Math 221- Vector Calculus
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Summarized

Notes




Lectire 2 Modes

Lineas Functions
GCenpiad  form 0% @ (me  £(x)= mzb
(S bhb 5 n Wcof’é .

* Whee M i {he Slore , b

Slopes
*The Slope, 'S Lhe Tutio of vtise over rom  for o~ lmed  fyntkion.
o 4% . -9
Az R

* Slofe fongle, f O mMakes an  angle  with b line and X axs,

the Sore con be expessed an: Een g fise o Ay _
fun Ax

Sf/(j.n‘l: ond  Tondent Lones

e A Secant  line Passes
apploximates the Cotve  locally.

» For hon limanf ¥unctions « Secant lines eStimote +the AROC oVef an
indefvel

 longent Line passes  throvgh opoind
appoximation ot Ahab  point.

© Tageni  liyes 9w bhe TROC of o SPecific  poind

CLYIJ

throyan 2o PoindS  on the colle

an(J gJVeS o Lineser

Lapns ond CorvesS
LA nmph S o Ser of Poinis (2Y), SubisEymy y= FIA).
‘s @ mole  General  Set  OF  PoimdS hiz14)=0.

. A CUTV&
( Nob ewrs couve S Graph)
. Glaph misk fass he Versical e Yest. (ciwie = AmPh)



Mulbivetiable  Functions

- z= Jxzryz , Didtoante fofpwle  of CxY) from bhe 019N Lo the
Cardesion Plane.

Things 1o remember
¢ The detivagive o€ FH(x), TePelevents the equalion of +the <lopPe of the
lrarujen-(; [ine.

" JlafhS  deliibe  Single  Valed  funcirons, while  Svrfaces can  Vepeesent
dovble  \mlyed /complex Fmcbions.

us

ind fangent Iine to F(x) =3 & (2,1).
fn)-
e L
m= (2
Y= mx +b
L =232y +}

=2y 44
=-23



Leekgre 3 Notes

Covnloys Diagrams
" Refefesent  lins of Congtang Lalpe s

for 2= ¥(2,9) o difeepnt  heghtys  of 1z =C-
- Eath conlour TepefcSents o cipele  Cepteed at

Oflgyy Ltk Mmdw V2,

- When  lings  afe Closef  toq tther; they hawe Specper slo

EXam?l% of  (ontouf Diagramy

' Cone: Concentric  Civeley evenly  Spaced

* HemiSpheve . Contours get Closer 10 onigin  as N
Yov appyoeyl,  Lenkve oF lwrvws\ol«-@ﬂ

C €llim f"‘mb”\lofé © Contours  ale  Ciycles

bk are rore Sered ouL a5 they rwve avay
from the Cenbre.

s Bell Shaped : The Confores  Spread near  theiy max,
Yhen 9eb closer  as  Yhey descend  frow the Conter,

Cross Section
* k oons seckion ©S » 2D Skice pp & 3D okjeck
Cltate) Yy @king  one Varable L=C

' EXN"LF'(,, for a Sthe re xL+y'L+rZ Z|  a cfoss  Section
F’LTU-ILH o Me Yz Pun woud TVE OYle widh
(adiys oF Ji-¢? withn the SPhote

IM(’O{-’ﬂnb Suf Faces
Cone:  z= &

Sthetet x" byt %=

Coindef : ’(2+17'-,| (%f"\'l?%’ uf from  z axs)

Uyoed bolc -
P‘I? l'f : z >x7’,<12 Whith ey Weréaie S
arabaloid n_o,], in the €Egqueation
S Wheve bhe oylindes e aong.

2o (xR (e + (20l) =

2
~9 . )
SPhefe  With radius S

Centoed o (2,-1,3)

(%23 ¥ly +1)14—(z.z)1r25



Lechure 4 nobes

L inear Funckions
Lineor #unctions eXbend 4o m0l4iple  Vanobles.

Linewy Fungtons in  one \eriolble

29 MLth

« Geomedvically, (eperesenss o Skraghé  line in o« ZD plane-
o Hor'zontal lines: ¥y= b

e Verliea| lings: %= ¥o (ondesined  slope )
L inear Funchions. n 2 varables Ah‘j flane  Can be expfessed oS
12| I8 tny i ax bby roz = ¢
« Where MU os Slope in X difection
N s Slope In Y difection Whete a, b, ale ¢ ilettiona
C s nterapt when XYy =0 Veltsrs. d (¢ Peresent S drs4ance

{iom  Zhe o190,
« This 15 the Eauation of o Plane ’

rampe L
Finding Eowabion of plane given three PondS
lo,0,0) (2, 1,%), (4,2,2)
N bet Z difeckton  Vechors ﬁbs (z,1,%)
A_‘% = CL' ,Z/ L)
) Cros product , the dilethiona) Vectrs o 9get
noimel \ettor to  the  plane

215 21y
Wir wet

—.L—q}g, o)
2ty invo  ax +by 4z =0 to fiud J

=4(0) + 8(0) +0(o0) =
J:O

Yz -93 =0 s the equagon,



chturg S Notes

Displacement Veddors

‘ Dekined by 2 points PG,

» Magnit ude 19, is the distanee bedween bhe two  Points
« Ditertion: Angles wibh Coordimate axes.

« Bl VectorS: \ethors afe eaval i they Shore vwdgnidvde , direceion .

Vectot  Opelations |,
) Additon and Subbrackion : (Tie b an) T +w Js =T

_—
v

1) Scalal ywlgipiicagion: || AV I = 1ALV
7= (*4.2)
3) A 3D Vedoy Con e broKen into ComPoenis:

Patallel ond  Ped pend iculor Viector
+Z VettorS  af pendicular ¢ bheic dot  Pdut is egqual o 0.
Dot PloduCtt oa-b= aib Fazly +ash

ot
ol = lallbl cos @

© 2 Vectors afe Pafallel i they afe Scuar  mulbiples of each Othel
This  also impies, their ot prodveh is  not  =ero

U/;/2> - (5;9,5) Ww=3V . mael.

w

Finding angles bekween 2 yectors:

a-b=lal]b] ¢os 0o
(oS|G & &b
le] | bl

1T _f~,b_>
9% Cos (muw




Masanitude _and Dileckion
cMagnifude  UTH= JVUE v

v Uit Vedtor: Mormalize o Veclor  to omit leng}h v

Wi

—

<l

Aoplications:

» The Veloorby o oo mowng  Object s o VeLtor  whode
Mognilyde ro ke Speedmot the cbjeck and ditetiron = ditection

Velooity inclydes  difeckion , Speed (S rmagnittide

3?“@40( exanfe

6 p190
g — Plane  ELXample
/ ¥y

sokM’ 600 | o

QLW 600 kM /hr L‘ﬁ'i 2

50 Cosys' = 2502
S0 svnug = 25(2

2, =
\?n?: boo,; + 3s.ur

= €35y +35.u4)

‘3"‘((- $an_o
g)q ~ o -/ B4
o= ( 6354

c3 o
6= %2

meAn byd = 635Ul 35.4" =6%.9



Lectve 6

‘Difection 5 the angle relefive o coodifate  axes (i), K).
, Ad()lﬂ‘j / SU?)'&/O‘CH()YJ d 7 +\:J) = (Vﬁ'\"’l , Vitwz / Vs +Wg)

e Scalar PULLPLCALIM © Changes difeckion , g Sran Flipped.
CUNE Vellod U = 1V

—

)

V1)
-
* O \ellor

* When objedts  move ab conStant  Welocity , ibs  displatemend Vector
s 2lwavs  faralle) to  itS \/@1061%7 Vec tor,

© Acelefagion t~ Sfecitied by megnidwl e and  Diection
c FOlce s alobher  examfle  of & \Velioy

prompo



LQCﬁure 7

Dot Producds end Planes Key %Pff?efﬁas :
Gcomcémalln&: 27 = lallpl cose V;\C/= \;\/-\7 Sl
= AV v = Vv - W o
A’l%%]’ul'()”j ‘ Z -.{,7 = o b trasly tasls \77‘7; - vl

Plares in 3D
Equation of o plane:
(%= Ao )+ bly=yo) +¢(2-20) 2O
Whele (')(o"%’ 2) s o~ pind on e Phre and 7= (2,40 S nomal Veckr
or
ax ¥ by +C= =4




Lecture 3 Nodes

Proyections
‘Decomposing ¥ into puiallel  and perpendiciar  Components  {takive 4o o Vector U
a2 4. - - = =
' Ve = {\7 U) v ¢ Veyp = vV — Vearauy
Vo in the Jditectim of T

Voonto v, is {the (ompmont of

- The projection of

* Projeclion of V ondo 0 = (V'U) 2
U v

* The  Projection is & vectr

Work ond Fo(Ce

s IF wind forte F is b 2° g0 unit Vechr U:

el - o =
F paiqqlgl = HF llCos 20" - v

Y
* WOrK dome by fotce F Lhiogh displacement :

= >
W= F-d= yfilildll cose
v %

@< K

c fosilive  wolK  OccurS i O

+ Negadive WorK.  Occors 1F

ISANTN

sAfea of ?Ma”daﬂmm: Base: Heiqhi
= vl Iwl S'n &

Note on ?lancs

* Two Planes are
their  equubone are
0¢ cach Ober.

the Same ¥
Scalaf mMuliiples

* Two planes afe Paallel, if they hawe

the Same nprmal Veltol.

Vv nk[f&ﬁé af a | HE/

* Two  planes .
diteetens

% ngimal Vechors afe

« TWo Planes qre Perendranay , it Lheir
Nofmals  afe  gef pendiciar.



Lecture 9 Notes

Cross Product

* Alsebraic Def: > ) L J K
VXW= |[w vevs
Wi w2z w3

* P00 fer b ies:
-Antisymretty I xwl = - (I %7
= Pefpend cuionity v ( 17‘,“7) -0
T Disdnbubive 0’ x (\7+J>)= v x Lt 747

Atea o Paraltlogranm: “Areck = WV <3l
=
VoloMe of famalles ;0pd  Volome = o' (& )|

Plane Equadion vsing  Cross Produce:
Given : P, a,R
-

- -
n= PQ x QR
& (x-%) +b(y-9,) +C (2 - %) =0



Lecture Jo Nobes

af:(_ﬂb)Jz

Tepeesenss e aten beguween
the ¢uve and the X ax\§.

DeFinrsion:

The igteqral

Riemann Sum Approximates area by diwding
the interats into  Smalley  Parts.

Thc Jﬁq‘{m'&e integral  of o Conpos Function
iterval (o, b] is dhe  limid
of Riemann Syms:

/Et(x) dx
CX

OVer & fin'le

= ‘L:'L% £0ci) Axi

GOO metnc

Ié F(x)y 20,90 dhe are onder lhe X oxis.

Ploferties ofF Defimbe Lhkegpus
1) Constants
[4‘(1)&% cdxoc(l;'&)
2) Buen {50
f Fix)dx = 2/ Flz)dx
3) 0dd ¢ (-2)= =€)

a
f f(xyda =0
-a

. T¢ #2) 20, gives  afen. ynder tie curve.

Fundamenta]  Theotem
0f Calculvs

b
fﬂx)élrf’[bﬁ —Fley
4§
FX) sun that F 2] =gz

Indetinite  Tnieglal

\f z* = gf’+c
41
Detmite  Inteq ra)
] 1
\fl ZZ = _7,6__3)
0 |
= —3-'-0
=13
tven -« #lz)= Fl-2)

0dd : F(-2) = FO



Totestation by Parés Dovble  Tntegrals

SJudv = vv w‘/\vJU Det: Exbends  the id o oex Lo Volume
For o funchion £(29) dekimed on o rfeqion R,
the  double “Calevintes the  Volume  under

Doutle the Soffute.

Lodeq ™
/\ L-l-,-/ f\[ﬂxﬂng/&
/ %%/ @<
T L) v da gy

1) Solve ifner inwy@l wikh Yesperk 2o X,

¢ d
2) Outer indegral Tespect o 4.
J f F(2) dz dy
* _ The dovble  mtedmal repefesents ihe afea
0F o Sub rectangle bounded by 2 ax
Refete sents 4he Combined Ares of Volume over R [
- Taking the inteqml ;g feSpect o
2 Jdifferent  \ari ;
Anobher oy to wWrite dovble integrals: are,a It arinbles  oives ys an
4 L
\/J; £04)d 4 =/ (\[ F[z,g)d;c) dy S Fov rettongunt  (eqions, you can Swap
¢ the order of integravion.
S?tCl'CLI lade:
Aren  os IZ:\/R1 £ A s\/; 1d4 One integal Gives: 2 dpmensionar  aree

Extra vse cases: Tuo inbeqas gives = 3 dimenS ional Volome

Mazss sffk 8(2/9) d A

Thfee ndegars 9ies - 4 dirensimar by perugym,

Proba_b,'lf{,‘j
0f Landiny 5_/\‘/ PLY4) d

inside Reftumgle R

Reminder Continvity
e A funclion S Conlvnous on 2 if:

~ LV i Jefined fof every pint on g
iftnree  behawitor

- No  jumpPS, hales 0T

- LimitS  wppromch Same fornt on bopl  Sides



Lecture I potes

Review: & si able integ e, [ ) dx
eVigw: & Single Varable inteqgred,

Lings the orea indernerth i, cyrve L) from
¥z W K=b.

IMPof-lan% Properties for smgle Inteqrol$

l) Linea rlg:

) Howogeneity

L
\[_A'FCJ‘\JM: ZI;&)J:

where A S a Censient.

3> ACH H;I'V\'H‘.

¢
Foxydx

b c
\/\fo)éz-l- Fx)dy =
F b /

*
Definition of Dovble Inteqral:
for o funcgon FCLY) ovr o fectanyuier
fegion R: a< ¥<c) and ¢=2 49 <2d we have
R divided inio spul

r‘C'Aﬂn“g_ Eolin Wo3x
the A given Ly AA=DAx-Ay

Simplitied Double Inteqrais
By using iterded inteqrals:

\/“/g‘ fz,9)d A gfd(Z;(z,q]Jz> Jy
[4

First indeqate with re’ypect o x
Then inteqrate \with resfect to g

Note: order of inteqration does rot matir

/1" b L
& Fexr)+9cxl) dz =[ F(2)d2 +Ja‘ 9(x)dx

E Tobabil it
Le Plvy) s the PDF, then

dovble intearal 4iveS proba bl ity
OF randow cypepy Falling mR.

Sy plniA

Note: USe ) SubStidubion for terms
like (a )

) find U =aztb

Find duU - o

Tsolute #or dx
L) Change 1im/gs agordingly
3) Integiale using fower ryp

"’) Plvey in tim,es



Lecture |2

Dovulle TnlegialS over Aon-Reciangvlar Regiong

For ReLtanquiar Yeqrons R, the lim,y g are consgants.
Non - tectanjular  feqions have lmits that Very bosed
on Y or ‘5

Exkended Fonction: f fK 1) dA - S f %) Ik
R

whete €24) 2 F(24) inside R ond 0 oviside

Exemple = Boynded Medal Plaze

‘Plate iS bounded by y=z and PE
Wikh - densiby §(1,93s 1 42y

Example: Triangle plate
Verbices ot (,0;0), (l/o) ond (0/1)
With density fonction & (2,Y)

"
Plate s bounded by: v=2-2x Mest= [f | uzrdydx
\ or o "
\ = ar i ¥z
X = | ','ZL \f ey Jy - 54.12%‘
»? 1-,’11.
242 AT
‘ - 7 2
N [}
{ = _ ‘ :
Y lms Fom Y=o 4p yoz-2x ”’;*i"”z“l’]
o ” 3 ze Tz T4,
Eavse the Vertical Strip Starts /o |
= (__ )—(l J—-——J o
z 8/ (3 "

at  (x,0) ends wign the poing (Y,Z—Zz) 1

2
d(x
\O/ (%9) dy

Then for cacn X s bedeen o, |
| 2-2%

-”I,Ulétorg MD‘-SS =
. d /9)
l of U
For Ittiated TnteqralS

e lim'tS for ovker integral
MUst be condtants

v Limits fol Tnnef intzqmfs
Musy  inwlve only the variable
VSed in  oytel indeqra tion




Ezam[’la 9:

= Gty has SemCilctar (egion
0f radivs Lkm. Fn\.ﬂ‘ di'sgance
Lrgp Pointd in C'éy fo0 Oceap

Citcle = 25+4% =9

Avetage Dislance = ﬁ;‘.m’:f yd A
Atea of a halé circe . _qlr_ﬁ
PASTLET :;j:féf;zz

M theres a StiiP  {or every
i fwom -3 to 3

Wt Gei:

fm ff BJsz

Reversing the ocder or Tndeqrotion

_ Qav@fslﬂg con g\'MP[ I‘F‘j “’U{?-m,[,_q

b 2
\g._[: A

LS J? 2 fyoir dxdy
2 Tp

Exlended Fmcdion

- When We wand 0 inbegmate a funckim

OVer an irequml reason R we £ R into

& fectanguar  Rion R,.

Fi(2,y) estends £(29) o be

A

Whele tfetlarge R but  Hins off R

fl(ft’/lj]f -F(Z’V) g 5

Bas.'oxllj an equilent  integra thot isolagg
VOlume  over R Lets vs  exvend the  fomction
Or an easior Shape  BI.

Simfle Rectrnguipd  Regions

c A qon R, iS5 reckanguipnf

£x. {Cz,b;): pcre3 129443

//\ Flzm)dd - f/#[z, )y dx

¢ ¥ and Y are bounded fnd@%ndan%ly;



How 10 Solie pun- Rectangular Region Problems

DeF: A fegion R (S non recbanguiaf, if % and

Y bounds depend on eaem Other.

a

. L dx)
Dovte inteqral |eromes: fjll £x,9) A =fj 2,49) Jyd=z
cix)

O SKekeh bhe fgm R and 1dentify bowdS
@ Decide on  an grdes of integration:

Verlcal Slices: - X 1% F;‘X‘iiol (ff}o[z
=Y Varjes VbR (ehpedd 4o X

Vool Shices® - 4 is Fixed g
- X Varies Wilth refeck oY y

@St Up intearal Jsone ox  ildated  wdeqod




Lectvre 1%

Double TnteqralS v Polar Caordinases

o For cirevlar or radial (egions, Using
Polar Ceordmates (f,0) inStead OF (artesian (x,9)

Sim plifies the SeZup.

e S the | distance from | the argin
e O S th angle ¥rom the fosiéive X axrs

Conw,(&mg from Cartesan o Polar Ceordinates:
X =Tcoso , Y=1($ine and xzﬂzfrz
Conkréing formula.  F(%,4)= F(rwse, rsime)=¥(r, )
O <1 < oo and 0<% © < 2%

Ln beqrals  in Polar
Coord inates

To indegiathe & funtbion €CuYy) over o reqion R, hith
we  Congry Flxs4) Le FL(6):

By
ffﬂ«céw)JA -/ -/%wwme)_

% L
L
Thrg At ter 5 called the Tolobian and
allounts ¢or the Changy in ae  from Coafgesion bo P L

Jacobion
Foctor thet Cormects fof hou Stickhed /Compiessed Spate  beoomes when
Changing Coot dinades.

Must bp used wihen converging (oo rdinatre  Systems.



Examfic/:
For Cirtviar fing, R:lirez,040z%
Wl"h -F[Z/t” =

1
"
Solug ion:

Convert ¥(Z,9) inlp polar Form flzq) = __L

ff 5rJrJ@,-f/. i

dr 4o

“In Plar Cootdinat<s Cifcular Gions  Simply,
become I2ttangles.

Ttirle Totearals

- Trite  integmls extend the dea of douvble inteqnmls,
Y bhree Jimensions | allowing vs to  culcolage
VoluMes, Masses or awrages over 3D (egons.

ffw (x9,2)dV/ — fJ ’

Riemann Sum  foc Volome s

-Bieak'’s down 3D (egion into
Shail  boxes:

%C[,’K,’;j Z (}JC(JSJZ

Can Choose ony order of ingeqfasion.

AV= Ax ASAZ

“OUM {he Walws ¥ in gath Loy,
en  take Nimik  ws  eppioackes O

Rules for Triple Inteqials

o The  Ovler e fal hes onsSy mnt Jimi £$

o The middle inbegeal, con e only the Verable (thabt s in lhe ovber N degial)
o The el indeqeml il Can inwlve he  tho  \arabes (fhosc om ovdel 2 integrals)



How to Solve Volume /Triple inteyral Quest ions

0) Visvalize the bounds in  the coordinate Plane
@FOf z’m’?lg \NEC€ s, Selb o Var,able Lo O cnd Qee F the yoarradie
defends an  the O ther vaeriable,

@SCé [Zourd S @rahllg(%hc les#  inteqmy Shopld  be | o CMSi_an)

How {o Solve cConvefiing inteqrals 20 Polofr Coo(diNabe

® vizwalze  qiven  bounds cnd thei/ Shape
© Replae ouy  X=(css6 , 9= rsime (= <% +4?

® Jawbian- rdrde

@ Find vadis €rom omgin o bovndary @ angual SpPas



EXQMPIG"MO\% 0f Cube : EXGMPI&I Volyme of Bul'lJinj

For e cope with ckllSHj: 6éxlgll)s|+xﬁz biven & \wil.c]fnq_g 5[0—n-];cJ foof with
To énd bie 05 OF 4he Piete, e do: An equation z= |2 - %‘7— -3
g
VOlUMe, = Z= ;
Mass of fece 2= Density Volume — d(x,4,2) AV fff 12— J—z—,3 JszJz
Take  Lhe Som  oFf M masses y B-E-S
a5 limd of Av —o. f lz—)?zfg'g‘;z
(]
12
4 4
Mads = s :\/‘L1 = 22-Llxz - Lyz
‘/6‘ S /félwib)c/m/ﬂz 1g “ 792 |,
0 "0 Y% :\[""l -3 - %—'-5 d(d
= fq(“mce )d i "
= 2) dx -
%‘sz ll) = 2304 - L‘i%t ,}_qz_ ¢
4 +392
4 fzsoa— gy - (972 4
f “4t9y2 Jﬁ 6
0 _ 3
= Hyr ‘-IHZZ. Iq = W+ tyz dz - 2304 1 '—_11_72{2_ Y2z \o
o G - = 15%60 m>
\/0\ 16+ b42dz = 16z« %2 2|
= 576 qm

Polal  Coofdinates - (afiesian Relations

(= W o = &o(,n ( J&) J&?&nd;ng on q/Ucmdrm’lé) add 7o X e

Geotdingly

Polar Ceotdinates Can  be exprassed inkrotly momy cays by adding 27 of
Changing  difeCtion.

T¢ = nGahve, \ine goeS GpPosée WA From angie.

IF = ?05\.1-,\'\/0/ Wwne 9oes & com X axss &é Iine.

0lar (oordinates Moke i1 ewdvef lo WoYK with Cifcles



z- C . A herizontal

Lecture 14 Motes

Poler Coordinates (2D)

Each poind (2,y) in 20 is described by (f,9).
0

bhe distane fom the orgin

Polar coordinates: (r,8)

‘J \
0 'S the angle fM positie X axis. (2/4)
Conversions  bebween (aitesion and Polar: f
9
X= ( cose , Y= rsine, <Zry’=r" .
They  Simli#7 iMttas o gons with Citcdor  Symmety,
Converting Rectanquiar 4o Pslar
C?/ 'H) - Crl 0) X=Tceso ,Yy=rsing )(srCO.SG’
A Y = _H_ ‘19f$|ne'
r= [(ery? p=dn’(2) — ter (z) -3=l Cote
. mr ¢=63.135 y . H =rSine
- 438’
(= 2f5 (243, 63.4357) o 9._,@%,;'(,5) r=J3 e
r=g9
(/Hrndﬁéal Coord inates

. Cylindrical  Cootdinates (£, 6,2) cxtend folor

Cooldinates ko 3D by addng & Verbea Z Coordinate L

Carfesion 4o Cylindrical:
X= ((¢os @ where:
'j:(s-'ﬂe 0lrce
z:- 2 0 £ ©<2r
(= W_ -0 c Z £ oo
Fundamental  Surfaces

(cis o constant)

t=C: A cylinde around 4the 2z axis

e-c: A hal¥ Plare bhrovgn the z 4xiS

(Z (5 £0red)

%

Plane

&= zﬂn'ltg)

9 -53" 1y s3=127°

Basically  Poral  Coofdinates

in  3Dirensions.



Ttk InteqgralS w Cylindntal Coord nates
To inkeqiate ovel Cylindlical (egions W, we Use

\/\\:'F(.ZI'Q,Z) cJ\/=f\f +((cose/rs.'na,z)-('J(-Ja-dz

EX2 4 % ¢
\[\/‘7%/ lzr-dr do Jz
g Y

6 2
\f l.er 9f = \2r
O'E 2

2

\/o‘ 216 4o - 2164 4 (% = 3~
[ 6

\f 25 d Sx2)! . 12 __y
0 = -—S—F-' 5.240 9fans

SFM&({C&\ Coord ingies C%D)
-Shefical  Coordinates (P, B,0) describe points by: /-> PPSM®B 1S Lhe facobian

e p: DiStanle from the origin
Angly  flom Positive 2 ax:g (elevation angle)

. ¢ .
v 0 Adle rom PoSitive X axs in Xy Plare (like Pod Coordinates)
Conveisjons from (CafteSian  to  Spherica) -
1=P8indcoso 6 is always ange
iy X oS,
© o PSind sing From fpositive S
Z - PCosd
| - 2
With — p= [ xZ4yt vz ottt ot
(= psn @
Rectang le: (2, 9)
)26 lﬂ,lf,(OY\ S POIGJI (‘. /9)
x= (cos @ = Psind coso Cylindrical: ([ 0, 2)
y7 (ir| 8 |7 pSynf b0 Shovont (7, §, )
- P Cos b
Y= 7Sing cosd
= ?5;"[@ 1‘>.‘n¢
2 = Pcos o

F:m



Example: Volume o  Waker in Hemis phere

z
Hemispnaie: o'+ +28-a

In Cylindrical  Coofd inotes ey
)ﬂhu‘s ’buo”bs rz; Z,7'+Q.Z
2
rz'-lfzzsa
%{ms limigs:

~ Watef goes up o defth b, 5 gacs from o o h.
-0 0es from 0 o 2

- 0 od Coth heitht goos pom © bo UaZ-zt,

V=fff | dv
v;\[hj[kf\):zfl—

Jari

a®4?
\/‘ - rdr = /“Z—L—\
0
f“‘-(Z-ZZ)Az iyt A
() 2 /Z(QZ—T)Z=U
d

e 3
AT
i [ : (o2 3>‘J‘*
= )‘T(C(.ZLL'LS—>
3
Cyample 2- M2SS 6f solid

Bounded by
with o

Zz= \l le.ql

auru:l 2:=2
an.sfis funtivon

6(x,9,2)=2

N ond V= rdrdad=z

The  Coye z’m bYeComen Z=y

Lim#s: o gy ¢} Ix 3 3
0¢ b6 <o fffwzwa/ﬂffz,r.dzérc/e
(2 2 2% 9 ¢

0
3
:f (iL'L/f"]) -/ﬁ_"ﬁl(}q
4 3 |, 4 $
/"L:id 21



Lecture 1S

Cylindrical  Coofdin otes

For o point (2,9,2) in (orbesian  Coord mages,
Cylindfical  Coordmates ae (Y, 0, 2) .

* (, the dl'S%&nce from %qu O¥iq’n in the XY Plane = Pl r0,2)
10, bhe dngle Fom PoSibive  x ows
L Same as 7z in ¢.C N J
Conversions ; X ’
X = (Cos50
Yy=rSng
Z T 2
SFlwﬁ‘Ca\ Coord Ingdes (3D) P20
-Sphefical  Coofdinates (P, B,0) describe points by: 0cp ¢r
e p: DiStante fron the origin (elevation oanefle oes
1o Angle flom Posipie 2 axis (elevadion angle) Mok 180°)

e 9 Anm from PoSidive X axcs in XY Plang (_uu Poles cmnimam)

convesions £rom (alteSipn to  Soherical -
1:=FPSindcoso
K= PSing sing
2 - PCos @

With  pe [ xZyy r2®

The wolme elemant  dV in Sphefical Coofdinates
becomes: Ji/ = p? sin g dpdddo




Convuémg Coordinate S yStems

Gylindrical — Rectamle

?(.rlg/ z2) — ’PCZ,‘j,Z)
X=(cose

LI?('S\'YIQ 2=

Rectanguior = Cylindrico
Plxy,2y — P(re,=)

Pox®yt o= dan' (£ ) 2=2
Cortkesian — SpherCa)
Pl2,4,2) — P(?,6,°)
P=J xF4y? 422
X= PSinQ Cod @
Y= PSing sina
2= Pcos 9
Cylind(iCal — Sohegico]
p= Jrte?
b= Lo [7)
D < (®)
Sohefical —> Cylindlical
= psin @ = (Cos@ = Psingcos@
z - pcos9 Yo reine = Psind sine
o
9=0

= Plos ¢

2 2 2
Pre xtayFiz?® = (52



Examplzfln%cgmf&ian in Cylindpical Cootdinates

Find 4he inteqral:
/ZyszngJz
W

Where W 1S & Cylinder of (adiVS | and heqpe |
= a1tytel, 0¢2f]

we Kuow: X= Ccos ® , Ysrsind , 2=z
Zayz=2-((cos @) ~@S\'n9) -2 = 2r%s cwsosine
USing 2ceseSine = Sin 20
We et 2x4z = zsin20

Defaylé  limids:

\/\l/ *2.sin20 Jodrdz
0

0

We know K

\f smlede = O

0
. Wt Cceonclvde I =0

E xample: Tnteglodion in Sphercal Coordinates

-USe Soharical Cootdinages to derive the Formula
for 4l Volume of a bal OF faditS -

Ih Jentlo) We:

flyy,2z) =F (p, p, ©

\4 Flxmy, 2)dxdydz b/\/\/’\(nﬁ(ﬂ(é’g) M

Jacobian

For Question:
O £pia, 0¢@ £2x and 02 $=<7

S
Volum=\/\"d‘dv"’\/\//‘?Zsl‘n¢e)f’d¢<)9
S AN

0 o
\/s:n¢30: {—‘—054’}0 =2
0
2r 3
\f do =2« —> \Volume= 2&3_-2‘0’
0

_ g 2
—
—"zfa

dpdg do



Trig Tdenkilies
Cos’o + Qin%o =/
C052a = costp —sin'g

Sinte = l-cos(20)
z
Sinle = 2sng cose

1D 0y, y 7) = 2PiyPez?

D) comvert ly  ((,0, 2)

Y= rcoso
Y =rgmo
zZ:c2
2z
xhyt=r
TL\.S Vs o - ‘_Z-P ZZ
I3
tf
fff ezt tdfiedz
“lg o
q
2
J G2t gy - Oy ZC
q 2
0
= bu+ $2°
by 485! E
Y sz J@ - 3:5_ .
z “9
v ]
1
6y %f f %, JL - g.é)
S z/
_ g




Lecture |6 Mobes

Differentios, OF Single- Variable Funétions To be o diffemnpiable  Fonetion
Means he defivative exists ot
Dee: Tl\c d{,{.-val,'\/g arf(n.) o o funchion F(XS at Kzo evuy point i the domeain)

S . 1 I/ +¢ - fcer
5 given gz (n) = g Helve) 5o bassccally & vaied Slofe.
X —oC P

Linear Approximation:

A diffeentiable function Can bt approx. by LS tanyent G'V% I
9 | a I
line hear o point FIL) 22 f(ny + £ 0) (-2 — & poroxiv adion

Conlexity_and Concainty

{£l2) is  Conavwe vp iF £'lx) >0 () shape
£(2) is concawe down if fi(xyc0 N Shase

Tnflection Points - L€ (C.€Cc) is o poing OF intlecéian or
the qmpn o £, {ien £%e)=0 or
9 does noé exst asd4 C.

DiFFcrcnéfai—fon of Mulbivariable Fuynctions
*Pr o fonchim z = £(%Y4), paflial deivabives describe how 2z
Changes a5 2 vaneS or Y larves hol&ug‘ the odher Congiant.

Parlial Derivabives Examples of Pafhia) Def ivatives
X - }_F_) = lim  £(¥,6) —£la b) l,) "FCZ/'j) - ‘jZ_ CSZ

E (amy 7% < —a 37 7 I

of fr= €34 =9 3e
A Sgﬁ@(/b) T ;I_:& f[_q/"_)j#& “ﬁ 2 13-631
Nofat i OE _

on Yz =t = 9,1 2) Z"Cglj-f—?l)s

f = 5(3234-2})"C$y+z) -
— te 2b.;

Note: Paftial DefiVatives fefefesens 9= 5(3x)(segsz)" ieorkes b

):he {ate o+ Changg along @ Varyable. .
) 9(%9)= € sin(z9)

(7(0(5 ient: Made U of al Palsrel Ix= & Bin (29) 4 e Coslxr) -y

delriVaties.



Tﬂn‘acn% P}ana am}/ Local Lin@arithéron

cFor o Jiffeteniaple Fz:4) hear (2, b)
Clry) =#lad) + F(ad)(xa) +19(a,8)(y-4)

Tangmg Plune Faration: z = Tlap) + # (asb)(«-=) +-Fg(a,{,)[§j-1,)

T o, va-bion
Lhe joanqené line s {the Sarte (onlers in 2 dimen&ions < e pansent

Tangent line fo funckion, §=$(x) at Pink  «= &, {pyches poind o and
hos  came Slope @t that poiné.

Yo €0 =1 [y (10

Exumﬂa:

) Favalion for dangent Plane o z=sm(2"y)
at the Point (95,0,2).

2=% (ah) (x=) +rg(ab)Ly-s) rela,b)

= CodY) (22y) Troyeo  Fx(S0) = o
y. Cos(fﬁ)-x,z — F9(s0) =25

2 =0-(x-5) +25-{y-0) + 2

=25y +2



|l ecture 17 Notes

Parbial Dervadives measme the (ate of Chang, of £ along
e z2axs or e Y axs.

x (ap)= lim  Flath, b) —Fhff«/b) , fyla) = Iim £ (a/b+h) ;F(a:b)

Dicectional Derivaties

Dek: The ditectional desivadive Fyla,b), qives  the
late of Chmge of £ od (6,4) in the directin of
it Vetbor U= (ui, z)

It Usi or u=j, bhen €u Simflifies o Fa or fy

-
Rt ony non unib Vechsr vse O - .II_VV—II

D_4+0°\ .7

EXO-MP(CZ For F(x,4) = sz’-jL ot (1,0) in difection of  V=j t§ DUF - x| 9 v
vnit Vetlor: i = é(L 4—,}) — find unm't  vector at a8y
o (
Ditectronal  detivadive - Jf = Lt L2y (2,0)- [7}“ %b)

¢ e = Z = \)’i

The qladient lector of F ot (a/b) densted VP (ab)
1S
WF(ab) = . (a,b)i ¥ rylab);
The gradient Vestor  poinis in e ditection
Ok twe  Steepest osScent of & and (tS magnitude.
| Ve(a8)) gives the  Yate of  thal  (ntlease.

— Slowest weard  offisie
difectron.

RC,Q‘!‘JID/’ZS}’HP LQ/II/'LU&&}') Gfacf/‘en% and Directranal Dervative

The alffec%n‘ana] dfivagve : §ula ) = V(o b) U

Note: € inclaseS FasteSe in the direchion ot N+
t decases  £aglest OppSite  diteChion o NP
P does nor  chonge in Jieckmg  Petperdicons so TE-



lecture 18 Nodes

(:»(acliené Vecior in 2D

« The gméiezn}; of o furction f(zY) at
e Point (a,b) is o Vector

A (3b) = £, (a,b)i +fyla)]

Key TaKea,wa.3~. The srtxél'bhl: Points in lhe
difeckion of {he Steepest increase of €.

Ditectiona| Dervatives in 2D
o« The directional dervative of £(2,9) at (a,b) in the
difecton 0F Unid \Vector U=Uit Uy Measores the

(hie of Chﬂ-ng& ot F in that ditecdron o fincte numbel

;s
- / #&IL: vy  how fast

tolap) = Y¥(a,8) U ‘S Chawing o te

acfection 7.
G@OM&{({CCLH&: fo(a,b) s Maximized when y s aligned with NP

Max Rate of Change: || Vflab)l
Min Raie OF Clmﬂfje,t — I N¥(asb)] (O\QPOSMG Difecérvon)
Tangent Lines to lewvel Curles

oA level corve s Where £L24)=C  for o conSéant
» The qdient VHab) 1S pespendicviar to the ler] corve ot (asb).

¢ The equation of ihe fangent \ine lo the lewl cove at (a,b))fs:

‘FXLQ)b)CK-—a,) + ‘C‘J{"\'b)(‘ﬂ’b) =0

Nole: CGiadient Veckor i3 ?cr\%ne/ cylaf 4o lew] syr#aces.
EQuafion of lorgent  becones  giadimt  wibh Pornts
Plogged i  bimes pormu); (¥ -ay (y-3) (2-c)



Grodients ond Difertions] Defvabves m 3D

‘Pt #(%4,2) the gradient i

e Difectiomal

Ta”ﬂaﬂ% Planes 1o J@U@} SU(FQC&S (5D Version, indentrea) o ZD)

Qf(_ﬂ/b///) = fx [“/blc)i, +(3 Lﬂl/‘:,ﬁjj 1—5{2[&, L,Z)‘Q

Derivative

'(V(_ql b/G) = VFLa/b)C) . j

o A o] Surfuce s Wwhere f(xy,2)=C for o conStans C.

e The qradrent VE(a,b,¢) ¢S fedpndvlar o Lhe Svrfate ot

g TLL equa tion

of dhe bongens Plane at  (a/bc) i§:

[xample: Tangent Line fo Citele

Given: §C2:4) = 2 e, tewy coe Fl2,9) =1 53 « cie
Solve  TF(xY)= ¥x +iy
=) =
U lx,4) = 2210 k29

AL (x090) , The Eangent line iS: 220(%-2) + 245 (y-g5)=0

Selayb,o) (x-2) + €gla,b,c) (Y=b) ¥ 2 lah,e)(z-c)=0

(DL/b/G).

.‘:3= 3%(3\52) = ‘1.»-1"
f2=_ 2% [_ZZ.) z -4=z2

Jd. (2,2,6)

7
=—g—x'3 + -3t

_:(351_221) % ? q‘”'ﬂll ‘3‘)*("’”‘)(%) g - C%' _75_' é) :

6,3 4 o, 27,2 2
S e S e i -2y
fu__ 7‘1 7Z Yy —_T

7

My in point (3, 1,-2)

. 82
il 7

vz = 84

5

) fu- 2zy. % 4 xz('—?.)

‘1) v in Paing: (2,86)

Exomple: Finding  Directional  Dervabive o 3ay™ 3oz® i 4o dicchn V>(35,¢)
) fu(x,4,2)=" £ W #3 a
fulr,9,2) = U (z,9,2)- 0 é‘i’fibf i :»(“f—*) 225
Velz4,2)2 fx(2y3) -1 +F90xY, 2y j+F2(2,9,2). k fu = Viby-d
flyz) = 32y’ - 2wz '7;;17\//] i (75"%' el
fx< 333- a2t ve (2,3 ) l)ﬁ;j lez-*o



Lectufe 14 Notes:

Parameterized Curves in 2D

* A cutve is faro«mbr.ZcJ L‘J dwo  funttions: ¥(t) and y(&) = Point: (xcty, ‘1&6))
Nole: ¥ and 4 defend on anobher ver .

{xompl of Ciftle: X(¢)= R cos(wt), y(t)=R sin(we)

2 2

P(oﬂr&ma: The Partamelereed cove lands on fyo cirde lecowse %L*‘d =R

v b Teperesenss  lime as it goes on, the corve s Lraced m
Counker Clockwise  Mojron  Ylg) = R Sinlwe) of Clockunse Ylt)= -R Sin (wé)

PeciodiC  Motion ¢
*The bime 1o Complete one #ll rotakion o gven by, T = %J‘E—

v Freavency ( (o tations per second) = -'fr - '(Z/’r

Parametrized Cutves in %D

. Aé(‘JfYLj Ihird  dimensyon
rLe) = (2Ld), y(e), z(,t)) = xle)i x yleli FEEIK
Eramfle, 2lb)= Rls(wd),  ylE) =Rsin(we) | z(¢)=t
The Ky drece o Circle, While z (¢) increses  lineany.
Pafomelric Equations for Lines

A e Passing  throvgh  Poing P= (%,%,20) with dilecéion Vecsor V=(ebe)
Can  be Parameterzed os:

L= Xo +at Y=Yo *bt , Z= Zor ct

/

In Vectsr form:
(LY =To t+ tv
Whete Y0 = ¥0i +Y05 + 20K /x /( Jifecion
Point Vector



EMMPV/? Live Orssitq  bepueen 2 poinks

?':C?/ ')/?’) aV\d Q’:L’I/qu)
Ditet bron VZ,&{'OI’} F%:[’ﬁ,éll)

Paramed ;e fauatrns: CC)=(2,71,3) +4l3¢,1)
TN——

; Ditessy
2(ty= 2 -3¢ Point Vlecif);rm

114y - -\ +62 foxr £ from o0-|
20h)y=3% 7

Exortl: TnterSection of Line and Sther
Find where 4le  line 224,42 25, 2= 112
interselts the  Sthore ”’1“12 22 = loo

Svb: x=t,4y=26, 2= lre into SPhete (R
iz+(2f)z+L1Jf)z=/oo
(e r2t 1970,

/ \
bi=-%7  {z=3.90
The lige ntelSetts the Plane at 2 points

Lhi, 24, 144)) = (-4.25, -9.%6,-523)

(42, 26,, 1¥82) = (320, 7.32, 4-%0)

3. Collisvon of  Pardicles
e (=4, 1 k28, 5-22) o (2)= (-2 -24, 1-2%, 1+2)
To Cweck  Collisran:
nlt)=re(t)

Set up 2 Edua bions:
=42 -z
0 4 2N
ly28= 1-2¢ L
2% =1 4+4%
The £ dues nok  Sabi3éy
an € qumbrons.
Tney d0 ne¥ Colide

= -

win N



ChecK €or TniefSeron

Set (Y = rz(s)
(1vzd, 3.4, - L+4E) = (s+s, -t+2s, 7 r3s)

3 Equations:
l#28=34s,  3-b=-1425, —|pq4t= 35
Sz | #24-3=24-2
Syb $=2¢-2 into @
2-t=-1 y2(24-2)
3-t=-ipat-4 =5 5-2=-SFug =7 568 <y b=%
Sub: 2= % inb ge 2t-2
¢
R
b= 2 and s=£ into -lrge=1kzs
vk (8) =43 (£)
32 _ (8
- = _,74'1_
z) |= Bl
Fe 1= 1<
The  lines (ntersect
facamestiC  Lauabion of Circles
- A citcle of Tadis N Centered at (X, 9,) in
e XY Plane 15 gen by
L= + Reoyd deoten]
Y=yo + RsinE

X0, Yo iS jusy a fong



Lecture 20

Patomelerized Cuves and Mot ion

e A Marameterized Curve S def ined L}; o PoSition Vector :
(le)= (2(t), §(t), 2(t)) dependen? on  Pasameber 2.
This  (eposesends fhe molion 66 an Obyect Whre t 7§ time,
apd L) Yives dhe Posidon ad b
\/6106{1‘,\1 and Acceleration

Veloeity (v(4)): Defined e dﬁ , Vepeiesenting the TROC of Positon.

'Tangw)} lo the Corve a# ((1): direction oe mgpon.
*Steed = UL

AcCelpration (2(2))

® D@Fihecj 4y C{?\% = ééf_"_z J {q%fbﬁeﬂ-&f}?j the (aie of Chatye

o for Citelar mation , lty Points towardS the cirels L‘”‘”“"'Ccfﬂﬁr.'/?@m)

Tondqent Lines
« The  fafametic ecavabion of o dangeng line to T(4) ai by
r[fo)4-,g.,(,50>

E)(aw\flw:
Heliz: ((#)= Cosbi + sinty +FK
CitculaY Mo tion:

* Position: (+) = ( Reost, Rsins)
’ VblOCl L",j V(f) C R S|Yl-l- IZ CO&%S -éanqm.} %o Cittle
*Aeceler a Lion a(4t) = - r(-t’) Pelpenditvloy to Veloc, ‘ty

Curve Lengih
* The length of o Corve € qiven by (e = (UBAIC8, 2(4) #or a2 &b s

Length op C=J J de) ) P(T)a#

Elipse  z=acos 4, y= Lsing
Citcle © Z=1(C0%% , Y= rging, C= 2nr



Vector Valed FonCéions
e Ut PUES a  Velior

Ol = ¢ @/a—’f/@/ &(ﬁ)?

Scoled  Valved ComPonen g<

Some  Prac bise
) € (&)= 4%+ b F2bK

ay find Velociby Jocctleqation  Vestors

2
ve 40 25 4 3 12 v=(2¢3¢,2)
I

a:_d__r_i___ b4z o (i) a_a(%‘-f:,t))
3’ |

304
b) Tengent ltne ot =
f({-a)s_,g.,(h)

I’(l)s (1, L, 2)
vy = (z, 3,2)
(4= L\ —\f\'PZ\) *’1‘7(.24'54'2)

2) cifgwlay  Mobion

=5, furaredrived by ((1)= Scosti+Ssint

N

) %; = ~%6int + Scost
g
J/b” = =5C5t - Ssné

b)) ((eys [SCon, 55.‘n_1,—)/ ole) = ’srlé)

Recognizing ace) g

made OP o¥
r(t).

froves i 15 F"""éﬁlfj to the cengey
&) WV = T $sint)™s (eosg) =5
3) Ellipse lengsl,

Cilcumsrene . 2:=%Cpsd, 9=2Sint
for oetceczp

LS HE IR1E )

X =-3sint d4 _
Té_ 3? < zfos’t

r
C:B/ ”lSmZ{r*‘tcasigae

éf) Toandent Lime for 3D cotve:
(t): Smii +CoSk) +EK
&y Targent a+ t=Z

-

r(%’) = (71"-? K)V; cost —Sing

V(%)= ()i -[Z)s K
Tangent: (%) + t-v(%)

rlto) + 4y ({.o>

5 Ieﬂqu\ of Luyve

T(4)= (¢4, 4%) , 0 & & 21

tv ()], :J_m-l
Wlh=J ) +(3)
”V{A”: ’ (Z-&f’ + G,_bvz
o e 7

| s 240 ! USe U-sub
S ey
0

é.UanOTM Circvlary _motion
flg)= Heos bi + ASINE]

&y (i = W =7

Sreed IS Comgtant

‘)) ﬂ(;f\s-—‘(Cog,&; “4smb] = ’“‘*5
QAlyy- Vit)=0

\”,—,q_g 4= 3-5

z Lt = 6-33 2x2(2-3)= €-33
3.4 79128 e ¥6-25 =625
s -2
3-4= 519
1-%= 9
-t 6
| -6=¥% -2 4=>-6

-9=2 . M0



Leckure 2)

e The lewghh ot o corve ¢, Pafametefized oS
(L6)= 2UYi * Y2)) y 2(t)x €or & in [a,b)
Can be Found Lt\g 1nieqraémg the Speed.

Lensdh of C’/\/’bu\/[t)lldb =JBJ (Jx )

a Tt ﬁ
Seed (5 Yl magntide of Lhe Velocity Vel bor

el = | ()" ) (e

Distanee Yormule Yor eorve
EXamglb
£ jpse CUCUMElnte !

Ix
L(,M{:h = "o/‘ a? 5,’nz—t + [,Lfoslf Jit

VeCtor Fields > buamle
. A Veclor Field ossigns o Vector y=F(r) to broy s bational Fierd : Fle)- %ﬁr

each poitt r in SPaie , ik desciibes Quaniiies The for@ Yoints  dowars otigin, and
50tk &S, declease wibh bhe Sawme of T
- Velocity of flwid flow Flry = -Yi +2)
- Force fields ( gramsy, electricity, Mognesym) At cach  Poing, PLr) is PerP o

() YePeesenys Circolal flow eound origin

the blue
Flow Lines e pan

afrected by .
Veiol tield

e tow lineS Tvefewsent the Path traced by , K
Parlices 1n o Vector Freld.
Sed s fies: rl(ﬁj + F({(,,L))

whele  ((£) IS Ye position at gimet
L) is b Yelocits Vechr ot Dat poineg.




Finding Flow Lines
sBreak FLC) into Components

FLrY=F, (24) i FF2(XY) |

Note: Flow Lines teferesent he mogon o pardicie trovess
While it s in the Veckr Fied.

Solle Lhe System of  difftlential

Edva bions : Vector Fead assigns a Vector o every pomg
2 (kY = FI( 28y, Y(¥)) in o feqiom
Y 14y Fo( 2y, 2))
To Find Flow JFlow Lne
Exam ple
FO6)= 3+ 4§ 1) Break doWn ector Field formule
Flov line fessitg throvsh (1, 2) at 220 Z} F-’nd X,“) , yll#)
Z(t) »34 1, YUi)- Hde2 3) Lnteyrape witn 1Pl bo bhair ver's,
Elimonabing 3 qives 08t *=1, 922
Example
C ifcylar Flow:
Flry = -4 + 2

Dittelenhu| cauakons, 7 (o) » -4(8), §¢6)=214)
Solubion: z(t) = ates$, Ylt) = asint, deserves
tircles ¢ endeied al dhe orgm.

V(29) =-4i + %]
W

This  eavntbion desceibes Circulewr ng bion

Mote _on Vector Fields
«2D: FLr)= Filx,y); +Fz(x4);
* 3D E(r) = (xy,2) + Falx9,2)] + Flxy, 2)k

Erample
*VUOGLy freld
v Forte Fiad

- Giadilont Vectol Fielgs. Formd O Neclor Fied ot Ponts s diveckaon of
S{eepest norease of £,



Lectue 22
Vecbor FieldS

o A Vechor €ield o$5iqne o Vecdor
V[X,'j) to every Pont C";'J) in a fegion.

Def:
+)= (_ Z(t), 3[*)) Passes throva ),
EVery Point 6F o« fegion:

(Ley= ((#'(E), 4'(¢))is a Velocidy
Vector, bangent to the curie.

W"WAH Veckor field: Vﬁz,‘j) = [w(x,g), vz( x,rj))

System of Ea for x(i) and YCt):
x'Ce) =V, (X L6), 9(4)
Y'l4) = vy (x(8), y14))

Flow Lines
sabiSfies bhe StSkem OF  Jitfepmtin|

K0y =l ki), 900), 90 = ve(x L), 3L4))

E umhions:

with  nikial  conditronS :
}L(-ﬁa) -9—10’ 'd(éu)‘;yo
To Sole Flow i Quuedtrons:
O x'ty = zs) Sek vup
X | %
it 1%01lat
@ i _ dt T
E3
de ;f )t Tntegrate
® B
- % Fn‘nc/ X, then j’lvg
Inlx\ )
n  vawes,

Erample o€

V(xi9lz i +%)
Find path rot Gbiet at (%2 £=o
) x'(€)=1 y'(¢) = X0
gx - y = ¢
xle)e b2 t;,(tbli"’“"z

ylo) =2 1]
st =30+

Flow line: Y= "7',42/ Prrapla

Pessny Ehrovaly (-2, 2)



Lecture 23

Geo metrically
-UAd line i:kijra(),&cuclula.hs bh: ::ulrﬂ; N o A Vettor €reld FoassiqnS a Veltor 40 cvery point
hder o Urf¥ o Alon a Pa-f ol le 8
withn  that Sorfale ' F o A Covve C Speciries a fath thiovl, the freld

v The line inleqal combines  Vettor tield  wich
bwe cuve G-

Orl'enfacJ Culves
A torve C S oriented, if it had
& ditechion oF émvel [ €incte Séar’#/&n@l)

e Same (Cupje in Yevérée N "C

WorK and Ling Inteqrals

work by a foree albng Straidhé line:

W = Fo = WP 1dl-coso

fof o Constank force F, almg displaterment d.

where 6 s the angi  bedween F and d

When F varies alomg a curve C

¢ Broal curve imbo Small displacements
Ari=fin-1ti

Tota] work : F.J
“[ 1 CQ]CU}&émﬁ | ine Inteqmis

For a curve C,

() = (xle), 9(0, 266)) azbeb
Live Inteym| Formula:

fF Jx/f FLree) - g;(/e/)u

Peyiva b\ve

F[r[&]). Sub the Palameteyzed
coyve indo F



£ Xample: WorK Along queiter Cilte
find Jo‘rf.dr whee F = (a#9)ity,, C

iS Lhe ouarker Ciyoe in the Firsé Quadfant

oF ragius |, oriented Comperclockutse
\-) Parametel i ze
r(t) =Cost i +sintj ,06¢t2

2) Bnd (o) - Lsing i)k(costa')

oV

_la_

%) subbing  £(4) in4o F:
Flite))= (zry)i vy = (costtsme )i 4 (sint)
Y) Dot Product FLr)) rit):

= ((osé +S|‘n£') (.’-WM) 12 Lﬁfﬂﬁ)LwS b)

= -CoSt Smt -Sinzl— FSintlost = -sin‘k

) Tkegral  + Solve

z
z
Jc\ F-dr =/ «sz% dt
g E

'I‘z/ /721 -COSCH)) dt
LTS

\§

i

—

- . = =K

B Zz =z k7
fF-o'f’ -F
. L
Ll'

TYPeS of Jiue Takeqals
O work done by o fofce: (break o5 pormal line intesim)

® | ine inbegrals  oves piecew se  Paths (Sfﬂvc Sefpela bif fol cach  Line  Segment
then  add Bhem )

megral 0, Le ts comsgervanve

@ Closed COe ., the live



Lecture, 24

'L'\ﬂe inteqrals Computz Quantities 1iKe work done
by a Vecr fied Foalng o conve C.

Conterially

© A Nector Freid FX,2) ossians e Veltol fo catn pornt
v A Culve C, de Fines  the path

« The ling inteqral , addS vp the cCondrbudion of F alng the Culve

formulo: f p b /
P.dr |z £(lr R
¥ f (r(+)) - ¢ (2) d2

o~

Key Propecties of Line Integrals

I. Reversing  otientabion :

foF-dr = =\ elJr
z

2. Additinity ;

\/;F-Jr :Z.F'Jr */F.Jr
c?

7. Closed :

- For o (Cloded corve C, this can be
Said as the citeviabion of E aroud C.

Geome brically /Physical

« Line inteqrals ofden  YePereSeny  work  done,
LY a Forte £, along cyrve

* oMy b Compment or F, tandent to the
Cul Contryies to tue W o1 K_

o Cifcvladion aroynd o Curve, PTUASUES Ve igoy

Fred

*NoLe. When the Vecior £ievd s peipendicuir
b the dinmeser , the work dome ;s 0.

Sdﬁ'ng up Bounds
fOr line Segments

{s0 -Slark |, ¢:1 -end pomi

Fot  Cures

Semicircles vse + E([0/ 7]
Foll Ciree vse & €[p 273

1
l}
T¢ cune is Tevorsed L/’ _ :/'
c - [
o

o



EXam[Ib l

JF'Jf,whm F=(249)i 4] and ¢ ¢s #oom P (1,0) t0 R,(0,2) Pg=(-1,2)
) red)=( 2. 46)) fartametes iza 4ion
((tye (1-4)i + 2t (lt)e Point + Hdirection Vector
‘ | ()= (10) ¥ A 2)
2) ((4)z -1 +2) :(,/o)+(,&/2¢)
: ' =
%) Flrie)y= ([l—t)12£>| f[_Zb)J Yy - 2t

q) F(e() ¢ ey - (L1m) vaedl) + (24)C2)

= -+t 44t = St-)
S.) Intedrade Over 4

|
/I F.dx = Lr,; -1 J-}
¢

EXllmPlc 2. Work along Parabsla

fF.Jr where F= (2+9)i+Y9]  and ¢ 15 Pamaboia: Y= 2(1-x2) #rom P (1,0) to (02
(4

1) Parametesze 7
=2

(”ﬁz)logé <]

2> r(,l)—,( L"'—Z(”ﬁ"))f ¥ ZL”#Z)‘).
(We i+ 2l1-t)i — (L= (XL0,904)
(\(H—,{ -y

'5) Sub inte F
Flren)= (1 reld )iy alr-47)i
= 93° 242 94 r2
4) Tntearaks:
|
‘/o‘ Fdr =f v r -2tz

(4

z
s Y Yﬁ_L’—HS
z “ 2

14
$2¢
o

NjwW



Lecture 25
Gradient Vecdor Fields

. A qradient Veclor field is  derived  ¥rom the
Yladient o¥ o Stalay Function f(2,9,2):

5 3 . 3F |, BF
F Ve ‘}/xll—ﬁ.) /3;_?’\

» £(2)Y,2) is calld the polential fonction of F.

Line TntegalS of Gradient \ector Fieids
‘For o qrodient \Vector fied F = V¥ over o cure C:

Fundamental 4heorem
fF_Jr - f(a) - F(P) of Calcuw$
c fof  ling inbegrals

Where
‘Pand @ are the S%arémﬂ/ar\Jing Pointy of C.
+ The inteqial i defendent only on P and G, nog the Path C.

ke Property:

- Gradient Vector fieids ove Patheindefendent, meaning the Tesvlt is  the Same
foc any $mooth cuve C between P ond Q.

ConS&r\/ak\‘w \Vector Field
A Vector field 1s- ConservokiVe

VY T+ is the 9radient of Some  Polenpra)  Funckion flz,4,2),F= V¢
2 The line integral jc)F- I s Path indepndent

Vector Fied s Conse ri/ctiVe ?

s Flr,9)= (2zg39t)i +(22¢2%4)i IS Conservagive

1)cheeK: 3F  dFa .
3y | 2x

F|(1,'1) = 211""92, 50

L 2k 42
Y i

fF2(x,9) = z° 422y sp:

> .

Sy g2y
S

So &R _ ¢FP2 foC .
> oA 7 F 15 ConServative,

¥



Find the Polentin) Function

Fid posentiol Fonckion $(x,4) fr Fley) = (2xge)i + (x7+229))
l) Solve, -g;r;— = F' lz,tﬂ) = 22(‘3\(—'12
« Integraie

@ Inte 7 ' re
ol sbor ol Ylate Firt term wa'th Spect

o X, bhen wdd o ClY). Then kY rap,
Seond tem Uith regpect bo Y.
whee gl9) s of Yy otlone
2) f

= Fyrx,9) = ZZJ’213 @ Tkm PU\I/'
Yy
Dictgrentiate

Flzy) = 2%+ x9* + q1y)

a  Fumltioy

Logethoy.
F(r;Y) wibh Vlesfed #o g,
*F

z ILFZJ‘J + 9’6‘”
Y

S Fulx,y)= a*+2%y

7y po = [ 9=l

PotenLru Fmc Lo : FlXYy)= 2 ?—'21 + 2{ +C

LML Integral USing  Fundamentn)  Theorem
\/‘;F-dr, where f = V&, flz,9) = 57-5 o szl and C S from plLo) to l0,2)
LY APPlY Thaotem:

E,ubfcalud: I¢ F= V¢
Meanmg  if € s o 'jradfcth
Jb\F-Jr = £ (x)-f(P) fierd. The line mteqrar only desends

On tue Stard and end PoINZS.
2) Find FLP) and F()

’{CPSC [l/l)) = ‘2(_0) J’K()'Oz = 0
Pog in do  01,9)
f(o) = 01'240.11 = O

3) Find fF-JrsFCq/)”HP)=°’O:O
c

Nole: when o Vegsor

field 1S Fa‘tl«
the Potentin

independent, we con  derine
enerdy, which only defendS on the $ioring fend poinds,



Lc‘giure X b

radient Vector FieldS

A 8radien Vector Field F is  delived from
the gradient of o« Scalnf Potentia\ funcéion  fLx9,2).

F= Nf_ -U-Hj,;“” K

rx =Y

T8 F 5w gradieni Veckr fied, the lme i@
% hoi 3
Pa ind ependent - f Fodr = £ (a)-F(P)
&

wWhere ?avu:/ Q afe Staft)end fFonts,

Mote._on Path Indegerdence
Path Im)ﬁﬂv,ndm.c(,— line integm) only d(,f’erds on Gr\Jfbfn%.

Citcolar  Tesi: The line it agoond any Closed Curve musé Vanisy:

\/;F-Jr =0

Cut] Test: for t in \Kz

Fe _ °FI
CU(I F’ o2 i /}?

»Tf cCurl F =0, F 5 o q tadiens -Freld
¢ T¢ cu) FxO0, F S ROE  gradient fred

P4 Tesing  Veckr field Conservatie
ded: FO4Y) = 2%yi pzy) S o gradvent fied.

N Find  pur prais P Lx,Y) = 2ey % z2¥
Fu(2y) =2y P
> X
) Cor) coll F= 32 _ i’f‘ = Yy-22
22 )_7

Sfnce  F X0 . Thiq o nop o Yradieny Vector rield.



é(ems Thao Yem

breans  the ovem helps Caleviabe the afeo around

Mteyra) OVes the

& Clded Curv € , Lo bhe dovbe

Erélosed  Recyion.

Line integmis. Npy, 4+ g4
oo

! = ¥
JL‘FH \/\\/l; }Q’—-——chlg

frousing (yeens Theotem

fc xdr - 2§
<N
f?dz = Q,d\‘j Ley f=¥ o2

let ¥=%9
L L
dx dy
1

[ rnsty <o dsix

- f'—zx'f = —z:-l:(l

®-zx, axt
A 3 3
o 2. a2 5 f
S Fex e
.;\_
3
V)\umﬂal
A<Yco5y
et
j PIX + @4y

J d
fj_&*—;

j 3ce5¢ 1 35t

J?dx%q/o’\j



Lecture 27

*A ling  indeqral  Compuees Work done by o force feld almg o Cone.
"RorCe  Fred p= Fii FFzy o+ Fak
» A Culve  C s paranederized S

i) = 28 +Y(t) ] + 20, «wét ¢ b

/
Where  rtey=p siars
rib) =& end



How to Solve Line Inteqml Questions

L) Delermme  if 45 oo Scelar Field
Vector fietd.

ov

2') ?arameta.'Ze, Curve, USe ditectron vector
10 help parametenze.

3.) Comp e ar/ds (dr s ihe Jdesivafiv,

of the Pararicierized  Posiiion vechr)

4) SubSiigple  inte  lime  indeqials:

b
fF dr= | OFC (), yle),z(4). 9TE)

©. D&Edl"‘l{ﬂg_ LOUHJS, from Poartarieser & Ahet

defines the Curve.
EValuate Inzegral

/‘ FlJr Whtfa F: CZI F“J)i 4’(2"1).)-

¢ ¢ is line ¥m Pl2) to Q(o,3)
D) Patamedcriz ¢ -

: -(-2,2

= pont r £ direckionVector Pa = ( )
220) vt (-2, 2 )
X= 2 -t
Yo 42¢

2) f(#)= (zLe), 9(2))
iy - (2-2¢ # 142£))

\
(1Y _¢-2i *+23 >

3) Fl@)

W

[ZLZ—H) +él+zt)) j 4—({2—1% ) - (HZ-E)) j
(S-24)i + (1 -up))

(\

2
4) fc FULHYY - (Lt
e
- / (g_zﬂ .(-2) + (- '{f)'z
0 © -l rup ¥ L -9F
- % -4}

-2 —u"’ = -9-2 =-l0
z s
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Week |» Homework Questions

D P=(1,2,3)
P2 = (3,2,1)
P3= ((/ t, D)
D Distance bepween Pl Pz . o
d = \rCl-"}YL b oo? - (?—I)L . The 2, 5
- Je are cloyeyd,
aE to ol
1) Disk  |Lebween P, P3 OH’\M.

= oty 2 o2
g= JTo

) Disk Jebween P2P3
i=J2" s et

d:\m

L’) A SPhete lowest poine: (2,3,-1)
Cenpre  Point: (1/3,7)

Radivs is  7-(-1)=%
Highesd P+ s 778=1l5
2 =I5
(2,3, 16)
5 B
) J=C A Verbica\ plan. pup to the
YD Y i el ALy bave o
Consbank  vaiye.

CL,Z,Q) — y=3

6) &) C=¥(d,m) = 4od +olsm

b)  £(5,300)=tp(s) +o.15/300) 245

4= \] (xz-xn? + (2 ) +(z,,-u)z

9\,) YZ plane, x=0
To find the cloSest Poing to the vz

flane we jus¥ See Whith porndé x Vajve
¢ closesy 40 0.
woPoine B S clogest .

B- (0-‘{/0, ;.z) _y Lies on 2z Plene
O Farthes s From xy Pang,

1) midpoing XL | yig
Y2 2\ +2,
- =, // ——t Ll Tzz
formula: M < Z z, ry >
Mo THs W e
z 7 Z, 2

MT’(Z/ LIS,;)



Week 2. Homeuwork Ques yions

‘l) fl2y) ;‘;(34’24‘\1. Diaw 9mphS  CroSS  Sectrone

' .
1) ) Eq,:F E‘“‘”‘; ay 2=, x:0 x-| L) Yy=-Y Y= 9, vz
Xt 2 =¢
F(449) = 954 $(x-)= - -2
g £(x,00= O
Bensse 4 is remaming e some fo a 1) - 31 Hi/ D= Lz
Values. Ty s defined by the Cireis -f“/"]) =Y +Y 7
z 2 5
it 2 =17 > Commbot  Diagrams descrte the heigne
2) Rodivs <3 oY Z wlue of a 9ivem f\,?’_
cenre = (0, J7,0) £xm): \- gt ¢
bcnua( Equation OF SPhere - _VL.; '11+ZZ-‘ rz fodhss JTC
A
(-20) ¢ (4-90) + (2-20) =1
Sub  valwes
1 z 2 2
X - o + (_Z—D =
{x-o Z"('i 7) — 1 =3 6)  f£(2Y9)=xy
"k ly-17) vz =1 $02) 5%9= C 1y 4he gmph of
L - 5 \ypedbola y=5% i c =0
3) z=2x"ty Genelal  EQ vagion e I, The Valks of C get Clofer
- Veltex (1,3,5) at g2 as  oU Mowe faivher avay
- porelel Lo ¥ ax/s . 2
"DI’Cnl'ng '['O'\r'tzfds hl?ﬂh"/t X 7) {;62"’)”;’ —7 5(2_\1)(;({—!’)
1# x:0, (-1) (+9)=-y*
Standard Fotmula - z= 25 EY 0 (x) (-2)= -x*
By default  Parajaloid ofms UP in the =z difetton X=4=0 of xt9=0
g Yz 4x of Yy=x
To mafe it  Paalel Lo . we Switc) Scdeg. .
PﬂfF&r\dlC‘ﬂof lies, gove Y anyies
2= z"wz
hos Uertex ot (0,0,0) ,0pens in posigve =z difeckion 9 [ Lnchr Asctign : actb 2= CHmMLthy
Tn terms .
To opn it along ¥ \we dp 2,72,}22 S ootx Plane: o =( 4,0,0) gicci‘t;;\: ©-n
To open il lowvard negap  y vaue§ we b= Lo,30)
c=(0v,0,% 0z¢43MtoO
Yet X = ’(‘JZ'PZLJ NeJasne ¥ ©=c+3n
C=
Now SWiFbing  Jhe  Vefdex Verdex Cz-4m  Cz-3p 2
_ z z Shifg ..
(x-1)=-(y-3) - (2-9) Poeba

Finl ga: %= (L (\,,;)Z -(z-'s)Z



4 z=Cr MY ny o m,n?

10)

Arafh inderSecks Ll x 2 plane (yeo)
indhe Ive zomey  and Yz in z=yry

2= Yty Cimzs 3Xry, (o4, ma3

2z Y+4 A%n“]_-_u{_f.u,qu{_gjl nall

xz: (1, 0,1) s, 223219+
)7-'.(0/ |,]>

Flay. 2iyq*
PETE
A it ws (y) = (0,0

1t dog ot have a limd dee o
ASYMPhOBIC  behayiow. | H2y)- ’:Li

Xr4-20 [+m ™.

Conbinty yreamd  Limy y 5o 0% 9).

doey nat  have



Wee k2 Homework  QuestionS

N Pz (2.4,-3)
P=(1,0,1)
axtby pcz +d=0

Parallel to glane Menns
Same poymar Ve(tor

— flvq indo thy defaut

20+ ulo) -3 () =0 bl
2 o +3 +d=o0
S+d= o
d= -5
Eq: 2xray-22-5 _
X) Finding @ bebween Veedors
ivy+k and i-j-K (1)
(v, 71yt
Cos o= YV
» Ul v
'”I' bz lallbleose
cos g~
3 9 =i 2b )
9 : (o ( -f> 1416l
0= \o4.uy

) Give a unit Vector
6y V=20 ¥E ey (k) =0

v=(2,%) 21 #19 =0
U,(ﬁ \)’3 (7'/4551"“3: 1=-3Y=2
2{";)‘\"3(7—);0
"6 tgzo
00

(-3,2) = Us(ﬁ% ; \%)

l‘{} Pla.na-. 61’!-[—72_—,1\
&) 51 ,z)/7 (J o, 0)

—usl Tz-=2]
g ?3—-11 0, ~20) 223
I] (s, 17) (x9,2) =0
2 F’("' =S, /SZ -ly
t7z2zo

SE) 168y v2¢0) = ©

d} YTJ(S,"/ 7)

&y a-¢=o0?

0, -3, 4Y (-2 ,71,1) =0
oz0

b.d<o?

b) None of tue pairs are Sculable to
Te Yoy the Same ook pug,

0) Less than

) ST RN I P i A
a-d=| .. o2
6) Mofe Lhan E/ meanS  the dob producs
i Negajiye.

obz -4 L-C = -l

6) R=(%, 2, -6)

(9,0, '3)

S) az (1, =062 1,1, 2), c=(-2 1,0, d=(-1,, )

Cvoe) () =0

-l-y ¥z =0
e

T, means dhe dot prodect

@ 7) a:[l,o,o) q,b ( l/IC')
(:: 0 poralel T X PerP V= (o,1,0) |72 = (o )
d=,-4.0 ¢ =(0,0,0
- ->
To ¢ing afawlel, the projecton ab X b
0f & on o d gives the Prraliel Componenss *lo -1 | g
- d Ll o-l X
oM (le] = __
: d ﬁ’: (.\/I/') ar+by €z +d=0
z [3521’6) ‘2'_‘{’()_ th—"rl) b+0 +0 +d <0
(240 L2,-44) d=-|
- _ i + -|=0
() T
(v
~ (2 4 v
zl
T ® Palale| < od J

=
O - Afafalle) < Copgp
7 L3
(3,0, - (-2 % 2)

Zl ’ ‘bl ’
79 10 p -ug
71/ T

2 -3
1, 2l

N

0 (7]’!%/—“1 +£1(/



D)

A= llvewll

Volume = (- (Vxw)

A
kc-"%t @4;‘60\
I T K
U-(vxw) = | 6 4 3 det = i 25+
I
L) estarn=o
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& £02,9) = -F(-%,Y)

Becavse B includes both  posisve
ond Regapie Vales 0f X apd 1S
Symme biic aboU¥ Yy aAS, phey will
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Sv 2= JTg? becomes

fcosp = fPsin ¢
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405 bouned Ly

X iS5 boomoed by L

2 ond
g2

ooking at Closs

Seltion OF cirfde \ith

Ny

1 = ,xL_,\"Z-/ )(,l"\[zs

2
,Z — /\//-,LLT;L 1o \/j_.’x
rad s J;[
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