigns a numerical value

to each outcome

Discrete R . V -
Takes on countable number of possible values

continuous RV-Takes on an infinite number of possible values
in a range.

Probability Distribution's for Discrete RV's

Def : If X is a discrete V.
V

,
then f(x) = P(X = x)

For each X in the range of X is called the prf
probability mass function of X

pr -2
..

/ Cumulative Distribution Function (CDF)

- 5 black

4)

SBBHobas Def : Ifa is a discrete r. U. It's
- 3 White

CDF is given by : F(x) = P(***)
+ (0) = PEww3 =

(2) = Gives the probability X Will take a value

(2) less than or equal to.

f(l) = P(x = 1) = PSBw
, wi= EX if XL- O

f(l) = P(x = 2) = PEBB3 = 2)=
F(x) =&For t(2)

To confirm all Possible outcomes =

Prof of X :

Z O I 2

The probability mass function
f(x) 31281128 S/1y

Is the function that maps out the possibilities
Graph your Puf

f(x)1 M
Ex

Xi O 12 (Adds to 1)
Y128

of

(ptx) -
S

3/14 28 14

3128
I
j ii

!"

16) ↑ (matching pair) = P(x = 0 or X = 2)
= Er + Y =g

3 +(x) = );
P(x = x)

(Hyper geometric)
distribution

Thm 3 . 1. For any discrete R . UX.

Let f(x) be itsTinf. Then

I
. · (F(x) [*

,
for any Possible & Value

2

.Ex +(x) = 1



Frequency Distribution for Observed Data

Observed Data-data one has seen

Frequency - how many times that number has occurred

Types of Frequency

Absolute Frea-Actual number of times a value occurs

Relative Frea-soluteFreStats
3

r
.

2 . 56)

2" = 16 Possible outcomes

PMF x : 01 234

↓f(x) : to to 10

Binomial Distribution

Pr 2 .
6 a)

36
-

92 31
Norma Distribution of frequencies

Continous R
.

V
,

PDF and CDF

Def : For a continous random Variable X
,

the PDF f(x) gives the

Probability that X falls within a certain range. The probability

that x lies between a and 6 is :

P(azX = b) = +(x)bx
~

f(x)

-
Note : O If X is cont r. V then

P(X =x) = 0

>
② The total area under the pdf

area under the graph . curve is 1.

(x)0x = 1



Problem 2
. 9

xc - 1 PDF -> CDF
- 11XL

F(x) = 3
X- Integrate

If X2 - 1
,

C

If X ] 1
,

X CDF -> PDF
CDF

- F(x) Derivative

z
E S

-

! S - " S

f(x)= To get P . D
,

F , we

differentiate CDE

Note : J's -> Sx +

O

Problem 2 . 10

- X -I (X(0
f(x) =

X 01 x4

O otherwise Note: F(x) = P(x =x)= f(t)dt

Integrate to find CDF

F(x) =
0 if X - 1

3 if - 12XL0

Integrate up to X
, not bounds.

For - 12 X 0
2 X E

M
*

-t de
- I un ↑ m

=
- E"= - -s less

- 1 O 1
O

For 0 < X ~
2 Y + (x)dxE(f(x)dx

5 xx+ /xdx if Xc-1

g

if-12X(o - I
- 1

2 + (E1)
F(x) =

[ 01X1

I

=+ I
X - I My imfixd

+(x/by -
11

O ↓· IIIIIIIi -3 x
- 1 7

-
V

Ny
Sf(x)dx = c

- I

I



Mathematical Expectations

Expected value : The long run average value of a R .
V if you were to do an experiment many/

times .

For Discrete RV : Sum all possible outcomes
,

weighted by probability

E(X) = &XP(X = x)

For Continous RV : Integrate the values , weighted by densities

z(x) = -x f(x)8x

problem 2 . 13
problem 2 . 1

J
,
Q = $15

a) X : I - I
k

, A =$S
f(x) : 1 -(5)"(5)" 2, 3, 4

,
5
, 6

,
7 , 8

,
4
,

10 =
- $4

0 . 518 X = Money he makes from I draw

P(x =
- 1) = (5)) Xi IS S - T

8f(x) = 1 . 0 . 318 + ( -1(f) f(x) : 52 5
= 0 . 036 > 0

E(x) = 13 . G + S. + ( -4)
-So he is expected to win a bit.

E(x) = 10
. 3)

Note : This is a discrete random variable, this

Properties of Expectations means he is expected to win 31k on arg.

1 . E(6) = 6
.

The expectation of a Problem 2 . 14

constant is simply the constant

2
. E(aX + 6Y) = aE(X) + 6f(y) +(x) = G =Yu +xyi + 0x4

g Otherwise
If X and Y are r.

V and a
, 6 are

-> how to

constants , you can split them up.

E(x)= x. d
integrate

= z(n(1 +x)
=0

V = 1 +22
du = 2x

3
. ((X + Y) = f(x) + E(Y) = ↓

= 6
. 4413

The expected value of aSum is
=

Env
Sum of expected values



Theorem 4.

· Expectation of a function of a r. V

If X is a discrete V with PmF F(x1 ,

E (g(x)] =Eg(x) . f(x)

so
, we apply some function g to X before

taking Expectation

· If X is a can't rv with Pdf f(x),
thenE(g(x)) = (x) f(x) . &x

Problem 2 . 15

Moments of a Random Variable
f(x) = 32x,

if 02x1

otherwise - a moment is a way to describe various

a) f(x) = (x . 2x(x = 2x3 aspects of a distribution of r. V X.
&

= 3 Therih moment of X is No = E(Xr)

6) y = 200X
*

+ 60
- Moments are used to understand Shape

and characteristics of distributions.
t(4(x)) = %(200x*

+ 60) . 2x62
Ex

= $220 First Moment (v = 1) : E(X)
,

the mean of X.
c) P(y > 180) = P(200 x

*
+ 607180) second Moment (r= 2) : E(XY

= p(200x5 >120) Central Moments :

= P(x +z0
= P(x > (0 . 6))

The -th Central moment is Nr = E[(X-4)r]
also calledith moment about the mean .

= zxx =
os e

= 0 . 8724 ariance and Standard Deviation

The Variance is a measure of how much

X deviates from it's mean N .

- This is the averaged savare distance

- of X from it's mean
.

E(x) = E(y) v(B)
- var(x) = E[(x- ((]
v(X) = 02

-

#x) : is called standard deviation
of X . Denoted by 0.



Theorem 4 . 6
variance : V(x) = f((X-1(2)

r(x) = f(xz) - (f(x)] Standard Deviation : = o=CX)
N is a constant v(x) = E(x)) - [E(x)]2

= f((X - N)]]
= t(x - 2NX +z]

Problem 2 . 16

smaller # :1
= E(x)) - f(2Nx) + f(x)

X = min of the Pair of His
= E(x)) - zu f(x) + wa
= f(x)) - 2n2 + Ni PmfX : 1 L3 456

= E(x2) - N2 f(x): 36565656

f(x)= xf(x) =12.+6
= 2 . 54

Problem 2
.17 1

- if 0 EX2
a

f(x) = 58 if 22 x4

O otherwise

↑
Note : f(x)= 3 = t and &X= 4 = 1 12134s &

M

↳ CDF F(x) E(X)
in

] i v(x) = E(x)) - (E(x)]⑧

X

f(x2) = 2x2 - f(x) = 2.( + 22 . 165 .... 6To find CDF
,

we integrate all X

S
if X o

= 8
. 36

F(x)= x = = if 02x v(x) = 8
. 36 - (2 .54) = 1

. 91

↑ x +/Et = 5+ problem 2
. 176)

= I if 2 x
Expectations and Variance

I
if x 14

t(x) = 12.f(x)8x v(x) = E(xz) - (E(x)]
Is it continous

?· = (x - Gox + M.x
f(x2) =/x f(x)dx

-
①

Yes, it is .

*

F(x) =
E,
"I =+ =

=
To be continous : o + ( - 5)

= 47

· Non negative
v(x) = 4 - (2

· Adds up to E(x)=
V(x) = 1

. 16



Poems itox -

Notes :

1 . ) V(X)30
o otherwise

2 2) E(x2)-(t(x)]"
a) show Ni=Cr + 2)

Y=2x + 2

3 . ) v(aX + 6) =
a2 - v(x)

I
I Y for any constant a

, 6
E(x]=x f(x)dx =(x- 2(1-x)dx

Problem 2 . 19

= ('(x) -x)dx = 2) f(x) = Get a
j

= 2( -) =(+ 2) a) E(x) =/
*

x - f(x)8x Let v = x - 3

x = u + 3
- N

6) Using the Ea:=(+ 2)
E(x)= /

*

x .Le
dx =du

3

v(x) = E(xE - (E(x)]2 E =z
v(x) =5 - (-) = i

t(x) = 2(* + 3. ) =

E(x) = jxf(x)dx=
f(x2) = 29

var(x) = 29-32 = 4

6)p(1(x(9) = 1 -e =
0

. 95

ChebyShew's Theorem
provides a way to estimate the probability that

a random variable lies Within a certain number of

Standard deviations from the mean . Note: This theorem provides

a lower bound for the prob
For any random variable X with mean N and

that X takes values within
variance 82

,
for any K21

k see of the mean

P((X -x) = ko)1
op

P((x - y
< ko)-)-

K is the number of std's away it is from mean.



Problem 2
.
20

Notes on ChebySher's Thm
a) f(x) = S

v(x) = y + 02= 4 - 5 = z
· Applicable on any type of distribution

P(((X(9) = ? -> P(- 4(X - Sz4) · Giveaway to use it,
is the two bounds

P((x- ycko)-) - + k = ↳ given are equal distant a part12

P(1 < x(q) = P((X - 3) < 4) Equal x=
P((x- S)(4) = 1 - p((x - 3) - 4) k = 2

Since =2
, we set k= 4 : k = 2

1- Te
P((x - s(79)= + 1 - + = 0

. 75
4

P(k - S((4) =
1 - E = 0

. 7

b) P(x[2 or X (8) 8 =
= P(X- 32 - 3 or X - S23)

= P((x - 3) 23(
k = 2

Seto = 3
,

k = = 1 . "IR
P((x-s -3) 12 = j" Its 0-44

P(x[2 or Xz8) = 0 . 44

-:k = 2 . 5

145 N
= 10

ins =

N - ko N + ko

2-
25 25

1- He = 1-2
= 0

. 89



Moment Generating The moment generating function allows

Function us to find all the different moments

Recall that Nr = E(X) .

V = 1
,

2
.

3

Finding the first derivative of

If two random variables X andY have the MGF and Setting it to 0 gives

For Continous R.
V :

I
(E(x2)

, E(x)e + c)

the same ith moments for all r= 1
,

2
,

3

then X and Y have the same probability distribution
.

you First Moment

For
a random variable X with por f(x) Second Derivative Set to O,

the mgf is defined as Mx(t) =Ele+*] gives the second moment.

Mx(T) = N+ f(x)x

FirstMoment:MH(t
= 0

= E(x)

second momentmo = E(x)

In general
, gr . mct)

= E(xy)
dr t =0 =Nr

Problem 2 . 21

f(x)=(x) for x=2 Find pmf
, by plugging in valeas

2) Multiply etX times the probability
a)

Mx(t) = E(e+) = 3e
+ x

. f(x) of XS
.

2PMF

:isin Second derivative :

= et
.o

. f(0) + et! f() + et- 2
. f(z) Is>

= et + net/t =0

=+ . et+ f(x)
6) Finding E(X) and V(X) through the mgf. v(x) = f(xy) - ((x)]2

v(x) = = - (3)2setmeSe v(x) = =

E(x) = E



Problem 2 . 22

f(x) = 3ze if +30 6) A==O otherwise

a) For a continuous rv
E(x) = 2

m(t)=
X

et?f(x)dx E(x2) = S v(x) = f(xz) - (t(x)))
- D v(x) = 8 - z

S

= /e.* dx
v(x) = 4

O

L

= /ex* x

If two rvS have the same might
o

(t - z)x= C they must have the same distribution.

=
The mgF must

be a finite value

=-
m(t)=E+

- 2 = 0 if t =1

S -E =
et

ift

L if t > t

The migf of X is mct) = Yet for the

Problem 2 . 23

m(t) =13 PMF is directly related
mx(t) = E(e+*] 7 By Definition to the MGF.

The random variables take on the

values of 0
,

1
,

3 because these are

the coefrecient on the t terms.

The terms suggest : P(X= 0) = t
P(x = 2) = =
P(X = 3) = 3

The Pmf gives you probabilities directly

The mgf represents these probabilities in

a transformed way .



Topic 3

· Bernoulli Distribution and Binomial Distribution

Definition : A dernoulli trial is an experiment with 2 mutually exclusive distinct

outcomes. There are successes (P) and Failures (1-P).

Example : Toss a Coin
,

Shoottarget
... etc

-

Let x = # of success in a bernoulli trial
Probability Mass Function

For Bernoulli random variable X
= &1 ,

if success

O failure

P(X = 1) = 0 p(x = 0) = 1 - 0 P(X = x) = p*() - p)
- Y

,
where x = 0,

way to write : X ~ Bernoulli (e)

Binomial Distribution
- A binomial experiment consists of n identical and independent

Bernoulli trials

Binomial Random Variable : * ~ Binomial (n , P)

PMF of Binomial Distribution

For a binomial random variable X ,
the probability

of getting exately K successes inn trials is P(X= K) = ( * ) p * (1-p)"-*

Binomial Distribution

1 . Consists of n identical trials

2 . independenttrial

3. EachErial is a Bernoulli trial

4 . Prob of success is G in each trial



Problem 3 . 1

Recognize ,
xmBin (n = 3

,

0 = 3)
I have of

n is of trials
,

o is probability of success
.

↓ have or
15 values that X can take on

,
X : 0

,

1
,

2
,

3.

3 randomly selected
1

X # of donors with of blood

Find PMF : F(0)= P(X = 0) = (1 - 3) ↓ -

P(x = 1) = ( 3) .(5)(1 - 2)
P(x = 2) = (2)(b)(1 - 5)
P(x= 3) = (z)3

0123

using the Pmf of binomial dist
. p(X= ) = ( * ) p * (1-p)"-* X = 0

,
1
,

2
, 3

+(x) = (2)(5)"(1 - z)3T
Note : Bernoulli (O) is a special case

of Bin (n
, 0) with n = 1.

Thm 5 .4 Thm

The mgf of ~ Bin is If & ~ Bin(n , e)
,

then E(x) =no,

m(t) = [1 + o(et-1] v(x) = n0(1 - 0)

Proof :

M(t) = E(e+ Y)
=e=

(2)
*

(1- o
-*

PF: 10 = ne

X= 0

I () (oet) (1-o
- *

mi = nin(I + oletoetot
= (1 + o(et-1)]n

+ n[1 + O(e +
-1))" get

t(x)) =
n(n - 1)82 + ne

v(x) = n(0 - 02) = ne(1- 0)



Problem 3.2 a) P(x (3) = p(x = 0) + p(x = 1) + P(x= 2)+ P(x = 3)

Recovery rate 0 . 3
= 0

.
2+ (1) . 0

. 31 . 0 .
%" + .... (3)0 .

33 .

o .
c

= 0 . 297
13 People selected (n trials)

a) Let X be the # of People 6) P(X = 2) = P(x= 2) +... + p(x = (s)

among the IS who recovered. 1 - P(x = 0) - p(x = 1) = 0 . 965

x - Bin (n = 13
, 0 = 0

. 3)

Geometric Distribution Distribution Models
-

Bernouli Single trial

The geometric distribution is a discrete Binomial Number of successes in

trials
Geometric

Number of trials to first

probability distribution that models the number success.

of trials needed to achieve the first success

one parameter is O
, whereo is probability of

success in each trial .

PMF : P(X = x) = (1-P)" . p
the First X-1 trials must be failures times the

Probability of success . P is prob of success

E(x] = = Var(x)=

Problem 3
.
3

-

a) Let x = # of trials until 6 appears
x ~Geolo =-) Probability -P(x= 3) = (5)(b)=

If its a 6 on the third toss
,

-

had to have been -s on first two

1234
......

6) P(x(3) = 1 - P(x= 1) - p(x= 2)

= 1 - t - (5) · = 36 Trials for first success

The first trial always has highest probability
P(x = 3) = P(X = 1) + P(X = 2) + p(x = 3) a t X = 1 .

2

= (1- 0 .3) . 0 . 3 + (1 -0 . 3)' - 0
. 3 + (1 - 0 . 3) . 0 . 3

=
0

. 657

For Geometric Distribution :

Can also use the CDF : F(x) = P(X [x) = 1 -(l-p)
*



Problem 3 . 4

a) show that for a positive integer a

The memoryless property of the geometric P(x(a) = &"
,

where a = 1-p
distribution

, is a unique characteristic

where probability of needing more trials Failure : Q = 1 - P

for a success
,

independent from how many Event X a means that the first a trials are

have been completed all failures.

6) P(X(a + b(x)a)= P(X > 6)
P(x(a) = (1 - p)a =a

By the Definition

of Conditional P(x(a +(xza) = P(x(a+ 61xxa)
probability :

P(x)a)
Because P(Xa+) implies P(X2a) the event can just be

=xa
From a) P(X(a) = " and P(X(a +6) = @

+

= ==P(X

Negative Binomial Distribution

models the number of trials needed to achieve

a specified number of successes in a sequence

of independent and identically distributed Bernoulli trials.

Formula : Expected value : E(X)=*
If X represents the number of trials needed to

getr successes
,

X follows negative Binomial distribution variance : Var(x) =

(,
k -f

PMF = P(X = k) = (ET) . pr(1 - p)
Cool Note :

· P is the probability of success When r= 1
, negative binomial

· 1-p prob of failure distribution becomes geometric
· r is # of required successes
· K is the total number of trials

, needed for success

· (E) Binomial Coeff
,

counts ways to arrange v-

success in + trials .

The first X-1 trials must result in 2-1 successes.



Problem 3
.
5

a) P= 0
. 3

r = 2 P(X = k) = (T) . pr(1 - p)F
X = 10

P(x = 10) = ( '2 ) . 0
.5)1 - 0 .3)8

P(x = 10) = (9) : 0
.
32 (0 . 138

P(x = 10) = 0 . 0467

6) P(X (4) = P(x= 2) + p(x= 3) + P(x = 4)

= 0 . 3 + (E) - 0 .34(i) - 0.
= 0

. 348 This term is introduced

because we have l and
Where r= 2

,
X = Changes

,
P = 0 . 3 then2 failures within the

First x trials.

Problem 3
.

6

Problem 3. 7
p = 0 .5 F= o

.

S

X = 7 , S
,

6
,

7 series length Y 36 7
r = 4

Obsered Fred 1 IS 16 12

4 Wins means series is over

Probability : one team wins
Observed prob :1

4 in a row is p(Sweep) = 0
.

3
P(Sweep=

des des "zer
20

Prob of

games : P(X= 3) = (5) .
0 .

54 . 0 . 3 = 4=*
No , they dont fit a similiar distribution,
teams usually are not evenly matched up

Prop 06
p(X= 6) = (3) . 0 .

5 . 0 .

52 = 10:= in the finals .
games :

Prob Of7 p(x = i) = (3) - 0 .5 . 0
.
3= 20·=

games

PmF Let Y be # of games till one

team wins.

Y = 4 S 67

f(y) = 0 . 125 0 . 23 0 . 3125 0
. 312S

Multiply all probabilities by 2.



Hypergeometric Distribution

Probability distribution that describes the

likelihood of getting a certain number of successes

in a sequence of draws from a finite population

without replacement.

Without Replacement - Impies that probabilities

will change based on draws
, making the draws dependent.

key Characteristics
· Finite population ,

divided into successes and failures

· Draw x items without replacement.

· Drawing specific number of success in given amt of tries .

ways thoose-
X Ways to choose

the "rest"PMF : P(X = M)MN-M
Total outcomes

where: Mean :
N =

· N is total size of population
· M is total "successes" in population var(x)=MCN-MN· n is the number of draws

· X is random var representing the #

of success that we want.
*

The term # is called the finite

population adjustment.

Note : If sampling less than 5% of the

total population,
the hypergeometric and binomial

distribution will give "Close" answers.



Problem 3 . 8

Box contains : 8 red balls

2 black balls

a) Hypergeometric :

P(4Red) =

(3) · (2)
= works

with geo and negbinomial
(1)

6) P(R) = 0
. 8 C)

*

+(x) = (ET)p+)1 - p)
x - k

P(B) = 0 . 2
P = 0 . 8

f(x = m = (Y= )- 0 . %(1 - 0
. 837

Total Outcomes : X = 4

k = 1
= (8) - 0

. 8 (0 . 23

Binn) .

(8
.
0 =
- 625

leftover
choosing

of from the
4/5 Red choosing 1 black

reds

Problem 3
. 9

120 applicants
80 qualified
no not qualified

a) (2) · (3)
= 0 . 164

(120)

6) p = 5

P(x= 2) = (b)(2)2( +3 = 13 = 0
. 1646
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Topic 1 : Probability

Important Terms and Definitions

·Classical prob .
Often defined through relative frequency of

occurance of a random event

·Sample space/s) is the set of all possible outcomes of an experiment

· Random Event (A, B) is a subset of the sample space

Rules of Probability

multiplicative Rules : For 2 independent events
,
the probability of

both happening PCAUB) is P(A) · P(B)

Addition Rule : For I mutually exclusive the probability of doing event A or doing
event B

. P(A1B) = P(A) + P(B) Non mutually exclusive
2 P (AUB) = P(A) + p(B) - P(A1B)

Counting Rules

· Permutations
,

Order Matters : The # of ways to arrange r objects ,
selected from

~ distinct objects . nPr = ricrs !
or 5p3 = 60

· Combinations
,
Order Does NOT Matter : The # of ways to choose

r subjects fromn distinct objects . nCr = (*) or Gas

Review of set notation

ALB- A is a subset of B AUB Union of A and B

A or B
S or Both# #11

A' or 1 : The complement of A. A 1 B Intersection

Of A and 13
S

-A Carb =dub
TB Both And

-

(AUB) = A'UB'



Probability Properties
1

.

P(A)10

2 .

P(S) =

3. If Al
,

Az
,
As are pairwise mutually exclusive

S

then the sum of their union is all of their

individual probabilities summed up.

P(A , UAz WAz) = P(Ai) + P(Az) + P(Az)

Sample Point Method

Thm
.

2 . 2 An experiment can give n different outcomes,
each outcome is equally likely. EventA consists of m

of these out comes.

Then P(A) = En=orsampleits into

Common Rules
· P(A)) = 1 - P(A)
· Independent Events : P(A1B) = P(A)·P(B)

· P(AUBUC) = PA) +P(B) + P(C) - PLANB)-PLANC) - PLBeC) + PLANB1C)

· De Morgan's Law : A'lB' = (AUB)' and (A1B)' = AVB

Conditional Events :

·Probability of A given B: Mutually Exclusive
P(A(B)= Def : 2 event's can not occurr at

the same time.

P(A(B) = P(B) . P(AIB) P(A1B) = 0

Ote : Mutually exclusive events can not

be independent.

Because the happening of one event

directly influences
, the other event.



Zules of Probability Independent Events

Def : Two events A ,
B are independent if

1) P(A) = 1 - P(A)(=> P(A) = 1 - P(A) [A (B) = P(A) - P(B)

FF
Being independent means event B does not

influence the probability of event A.

Mutually Exclusive

2 .) P(0) = 0 For any sample space s . Def : 2 event's can not occurr at

3.) A , B are events in S
.

and ACB. the same time.

Then PLA) 1P(B) P(A1B) = 0

Es Note : Mutually exclusive events can not

be independent.
4

. ) P(AUB) = P(A) + P(B) - P(AMB)
Because the happening of one event

If A, B are mutually exclusive ,
P(AUB) = P(A) +P(B)

directly influences
, the other event.

Conditional Probability Mutual Independence

Def : A , B,
C are mutually independent if:

If A and B are two events P(ARB1C) = P(A) . P(B) · P(c) ~

in the sample space S
,

and P(A) * O P(A(B) = P(A) - P(B) ~
P(An() = P(A) - P(c) ~

The conditional probability of B given A :

P(BMC) = P(B) · P(c)

P(BIA)=B Pairwise Independence
A

,
B

,
C are pairwise indep if :

Multiplication Law of Probability P(A(B) = P(A) - P(B)
P(A)() = P(A) - P(c)(

If A
, B are two events in S

,
PLA)O. P(BMC) = P(B) -P()

Then : PLANB) = P(B) · P(AIB)
Partition - a bunch of cases that cover

which is just
all possible outcomes.P(AIB) = e rearranged

&

Ihm 2 . 12 (Law of Total Probability)

If events B1
,

B2 . . . . . Be form all sample points in S,
and they are mutually exclusive and I most occur.

P(A) = P(ABi)

P(A) = P(B, ) - P(A(B1) + P(B2) · PCAIB2)
... .. P(BK) . PLAIBR)



-

Bays Theorem
Bay's Theorem is a way of updating
Probabilities based on new information.

P(Bi(A)=AlBiCB
- Where PCAIBi) is the probability of A

happening given Bi (likilihood
- P(Bi) is the old probability

P/A) is the total probability

Baye's Theorem is directly related to

Law of total probability :

P(Bi(A)=AlBiCB
P(A) = P(B, ) - P(A(B1) + P(B2) · PLAIB2)

. . . . . P(BK) · PLAIBR)C
longer version could be

PLBilALABSPCI PEEP(A(B2)
. .

.
. -- to BE

"With Replacement Questions"

permutations with replacement from n.

Where n is # of possible outcomes and K is how

many are Chosen Chow many positions) .

combinations with replacements ((n + k - 1
, k)

where n is # of options and his how

many your choosing:



Topic 1 : Practise com to : 1 .56)
1 . 4)

0 6 ASD ,

PLAID) = PAPATa) Sc2

Ranked : [1 ,
2

,
3
,
4

, 33
P(D) =

Total possibilities is 3CZ
2410

. 1
D :

P(D) = 0 . 04 + 0 . 03 = 0. 07

0
.9 DI P(A) = 0 . 6

(1
, 4) (1 , 3) = 52 P(D(A) = 0 .

03

b) (1 ,2) (1 , 3) (1
, 4)

,
(1

, 3) P(AID) = >
1 , 3) (2 , 4) (2 . 3)

22

0 . 04 + 0 . 03

Total : 13c5

Problem 1 .3)

Total outcomes : 32cs )C
13 ranks

1) 6 Book placed in 10 boxes

Y suits
WW FW WW WWE

To Pick 3 of the same
Platleast 1 box has more than 1 Book) =

= 1-P(each book gets its own box)
rank

,(. (9).
# of ways to assign 6 objects to n

objects , 10p6 = 1S/200

Each book has : 10 Options

, 100 =
0

.

8488

C-6Pt Each book gets
its own box.

1) 10 Total 6) P(B11B2) = P(B1) + P(B2) - P(BIUB2)

Box 1 and box I should have the same

a) = (303 Prob of being empty :

9 to choose
,

if box ! emply:P = 0
. 1138

6) (3) If Both are empty:P = 0. 01

?P(B11 B2) = 0 . 1138 . 2 - 0
. 077 = 0 . 1506

2) 2 Dices rolled
(1 , 2) (1, 3) (1, 4) (1

, 5) (1
, 6) Actual :

62 outcomes
(2, 2) (2 , 3) (2, 4) (2

, 3) (2 , 6) = 0
.
53

sample space : 36
(3 , 1) (3

,
2) (3, 3) (3 ,9) (3

. 3) (3,6) P(both empty) = = 0 . 262

A = Sum is 7
(h t) (4 , 2) (4

,3) (4
, 4) (4

, 5) (4
,6)

(3, 1) (S
, 2) (33) (S, u) (S

, 5) (3
,6) P(one empty) = 0

. 33 + 0
. 33 - 2 (0 .262)

16 , 1) (6
, 2) (6

, 3) (6
, 4) 16

, 3) 66, 6)
= 0

. 336

Revisit 1 . 6 /1 .
7



Topic 2 : Probability Distributions
, Densities and Expectations

-

Discrete Random Variable - Can take on a countable number of distinct values

Probability Mass Function (PMF) : P(X = x) gives the probability that the discrete random

variable X is equal to a specific value X.

Formula : P(X = x) = P(x)

Where p(X) is the probability that the random Variable X takes on the value

of X. The sum of all possibilities must earal 1 : [P(X = x) =

The variable X is essencially a function defined on S
,

that maps the outcomes

of experiments to numberss

Continous Random Variable - take values in some intervals of real #'s

Probabity Distributions for Discrete RV's

Def : If x is a discrete T- V. Then,

f(x) = P(X = x) for each x in the range

of X is called the pmf of X.

Cumulative Distribution Function (CDF)
Gives the probability that a random variable

X is less than or equal to a certain value.

F(x) = P(X(x)

This means for a value x
,

CDF gives the probability that X

will take on a value less than or eval to >.

O for xL - 3
CDF : Fx(x) = ↳ For -3 [x < -

E 0 . S for -11x

- for 11 X <3

1 for 13



Frequency Distribution for Observed Data

Observed Data-data one has seen

Frequency how many times that number has occurred

Types of Frequency

Absolute Frea-Actual number of times a value occurs

Relative Frea-soluteFreaeats

Continous R
.

V
,

PDF and CDF

Def : For a continous random Variable X
,

the PDF f(x) gives the

Probability that X falls within a certain range. The probability

that x lies between a and 6 is :

P(azX = b) = +(x)bx
~

f(x)

-
Note : O If X is cont r. V then

P(X =x) = 0

>
② The total area under the pdf

a rea under the graph . curve is 1.

(x)0x = 1

The Cumulative Distribution Function for Continous R.

3
common

Def : The CDFFor continous R .
UX

,
F(x) gives Question

the probability X takes a value less than or equal Find the CDF
, givento X

PDF .

F(x) = P(X(x)= f(x)(t)dt , for - ac

Relationship between CDF and PDF

- The CDF is derived by integrating the PDF PDF -> CDF
- The PDF is found by differentiating the CDF Integrate

fx(x)= + x(x) CDF -> PDF
Derivative

- F(- x) = 0
,
F(x) = 1



Mathematical Expectations

Expected value : The long run average value of a R .
V if you were to do an experiment many/

times .

For Discrete RV : Sum all possible outcomes
,

weighted by probability
-

E(X) = &XP(X = x)

For Continous RV : Integrate the values , weighted by densities
-

z(x) = -x f(x)8x

problem 2 . 13
problem 2 . 1

J
,
Q = $15

a) X : I - I
k

, A =$S
f(x) : 1-(5)"(5)" 2, 3, 4

,
5
, 6

,
7 , 8

,
4
,

10 =
- $4

0 . 518 X = Money he makes from I draw

P(x =
- 1) = (5)) Xi IS S - T

f(x) = 1 . 0 . 318 + ( -1(f) f(x) : 5
= 0 . 036 > 0 DiscreteE E(x) = 13 . G + S. + ( -4)

-So he is expected to win a bit.
E(x) = 10

. 3)

Note : This is a discrete random variable, this

Properties of Expectations means he is expected to win 31k on arg.

1 . E(6) = 6
.

The expectation of a Problem 2 . 14

constant is simply the constant

2
. E(aX + 6Y) = aE(X) + 6f(y) +(x) = G =Yu +xyi + 0x4

g Otherwise
If X and Y are r.

V and a
, 6 are

-> how to

constants , you can split them up.

E(x)= x. d
integrate

= z(n(1 +x)
=0

V = 1 +22
du = 2x

3
. ((X + Y) = f(x) + E(Y) = ↓

= 6
. 4413

The expected value of aSum is
=

Env
Sum of expected values

E(ax +6) = aE[X] + 6

v(aX +b) = a 02



Theorem 4 . 6

Notes :

r(x) = f(xz) - (f(x)] 1 . ) V(X)30

N is a constant 2) E(x2)-(t(x)]"
= f((X - N)]] 3 . ) v(aX + 6) =

a2 - v(x)
= t(x - 2NX +z] for any constant a

, 6

= E(x)) - f(2Nx) + f(x)
= E(x)) - zu f(x) + wa
= f(x)) - 2n2 + Ni

= E(x2) - N2

ChebySheus Theorem
provides a way to estimate the probability that

a random variable lies Within a certain number of

Standard deviations from the mean .

Note: This theorem provides

For any random variable X with mean N and a lower bound for the prob

variance 82
,

for any K21 that X takes values within

P((X -N/2k0)12-When to
k sed of the mean

use either ?
op

P((x - y
< ko) - 1 -t

K is the number of std's away it is from mean.

Notes on Chebysher's Thm

· Applicable on any type of distribution

· Giveaway to use it,
is the two bounds ↓

given are equal distant a part h2
is the upper bound

If it asks within ko

k =
Bounds - N of the mean

,
you use

o 1-Ye . Otherwise ,
if it

is outside the mean

use ↓
K- # of Standard deviations

. k2 S



Theorem 4.

· Expectation of a function of a r. V

If X is a discrete V with PmF F(x1 ,

E (g(x)] =Eg(x) . f(x)

so
, we apply some function g to X before

taking Expectation

· If X is a can't rv with Pdf f(x),
thenE(g(x)) = (x) f(x) . &x

Problem 2 . 15

Moments of a Random Variable
f(x) = 32x,

if 02x1

otherwise - a moment is a way to describe various

a) f(x) = (x . 2x(x = 2x3 aspects of a distribution of r. V X.
&

= 3 Therih moment of X is No = E(Xr)

6) y = 200X
*

+ 60
- Moments are used to understand Shape

and characteristics of distributions.
t(4(x)) = %(200x*

+ 60) . 2x62
Ex

= $220 First Moment (v = 1) : E(X)
,

the mean of X.
c) P(y > 180) = P(200 x

*
+ 607180) second Moment (r= 2) : E(XY

= p(200x5 >120) Central Moments :

= P(x +z0
= P(x > (0 . 6))

The -th Central moment is Nr = E[(X-4)r]
also calledith moment about the mean .

= zxx =
os e

= 0 . 8724 ariance and Standard Deviation

The Variance is a measure of how much

X deviates from it's mean N .

- This is the averaged savare distance

- of X from it's mean
.

E(x) = E(y) v(B)
- var(x) = E[(x- ((]
v(X) = 02

-

8 = NX) : is called standard deviation
of X . Denoted by 0.



Moment Generating The moment generating function allows

Function us to find all the different moments

Recall that Nr = E(X) .

V = 1
,

2
.

3

Finding the first derivative of

If two random variables X andY have the MGF and Setting it to 0 gives

For Continous R.
V :

I
(E(x2)

, E(x)e + c)

the same ith moments for all r= 1
,

2
,

3

then X and Y have the same probability distribution
.

you First Moment

Discrete random variable X with por f(x) Second Derivative Set to O,

the mgf is defined as Mx(t) =EletX] = et+(x) gives the second moment.

Mx(T) = N+ f(x)x

FirstMoment:MH(t
= 0

= E(x) Set First derivative , plug inO

second momentmo = E(x) Set second derivative , plug in o

In general
, gr . mct)

= E(xy)
dr t =0 = N,

Problem 2 . 21 Giveaway
its Discrete

-
+(x)=(x) for x= 1) Find probabilities by Plugging in X valuess

2) Multiply etX times the probability
a)

Mx(t) = E(e+) = 3e
+ x

. f(x) of XS
.

2PMF

:isin Second derivative :

et + net/t =0
= et

.o

. f(0) + et! f() + et- 2
. f(z) >

=

Is

=+ . et+ f(x)
6) Finding E(X) and V(X) through the mgf. v(x) = f(xy) - ((x)]2

v(x) = = - (3)2setmeSe v(x) = =

E(x) = E



Problem 2 . 23

m(t) =13 PMF is directly related
mx(t) = E(e+*] 7 By Definition to the MGF.

The random variables take on the

values of 0
,

1
,

3 because these are

the coefrecient on the t terms.

The terms suggest : P(X= 0) = t
P(x = 2) = =
P(X = 3) = 3

The Pmf gives you probabilities directly

The mgf represents these probabilities in

a transformed way .

How to Solve MGF Questions

1) Determine if you are given a continuous DV or discrete r. V
. (Continous means PDF

,
Discreate

means PMF)
.

Then use either e. f(x) or(x)
- X

Exponent Rules

2) Factor exponential terms/ simplify
1) e . e =

a + 6

e

3) Solve integral

4) Look at behaviour to see how
,

we a . 6X (ab) X

2) e
can make fix) a finite value. (ex-3x))4=

5) Plug in limit
, solve

6) Find First/Second moment from derivatives
.

key Properties for Exponentials

· For et
, if a zo

,
e grows toward infinity as X-x

if a 20
, ex decays toward 0 as X-x

Behaviour at infinity :

a co
,

e" - > 0 as X-I

as0
, e** as X- X

Ote : Given a PmF and asked for CDF
,

is simply the probabilities

adding on to each other.

To Find Mean / Expected value : solve the integrals of the

PDF
.



How to Solve MGF Questions
,

Discrete Geometric Series

1) recognize discrete case

2) Simplify and get in correct form

3) Appl geometric series
,

by plugging in smallest value for K
,

then use this as numerator
for geometric series

4) Plug back in and find Valid bounds (Ir(1)
5) Get Mgf and compute ((x]

,
f(x>]

,
V(X] .

f(x) = &33x, ifelsewhere

Mix= etx
. ze

Mix =getX.x
0

x

I 3) e(t-3) -> needto

makeeno
O

tc - 3

= for-

Z
Mix = when t

0

etX. Ex
M+ X = k = 0

f(x) = 3(t -3)
- 2

=
= 3 . ( - 1)(t - 3)

= 10=
f(x)=

= et(z -ct) - (et)(-et)
f"(x) = ( -3)(2))t -3) I (2-et)

<

-= [F35510 = ** =

RetLet us
=

=eepulo =



Topic 3 - Discrete Random Variables and their distributions

Bernoulli Distribution

Definition : A dernoulli trial is an experiment with 2 mutually exclusive distinct

outcomes. There are successes (P) and Failures (1-P).

Example: Flipping a coin

PMF : P(X = x) = p
*

(1 - p)"
,

where x is 0
, 1 (0 is failure

,
I is success

mean : N = P

variance :"= P(1-P)

Binomial Distribution
- Repeat independent Bernoulli trials with n finite times.

PMF : P(X = K)
=(MPEnkk = 0... >k is the # of sucesses
-

failures

Mean : N = up

variance : o = up(1-P)

Note : 1) Probability of success is P

2) Finite number of trials

3) same mean and variance as Jernoulli
, just multiplied by n.

4) Bernoulli distribution is a special case of Binomial dist, when n =

6.Cometric Distribution

Def : Counting the number of trials until the first success.

k - 1

PMF : P(X= K) = (1-P) g ,
where p is probability of success and K is # of trials to first~

# of failures first success
-

success.

mean
:n = ↑ Probability --

variance :
o=

1234
......

Trials for first success

The first trial always has highest probability
at X = 1 .



Negative Binomial Distribution

models the number of trials needed to achieve "r"successes
,

for Bernoulli events

PMF : P(X = K) = (i) PAID where is probability of successne

where X is the number of trials
,

needed for successes

where K is the required amount of successes .

Mean : n =E
Cool Note :

variance : o = r(1-P) When r= 1
, negative binomial

p2 distribution becomes geometric

Hypergeometric Distribution

Probability distribution that describes the

likelihood of getting aCertain X number of successes in a sequence of draws from a finite

population without replacement.

Without Replacement - Impies that probabilities

will change based on draws
, making the draws dependent. Revisit : Hypergeo

- us. Binomial

key Characteristics /

without
" US

· Finite population ,
divided into successes and failures "will" replacement

· Draw x items without replacement. Questions.
· Drawing specific number of success in given amt of tries .

ways thoose

X Ways to choose
the "rest"PMF : P(X =MMN

Total outcomes

where:

Mean : N=
· N is total size of population
· M is total "successes" in population
· n is the number of draws

variance : o2 =
nM (N-M) (N - m)

· X is random var representing the #

of success that we want.v2 (N - 1)



Poisson Distribution

ThePoisson distribution models the number of rare events

that occur in a fixed interval of time or space.

The events must be :

1
.
) Randomly and Independently of each other

2
.) At a constant average rate (4) (number of expected outcomes

3 .) Events can not occur Simultaneously

PMF : P(X = K) =

** e
,

k = 0
,

1
,

2 > where y = average rate of event
K ! where K = number of events in interval

Mean : N = 4

var : 02 = &

Calculator Tip

· Poisson PD for exact : P(X = 4)
,

1 =

· Poisson CD for XEK : P(x = 1) = P(x = a) + P(x = 1)

Note : Binomial -> Poisson Distribution approx , when h is large and

When P is small andpat.



Topic 4 : Continous Random variables and their Distributions

Reminder : values come from a continous range

The probability of a specific value is O
, but over a positive

6

interval is Pla = X (b) = J +x(x)&2.

Uniform Distribution

The uniform distribution models situations where every outcome in a certain interval is equally likely .

PDF :
f(x) = S

Fa if <X < B

·
O elsewhere A = 1

· Height of PDT is constant because B
outcomes are equally likely.

· Area under curve is 1

Mean : N =t
P2cIX = 6) = #3 CDF

,whichcanbeUSA ty
variance : o = +

The Exponential Distribution

Def : Modeling the time until the next event in Poisson process.

· Events occur independently =
· Average rate of occurrence is constant

-

PDF :

!
> X

r(x) =&X 20

where I is the rate Parameter : number of events per unit time

f(x) decays exponentially as X increases.

mean : n = Probability of Intervals

r(x) :
o = + p



Exponential Distribution - Continued

Relationship Poisson and Exponential Distribution

poisson describes chances of event occuring. Exponential gives distance between events that

are described by poisson situation.

Solving Problems with Exponential Distribution

1
. ) Find 4 :4eventse

Memoryless Property
2 .) Use PDF for exact probabilities :

P(X(s + + (x> S) = P(X(t)
P(X = x)

, f(x) =
+ex

The Probability of an event occurring
3 .) Use CDE in the future does not depend on how

To find P(XEX) : F(x) = 1 -
* x

much time has already passed.
-1x

To find P(X > x) : Use 1- f(x) = e

&

Reminder By Definition.

· Fx(x) = P(X(x) =(+ x(t)dt

· Fx(x) is the derivative of Fx(x)
· Expectation : t[x]= x . fx(x) &x

· variance : E[x] - ([x])



Gamma Distribution
Def : Models theSum of independent exponential random variables

.

This distribution models wait times for r31 events.

The Gamma Distribution is parameterized :

·Shape Parameter (x>0) : Represents the number of events.

· Rate Parameter (B30) : Represents the rate of process .
(Scale

·((x) = /
*

!t It

key properties : Note : When < = 1
,

the gamma distribution

Mean : E[X] = a B reduces to the exponential distribution
Variance : Var [x] = XB

Example: Waiting for the 300 event in a Poisson Process.

Note : The gamma distribution models how long you'll wait

for multiple events to occur
.

As increases,

it becomes more symmetric ,
resembling normal distribution.

Beta Distribution

The Jeta distribution models random variables bound between 0 and I

A random Variable X follows a Beta distribution if :

fx(x) =

X
*

(1 -x)B -

B(a, B)
,
02Xl

where < , i are shape parameters.

Poisson - # of rare events or prob

Mean:B

of that event occuring

exponential-time in between Poisson

events
,

or till next Poisson event

Gamma-time it takes to achieve

Variance:
+B2(x +B + 1)

"r" number of exponential events



The Normal Distribution
· This is a probability distribution

~that is symmetric about it's mean.

· The shape of it's PDF is bell curved
+

key Characteristics
· Mean (N) : Determines Centre of distribution
· Standard Deviation (0) : Determines how spread the curve is .

If o is smaller : If o is larger :

- -
PDF :

The normal distribution is

f(x)= asymptotic and never actually touches O.

Emperical Rule

· 68 % of data falls within I Standard deviation (10)

· 95 % of data falls within I Standard deviations (N125)

· 99 . 7 % of data falls within 3 Standard deviations (NI 30

The Standard Normal Distribution Problem 4
.
9

· IS when a normal distribution with
a) Find between 80 and 90

N = 0 and o= 1
,

0 = ~ Normal CD :

3 P = 0 . 2417

EX
o = 10 x v N(n = 75

,
82 = 102)

& P(80cx(90) = P(90)
= P(0 . S22 < 1 . 5)

= 183 . 4 = 0 . 9332- 0
. 6915

Normal CD : P = 0 . 3
6) Find score x -> 95th percentile

To find goth percentile
,

first P(X(x) = 0
. 95

Standardize : 2= P(z(x= ) = 0 .9

= 1
. 64

x = 75 + 10 x 1 . 645 = 91 . 45

P(2 < 1
. Gns) = 0 .05

20
. 5 = 0



Linear Transformation of Normal Distribution

Thm : X-N(N
,
0 % and Y = aX + 6 then:

ywN(ax + 6
,

at2)

PF :

E(y] = E(ax + 6) = at(x) + 6 = ay +6
-

var(y) = var(ax +2) = a Var(x) =a
-

pretty much replacing definitions here

Normal Approximation to Binomial Distribution

For a binomial r . V ~Bin(n, P) with :

N = np

o= np(1- P)
-

as n -> X
,

the distribution of X can be approximated

by the normal distribution. xwN(nP
, MP(1-P)) 1) Identify describing binomial

#
z=

distribution

2) check if normal approximation

The mgt of I converges to the mat of
is appropriate PIs

,
n(1-p) 3

the standard normal dist as n + X 3) Find N = np
,
o = up(1-P)

Conditions for Approximation
4) Apply normal distribution with

1) · nP > S continuity correction

· n(l-P) < S

5) Apply I Score then find
2) Correction for Continuity :

Probability
Since the binomial dist is discrete and

the normal dist is continous. Apply a

continuity correction : P(X[K) : P(X = R + o .S)

Example of Approximation

1) x ↓ Bin (n =25
,

0 =0 . 4)
Find P(X = 8)

P(x = 8) = (28)0 . 48 = 0
. 120

2) x = (np = 23 . 0 . 4 = 10
,

ne(1-0) = 6)

LetY- (10 , 6)

P(y = 8) =p(7 .
3 LY20 . S)

=

Pl. 6 =0



All Discrete Distributions
Formula:

Bernouli > Models a single mutually exclusive independent trial <P* is # or

successes

Binomial > Follows n Bernoulli trials
,

counts the number of successes. > (u)pk) - py
-

ksuccesses inn trials

Bernoulli distribution is nothing but the Binomial distribution
, where the trial only occurs once.

Binomial > z(x)=p
,

var(x)=
wins Losses

Geometric > Number of trials to first success 2
Failures success

Negative Binomial <Number of trials it zalies to yet certain # of successes (*) pr(1-p)
*

↓ is # of success

K is amt of trials

the "rest"

Hypergeometric - 1 Drawing from finite population,
without replacementWastoa

Binomial questions have a set number of trials
"Out ofa trials"

"inn trials"

Negative Binomial Questions have a set number of successes.

" number of successes

Poisson Distribution > Models number of rare events that occur in fixed time interval

Poisson PMF: 0
,

1
,

2,X]=, vari



AllContinous Distributions

Uniform Distribution > Models where every outcome in an interval is equally likely.

if < = XEBPDF :

f(x) = E elsewhere
Note : < is the Start of the interval

is the end of the interval

- Height of PDF is constant
- Area under curve is 1

.

Exponential Distribution : Models the time in between poisson processes
PDF :

f(x) =& Probability of Intervals

P(X = t) = 1 -
4t

where X = rate parameter P(x(t) = Ex
f(x) decays as X increases

P(x = x) = +X

Gamma Distribution > The continous (waiting time) till an event can be

described by an exponential distribution .

Actual For r71 events.
Gamma
Function

: ↑(x)=-where is the number of occurrencesevent is

- where B is the rate of the process.

PDF : Given

As a increases
,

resembles normal distribution.

↑ (Positive int) = (Positive int-1) ! -> If is not)=
To Solve Interval Questions
· p(x[(6) = F(16) =N
· p(8 = X (32) = F(32)-F(5) = 13 xx



All continuous Distributions

Beta Distribution : Models random variables bound between O and I .

It is parameterized
by 2 and B

,
both shape parameters.

B-
PDF : +(a + B) " (1 - x) ,

02x)
r(x)T(B)

whereT(x) is gamma function

The Distribution isSymmetric if x = B

To solve interval questions

f(x = 0 . 3) - Plug in to PdF
,

Use gamma function

+ (x10 . 3) - ?

f(u = x[6) - ?

Normal Distribution- > This is symmetric about it's mean
, shape follows a

bell curve.

key Characteristics
· Mean (N) : Determines Centre of distribution ~
· Standard Deviation (0) : Determines how spread the curve is .

2

PDF : f(x)=
- (X -N)

O -

For e
2(02)

Mean : E(x] = N

Variance : VIX] = &
The Standard Normal Distribution
· IS when a normal distribution with

N = 0 and o= 1
,

0 =

2 = Approx.p

EX

&
= 183 . 4

Normal CD : P = 0 . 3

To find goth percentile
,

first

Standardize :

2=
o



Topic 5 : Multivariate Distributions

Def : Multivariate Distributions Study the behaviour of multiple
random variables at the same time.

Joint Distributions Properties of Joint Dist
- X and Y are two discrete r. V's

1) f(x, y)z0
- The joint PMF is : 2) [ f(x, y) = 1

f(x, y) = P(x= X
,

Y = 3) Adding up all probabilities for

This gives the probability X = X and Y=g at every possible pair of (x , 4)

the same time. (the full picture Note : If X and Y are indep

the joint PmF will factor into

f(x, y) = fx(x) - Fy(y)
For Continous Joint Distributions:

Ex ,
y(x , y)8xdy = 1

Marginal Distributions
· The marginal PMF describes the probability distribution of one of the r. V's on its own,

ignoring the other var.

· To find marginal PMF of X
,

Sum joint probabilities f(x, 4) over all possible values of Y
.

Discrete

Ex(x) = EFX , y (x, y) -> For X ,
Som across various values of y

fy(y) = Ex ,y(x, y) + ForY
,

sum across various values of x

continous

fx(x) =( fx
,
y(x , y)dy

- N

fi(y) = fa
,
y(x , y)dx



Conditional Distribution

The conditional probability P(X = /Y = g) is

given by :

P(X = x(Y = y)=
Divide joint PmE by Marginal Pmf

&to get the conditional distribution

~
Joint PDF Overview Continous case

The joint Pdf Fxy (X , 5) describes

the probability density of 2 variables

fxcy(x(y)=X
X and Y

.

Joint PDF :

FxY(x , y)=0 for all (x, y)
S

4)de

Example
FxY(x , y) = Se(x

+ y) o(X(1
,

02YC/

To Find Marginal PDF (continous
O otherwise

1) set bounds on integral

The PDF is only Valid from 0-1 .

Find 2) Set dx or dy
, opposite to the

Sit It integrates to 1.
marginal your solving for

volume = p((X, Y)[A) 3) Integrate

↑ =(( f(x, y)dxdy
A

set up double integrals , for regions

of interest

Defi : Let X
,

Y de continuous rU. S. with joint

PdO F(X, y)
.

Then :

L
marginal pdf

fx(x) =1 f(x , y)dy
of X

- x

fy(y) = (f(x, y)dx
marginal pdf

of Y



· Independence

· For discrete r.V ,
X

, Y are indep
,

iff f(x, 4) = Ex (x) · Fy (y)

for all (X , 4) in their range .

· For continous V , X1Y are indep

it is↳

Marginal Pof

f(x(y) =
f(x , y) = f(X(y)fy(y)

Fx(x) = v'bxydy = (1) = 3

O

Fy(y)
=dbxydx = bay)! = 3

Fix(Y(x)=

+ x(x ,y)dydx

114) dyd
o
X

↓ /66y = Gy--
= - 6x -

3xh



How to Solve MGF Questions
,

Discrete Geometric Series

1) recognize discrete case

2) Simplify and get in correct form

3) Appl geometric series
,

by plugging in smallest value for K
,

then use this as numerator
for geometric series

4) Plug back in and find Valid bounds (Ir(1)
5) Get Mgf and compute ((x]

,
f(x>]

,
V(X] .



Practise Exam #1

1) 6 Books
10 Boxes

Each book has 10 options

So Total arrangements : 106

a) P)/box has more than 1 book) = 1-p(all books are in diff boxes)
P(diff boxes) = 10x9x8X)x6x

106

Each book
, has I less option than the last

P (diff boxes) = 0
. 1512

P(160x has more than 1) = 1 -0
. 1512

= 0
. 849

b) P (BOX 1 or Box2 or Both empty) =?

First we must find the probability
Box 1 is empty

P (Box 1 empty) : 1 Both empty =
= 0 . 262

P(BI empty) = 0
.
53/

P(AUB) = 0 . 331 + 0
. 331 - 0

. 262(2)

= 0 . 538

2) van um 2

- > whites - 3 whites
- 3 greens - 5 greens

a) Xi O I 2

3f(x): 28

To get I green :

green p
P(X = 2) = 3 P(X= 1)=

28

26) Two mints from a are now in un
B
,

so it could be : 10
, 16 36 + X

2w
,
G

26
,

0 w P(B6) =3
case of 2 greens

Win 2: could be P(wIB6)=
66 7636 ↑ (w) = P(w) x = 0) P(x =0) + P(w(x = 1) . p(x= ) + P(w(X = z) . P(x = 2)

+ 1+P(B6IW)=WB
· PBS

P(w) = T

W zW Su S P(BGIW)=Let B6 represent both green

Let w represent white

PLBG(W)=



3) S1 S253 S4

aoptions tical outs to P(4 same) = (t)" = to =
2)2 Pairs of Heads/tais P(2 pairs)= heads

or

3) Go again all tails

↳ a) To reach a desicion within one round

Binomial (P = 0 .
S

,
n = 4) means I minus the probability that

n - k events A and Event B happened

(G)pk(1 - P)
1 - 3 - % = E

12) (0 .31 (1-0 . 53
6)

Let x represent the number of rounds

P(x(3) = 1 - P(X = 1) +P(x = 2) + P(x = 3)

P(x = 1)= 1 - E- - 1
P(x = z) = (t)2=
P(x = 3) = (h)) = t

= -
Regular 6) Need to findX value

,
which has 90 % to

Find corresponding z scoreto 0
. 9inter

its left.

z = 1
. 28

uto,v
= log'sto P= 0 .

744 2=
We need to find the Probability 1 . 28 =x
that X lies within1259 and 1009

7
. 5 . 1 . 28 Hos = X

we must standardize :
X = 114 . 6

2= z=
z = - 0 . 66

z = zo
z = B = 2 .6

Now we find the probability lies between

these bound
, using table,

0
. 99609 1 - 0 . 74337

6 . 25463
= 0 . 99609 - 0

. 25463
= 0 . 741



36) f(x) = Ge
if ocX

if 12 X = 2

al ? 2sewhere

#x =0
- X

X

4y (x = m = 5 - 0 + o = c) = t

3)
X

x -30x===↓

4 = 1

X10

F(X) = , 0(X)& 12X2

L X 72

c) P(0. S1X < . S) = E - 5 = >
al=

I

=J'cox + = -x) = t - - E
M

& = 2 + 4

c = 4 =

6) f(x) = x =0

a)

Mix
= et
= v = et ,

n ! = Xi
t

=. ex

= eX(et- 1)

6) The expected value isI

E(x] = ↑

m(xi =
+et -eyet- 1)



2) +(x) = Eit -a

otherwise

show var of X is a
3

To find var(x)
, we need E(x2) - E(x3)

?

a

E(x] = ( X . F(x)dx
· A

+(x] = /
"

X . Ea x
- a

E(x] =x=
f(x) = 0
-

f(x2] = /xtaox
- a

E(x2)= x =
E(x2]= a
v(x] = a 0 = a

8)
+(x

, y) = 36(1-3)it 0 zxz3z

G otherwise

Find P(X=E ,
Y = E)

This means both X and y must be less

than E
.

Since X =Y
,

the region has bounds

· o = X1
24 y1 !

cred
=Spc - 2)dy = 6(3- - Ex - 3x

X

- - (x +3x = &-3



Practise Exam #2

1) Fair die is lossed untill 6 occurs ↑ times.

we are modelling the number of trials

to get "r" successes .

Ney Binomial (k= 4
,

P = ts)
a)p(x(b) = 1 - P(x = 6)

P(x76) = 1 - p(x = 3) - P(x = u) - p(x = 6)
X can only take on values 4, 5 because

You need minimum a tosses to geta heads.

P(x = s) = (*Ei)p" (l - P)
x - k

P(x = 6) = (b)( +)4(1 - - )2
P(x = s) = (3)(t)(1 - +) = 0

. 60535

P(x= S) = 0 . 002572

P(x = 4) = (3)(j)" (1 - +)
= 0 . 00077

P(x76) = 1 - 0 . 002372 - 0 . 0077 - 0
. 00333

P(x76) = 0 .
991

6) p(x = 10) =7 !)(b)"(1--%-
9

= 0 . 0217
Normally :

P(X =10) :
within first 8trials,
You need 2 6's

still models (2)(b)(1-1)3Neg Bin

= 0 . 26. prot
heads

= 0 .0072

2) P(Hit with right) = 0 . 7 - > P(miss with right) = 0
.3 26) P(w) = There are now I cases she wins

P(Hit with left) = 0 . 4 - > P(miss with left) = 0 .
6

1 where she starts with her right hand

so the chance of that one now becomes
win : Two hits in a row

Let R represent a hit with right hand P(m) = = . (0 . 364)

P(wi) = 0
. 2426

Let L represent hit with left hand

Let w represent a win : This is the way she wins starting with her left

hand
P(WIR) = P(RIW) pCr) P(wz) = 0

. 4 : 0 . 7 . 0 . 4 + 0 . 4 . 0 . 7 . 0 . 6 + 0 . 6 . 0 . 7 . 0 . 4

P(R) P(wz) = = (0 . 44s)

P (w) : The probability She wins can be,
= 0 . 1493

S = GHHH,
HAM

,
MHH

, 3 P(w) = P(wi) + P(wz) = 0
. 391

P(w) =
0 . 7 . 0 . 4 . 0

. 7 + 0 . 7 . 0 . 4 . 0 . 3 + 0
. 3 . 0 .

4 . 0 . 7

a) = 0 . 364



3)
L ~ -

TOP Middle Bottom

0 . 7 0 . 6 0 .
9

Let Di represent finding coin in top drower

Let Let D2 represent finding coin in mid drower

Let Ds represent finding coin in bottom drower

P(D, ) =

↳P(D2) = + P(Di(D2) = 1
, P(Di) = P (D ! (p . ) · P(Di ) + P(D : (D2) · P(D2) + P(D ; (DS) · P(D3)

P(D3) = P(D, ) = 0 . 3 . 3 + 1 . 5 + 1 . 5
P(D21D,) = PPD) PD=

P(Pc) = P(Di) · P(D2')
X
==

0
. 3 . 0 . 1

= 0
. 3

= 0 . 435

P(X < 32) = 0
.
02

7)
f(x) = E

kx6(1 - x)9
,

i + 0(Xx
·

2 - =I
O

,
elsewhere

The corresponding 2

B - 1 = 9 in Score to 0 . 02 is

1 - 0 . 98

2 - 1 = 6
z =

- 2 . 6

: B = 10
- 2 . 6 =3 6

.

508 .

2 = 7

4(2 . 6) + 32 =
42 . 4

a) To find K : Apply constant from beta

6) P(x > 48)
distribution

,9 = 00080
P(x(48) = p(z))

= P(z) 1
. 9s)

k = 80080 P(271. 95) = 1 - 0
. 9744/

= 0
.
0256

6) To find E[x3] : We get the mean
,

P(lin 4 years) = 1 - P(none or years (40)

S'x3 . 80080x(1- x)9 = 1 - 0 .
0256

= 0 . 9744
O

180000x9(1 - x)9
j

= 8008MX
ta function

B = 10 Plug in to constant
a = 8 formula : 1

24310

=20000.2310 = 3
.

29

t(x3] = 3
. 29 ?



if 0 < X1)
X0

if 1 < X[ 1
. S

3)
+(x) = 3

elsewhere

F(x) = E 01X)

a)
1) For Xo

12X11 . S

&
*

f(x)8x = 0
- 2 ↓ If X > I

. S

2) For 0 = X/

x=-ot F(1 . z) - F(0 . S)

3) For 1 X 1 . 3 = Fo - t
( , 0x = xy = x - 1 + 2 = m - z =

0 . 575
I

3 - t
4) For X21 .

*

~↑ f(x)dX = 0 6) Geometric: f(x) = P(1-p)
* - 1

1
. S

6) Y = 400X - 50 This is a discrete distribution.

Find o : To find this
,

I would find the L

Mix = Eo etX . f(x)

Variance using v(x) = f(x2] - (E(x7)
Mix = Ee

+X
. p(1 - P)

x - 1
&

v(y) = E(y)) - (t(y))
<

k = 0

X - 1

v(ax + 6) = af(y) + 6 I petX . (1- P)
k = 0

I

1
. 5

I pet(p]"e
Ex . (400x - so) +1x . (400x - so) = PeterO

I

1
. 3

S'H00x"-sox + & 400x250x
Mx(t)=pletj

I

= 6)
I See derivative equal to 0.

= 108
.

3 + 283 . 916 -Pet)
t(2] = 393 . 716

= 400(393. 116) - S08) +(x , y) = Se , if ody = x

elsewhere
V

=
197436

. 4

o = 5543
. 6.

4 a) P(x(2Y) = 1 - P(X(2Y)

0 = 396 .
782

Oxy =
6) P(x(2144) = PIX O

24 2Y

Marginal Poory : N Exx =-O +e =
- Y

= E
fy(y) = e

Now pluging : Ne= 1 = 1-e
O



Exam 
Practise 



Assignment 1-practise

"a)(1B) = A 'UB

mM
2) 32c3 - Total cards

as PC2 Pairs) = (13) · (2) (12)(E) +(i) ( ?) ?I

S2cS

=0
= 0 .

09
Note : If its a s card

hand, don't take one

rank, then the other

(overcounting
S3) (9. (i) ()l 6) FI

C

F2
C2

# 23
= 0 . 000248

FS

3) choosing 4 of 6 cities.
a) To findSample Points we can assign

c = GT ,
M

,
0

,
w

,
E

, v3 any F1-to any 3. so permutation can be
used because order matters Sp3 = 60

a) 6 pr = 360 ways
6) (2) · 3 !

-> 36

6) 4P2 = 12 Ways X 4P2 50 = 0 .6

= 144 ways

7) Let O represent off campus

Let V represent virginia" P(0) = +P(o) = =

4) L = GA.. .. .. 23 = 26 options
P(V) = & P(v)=

N=0 , 1
,

2 ... 93 = 10 outcomes P(vvo) = 5 P(AUB) = PLA) +P(B)-PLAMB)

P(vvi) = P(d + P(v) - P(onry
P(v'r0) = 3

Total ways to make a Valid License plate : 263. 103
Privo') =

Preos= - P(ov)

a) All 3 letters same means (2) choosing one letter all 3 P(vno)'= P(o'n vl =(3 +2) - 3
times ,

P(same letter) =-0 . 00

8) 100 tickets

P(on vi) = =

s winners

6) Plan even or all odd) =+o 96 tickets after organizers buy one each

=I P(aoprize) = 1 - Pat least 1 Wins Prize)

# 9
(100) ways to choose a winner.

39 0 If at least a

wins: 0= 1 - 0 . 729
= 0

. 27/
1 - 0

. 1765 = 0.&3

82 . 35% chance to not win price.

or96does



Assignment2

1
. ) If P(B) +0 ,

then

P(A(B) = 0 -> P20
P(BIB) = 1

-> P(BIB) = PBR = P =

3) #E 5) Let A represent sonn seeing the add

~ - LetP represent sun purchasing
Let T represent TV

Total ways to assign 2 books to 3 boxes Let M represent magazine

is Each book has 3 options :

P(M) = 50 P(P) = ?
3x3 ways to arrange

P(p) = P(P(A) - P(A) + P(PIA') - P(A)
is3

P(T) = &

12
p(m(T) = to

4)

s
3 P(P1A) = -

-- P(P1A) = +

P(A)= p(c)= 10

P(A) = P(MUT)
P(B)= P(B1) = 5·

i = t P(M vi) = P(M) + P(T) - P(M1T)
B and C are indep
They are not mutually exclusive

= + - = Too
4)

P(MUT)
= T

A = Elst dice : 1
,

2
, 33 -> P(A)= P(t)= P(P)=1.

B = 3 1st dice : 3 .
4 , 33 + P(B) = E P(A)) = 2 = 0 . 149

c = 5 Som is 93 + P(C) =? t
6) 10002- Total ways

36 ways : 3, 11
,

12
, 13

,
14

,
15

,
16

a) Hyper geometric :

2 21
,

22
, 23

, 24
,

23
,

26

56 31
,

32
,

33
,

34
, 35,2

(x)

= (4)
91

,
42

,
43 , 44s ,46 63,

us
, s (12%

)
PLAMBRC) = Eit =/ correct

P(Ir , iw) = =
They are not indep

as P(AMB) EP(A) . P(B) 6)
=S . 40 + 4 .=

↑ (BMC) EP(B) - P(C)
PlANC) = PlAIPU)



signment S = G12,
13

,
14

,
23

, 24
, 343

2 Balls drawn from 4

z represents the Sum of I balls

a) The possible values X Can take :

f(x) :

X = 3x = 4x = 3X = 6 X = 7

ist
- if X 23

32x14

↳
4) F =[↳

34567 6 = xL7
- if

I if 72x8

2) P(x = 3) = *
a)
P(X(3)=

P(x11) = 1 - P(x()) = 1 - y =
3)

P( - 0
. 4 cx(4) = 3 - ty = 2

p(x = S) = 1
o From so

·

Illi
.

3 13

for - 1 = XX 4 4 440

"ux for 12 X <3 S I to

- f(x) =

S for 3 ex
P(X = X) Odd=

i X for XIS #(x) Forx =all,

&

models it well

!



1) P(0 +) = =
P(o - ) = is

a) more than S pPI until 3 successes

To getr successes this models ney bin

Neg Bin ~ (k = 3
,

P= =
,

x = 3)

I 23s[6
*

↑

~
- ~

P(more than SPP1) = 1 - P(x = 3) + P(x = 4) + P(x = s)
3 - 3

P(x= 3) = (3i)(5)(1 - 5)
= 0 . 064 4 - 3

P(x = 4) = ( = i)(z))(1 - =)
= 0 . 1152

P(x = s) = (3])) (5)3(1 - 3)
= 0 . 13824

P(x(S) = 1 - 0 . 13824 - 0
. 11S2 -0 . 064

= 0 . 6825

6) p(x = (0) = 1 - [P(x = a) + p(x = 8)]
P = is

8

P(x = a) = is)) - +)
= + (i)"=

(i)



Assignmentecance
: 0 base

v(ax + 6) = a2o 3

2) 8 Pairs of shoes dX
16 total Shoes
↓

(46)-ways for her to randomly I -00takeout 4 shoes.

= 0
. 95022

O I 2

G
f(x)

T3 s s =
y = 4x - 1(u -2x) 36) N = 3 . V = 4

must be 0 = 2
y = 4x - 4 + 2x

y = 6x - 4 wrong
in pairs k = 2 = 2

E[X] = 0 . 4
k = 2

Lower Bound : 1-T = 1-
f(ax + 6) = af(x) + 6

= 75 %
= 6[0. 4) - 4 en kinda ?

E[X] =
- 8

3

4)
f(x) = 2(t)

*

for x = 1
,

2
,

3 ....

This is a discrete distribution
:ar"= for l

Mix = 2(f) , etx

Mix = 2 e
Apply geometric Series : v = E ,

=
et < 3

=2 .

1-e Het < In

t In3

=or +n

5 3a) Mix =eL
= ze D

I ↑ et. Lex
O

t = zet(3 - et) - ( -et)(zct) Comeback = -1
O

(1 +z)xte

I
(3-et)2 to -x

·
2 3 =

r
"

=16+(3-et)2 -Let



7)N = 0
. 260

8) 8 Questions
0 = 0 .005

3 answers

1- = -Chance going for any of the answer.

P(X = u) : &P3 =336 ways to answer for

= Th the test

k = 6 (2)p"(1 -p = (b)(j)"(1 - 2)
This means mean, must fall within ko P(x= 4) = 0

. 1365
or 6 . 0 . 005 + the mean as the interval

10 + 0 . 03 P(X (2) = 1 - P(X = 0) +P(x = 1)

8
0 . 260 + 0.

03
=

029) Intervaa
P(x22) = (0)(5)% - j) + (i)(5)'(1 -5)0

. 260 -0.03

= 0 . 19S

1 - 0
. 195 = 0

. 805



Assignment s 3) PMF: et . f(x)

1) Busy 60 % of the time
Need to prove v(x)= &

a) P(x = 3) Probability of success is 0 . 4

P(x = 3) = (0 . 4) 2 (0 . 6)
E[X(x-1)] By finding myf :

- X + zX

3-1 =egeometric : 0
. 4/1-0. 4)

P(x = 3) = 0
. 144 4) 4 = 3

.
2

-(3 , 3 . 2) = 0 . 1793

P(X = 3) = p(x = 1) + P(X = z) +P(x= 3) 3) P = 0 . 0012 Poisson : ⑭ where

4 = 0
.
0012

P(x = 3) =
0 . 4 + 0 . 6 . 0 . 4 + 0 .

62
. 0

. 4
Poisson approximation to binomial k = 0 ,

1
,

2 ?

= 0
.784 Binomial is independent , fixed trials . Maybe jus 2 ?

Poisson is rare independent events.

6) It both call independently,
we

Still have a 0 . 4 chance of getting through . Binomial (P= 0
. 0012

, n = 1000) & = nP

P(X = 4) = 1- P(x = 2) + P(x = 3) + P(x = 4) P(x= 2) = P(x = 0) + p(x = 1) +p(x = 2)
n - k

X can not take on I
, because theres no

= (2)(p)"(1 - P) p = 0 . 87959

p = 1 -0 .
87959

way both of us can get through in one call P(x12) = 0 . 0012
? 20 .

0012

P = 0 . 12o4/

2

P(X =2) :
we both get first try : PARB) = PCA) · P(B) P(x=2) = 7

.
19x(8

P(ANB) :
0 .

4 . 0 . 4 ↑ is just equal to up

P(x = 2) = 0 . 16 JustSolve with X = 1
. 2

P(X = 3) : one of us firs try
,

other
P(x(z) = P(x = 0) + p(x = 1) + P(X = 2)

= 0 . 879
second Ery: Neg Binomial

P(X ? 4) = P(x =3)(ii) (0
. 613

- 2

. 0 .
4

8) Mean : B
= 1 - 0 . 16 -0 . 192

X = K corresponds to K-1 Y < K.

P(x14) = 0 . 648 P(x = k) = P(k - 14 Y(k) = S fy(y6

2) 2 Male
P(x = k) =1

R
↳3 Females

k - 1
-(k-1)/B

- /B + eP(X= K) = -e

For males : P(R) = 0 .
2 Recognize geometric series

For remales : P(R) = 0 . 4
P(X = n) = (1 - 0)8k+ 1

, k = 1
,

2

2 patients selected without replacement.

a) Probability 2 femares :

Hypergeometric :

r(x =(
PCIF):= Is b) Probability

, they will respond is like

expected value :

P(2F) = 0 . 3

a)p(Diff genders) : < -have3

caser
both respond -> 0 . 6 . 0 . 2 . 0 . 4

2 m
,

OF-Both respond +> 0 . 1 . 0 . 22

Om, 2F - Both respond -> 0 . 3 · 0 . 42
P (Diff genders) = 0

. 6 AddAll these

P(R) = 0 . 1



Assignmentamma distribution -0 .
03

I ·-Show Mix =

(1 - pt) S 0 . 03 = 1 - 0 . 97

on the z table
x =6

Mix=ex
N = ?

this corresponds to
- 1

. 88 or 1. 88
W

hix=e 2=

***Preitdes toa 1
. 88 = E ,

N = 60

t - 4) P = 0 .
23, n = 120

/
x = 32

& Normal approximation
X - 1 Let y = X (t - t)

1) Does it make sense ?=

Je= Up3S ? np(1 - P) IS ?
O

~ 2

( + - t) N = 27
. 6 5 = 21

.
252

o = 54
.
252

-B dX
= (i) dy 2)

P(x > 32) = 1 - P(X[31)
O correction

= (l-B+)-C
,

when this P(x(32) = P(X132. 5) for

continuity
6) m(t) =

+

(1-B + )
2 ,

When t z = X - N

T

m'(t) = 1x . (1 - Bt) ( - B) z =3.
= -

-> f(x) =
m(() = 23

z =
1

.
063

m"(t) = - Ba(x- 1) (1 - b + (* -1)zt(x) = a(a+ 1)
2 P(2 > 1

. 06) = 1 - P(2 = 1 . 00)

= 1 - 0 . 83943 = 0 . 1946

~ (x) = E[x] -(E(x])2
3) S2cS- Total ways to draw 2 cards

v(x) = xB2
2 .) Let I represent the number of aces

Let w represent zotal a CesMess a) To find the joint pmf of z and W.

Mu we will set up table
, with possible

I values .

b)P(x * 3S) =

2 =

2 - 1 I
3)

P(wI= 1)

= P for w=

Z

48
P( x -44 . 3) = 0 . 066 O I

O 188 g
P(x144 . 5) : z = 4453 22/ Marginal PMF of z

z = 1 . 5
Wi + = f(0)

Z of 1
.

5 corresponds
2 Of(z

==to 0
. 93319

f(z = 1) = 17a)p(x244
. 3) = 1 - 0

. 93319 C) P(302X140) = 0
. 6498 E2/

= 0 . 00681

2 = X
N

z =
- 0 . 365 =

0 .
71226

2 = 1 - 0.

71226

20 . 28774

P(x(3s) = 0 . 28774



6
. ) +(p.

S) = & Spe for 0 . 2 < P20 . 4, sho

-
O elsewhere

a)ona S

P 10 .3 - > but greater than 0 . 2

spe is

g

= ↑ spessdsdp = Sess =spes2 2

- 10Pop-speci
0

.
3

4)Speed
O

eps
j

I

No P-

7) X is amt of dollars spent on gasoline.

↑ is ame DF dollars reimbursed

L

fx(x) =f f(x) dydx

()
E

= is (
*

(20 - x)(x)

* 20x' - x - =(0x - 2))
E

2 -[ - *
- = fx(x) = 2Ig

fx(x)= 6xy dyde
O

- 6)" xydy = 6.y =
3x Exx =

⑧

I

= (bxydx
O

=
6% xy0x = 62y) = 34

function
f(y(x)=origin, a

City of

= 6


