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Lecture 2 Notes

Linear Functions

General form of a line f(x)= ma+

·Where m is the slope
,

6 is the y intercept.

Slopes
· The Slope,

is the ratio of rise over run for a linear function.

m==x2 - X

· slope/angle,
ifO makes an angle with the line and X axis,

the slope can be expressed as : tan t = rise= = m

Secant and Tangent Lines

· A secant line passes through 2 points on the curve and

approximates the curve locally.

· For non linear functions secant lines estimate the AROC over an

interval

· Tangent Line passes through 1 point and gives a linear

approximation at that point.

· Tangent lines give the IROC at a specific point

Graphs and curves

· A graph is a set ofPoints (x, y) , Satisfying y = f(x).

· A curve is a more general set of points n(X, 9) = 0.

(Not every curve is graph)

· Graph must pass the vertical line test. (circle- graph)



Multivariable Functions

· z=2 ,
Distance Formula of (x , 7) from the origin to the

Cartesian plane.

Things to remember

· The derivative of f(x) , represents the equation of the slope of the

tangent line.

· graphs describe single valued functions
,

while surfaces can represent

double valued/complex functions.

EX#Find tangent line to f(x) = 3x2 @ (2
,

1).

-f(x) = Gx y = 12x - 23

m = G(z)
m = 12

y = mX +6...1 = 2(12) + 6

= 24 + 6



Lecture 3 Notes

Countour Diagrams
· Represent lines of constant values

for 2 = F(X , y) at different heights of z = C .

- Each contour represents a circle centered at

origin with radius vC,

when lines are closer together, they have steeper slope.

-

Examples of Contour Diagrams
·Cone : Concentric circles evenly spaced
· Hemisphere : Contours get closer to origin as

7
you approach centre of hemisphere
· Elliptic paradoxloid : Contours are circles

that are more spied out as they move away

from the Centre.

· Bell shaped : The contours spread near their max,
then get closer as they descend from the Center.

Cross Section
· A cross section is a 2D slice of a 3D object

created by fixing one Variable X = C

· Example, For a Sphere +ytr = 1 a cross section

Parallel to the Y2 plane word give circle with

radius of FC within the sphere

Important surfaces

Cone: z=y

Sphere : x+ y2 + z2 = 82 > (X - n) + (y - k) + (2 - 1) = 0
- sphere with radius

centered at (2 ,
-1

,
3)

Cylinder : x+y2= 1 (Straight up from 2 axis)
(x - 2)2 + (y + 1) + (2 . 3)2 = 25

Hyperbolic :
↓

Parabaloid
2 =x2- ya whichever variable is

not in the equation
is where the exlinder lies along.



Lecture 4 Notes

Linear Functions

Linear functions extend to multiple variables.

Linear Functions in one variable

· y = mx + 6

· Geometrically , represents a straight line in a 21 plane.

· Horizontal lines : y = 6

· vertical lines : X = Xo (undefined slope

Linear Functions in 2 variables Any plane can be expressed as

· z = mx + ny + C ax + by + cz = g

h is slope ina direction where a
,

6, c are directional
·Where m is slope in X direction 3 from the origin .

C is intercept when X
, y = 0 Vectors. & represents distance

· This is the Eavation of a plane

Example
I

Finding Eorvation of plane given three points
10 , 0 , 0) (2 ,

1
, 3)

,
(4,

2
,
2)

1) bet I direction rectors A = (2 ,
1
, 3)

A = (4
,

2
,

2)

2) cross product
,

the directional vectors to get

normal Vector to the plane

213215
& 22427

= ( - 4
,

8
, 0)

3) Plug into ax by + Cz = d to find d

- 4(0) + 8(0) +o(0) = d

d = 0

"4X-8y = 0 is the equation.



Lecture 5 Notes

Displacement Vectors
· Defined by 2 points po
· Magnitude I ,

is the distance between the two points

· Direction : Angles with coordinate axes .

· Equal Vectors : Vectors are equal if they share magnitude ,
direction.

Vector Operations
>

1) Addition and Subtraction : (Tip to tail) + i E v+w

v

>

2 .) Scalar multiplication : 11 xV11 = 14118)

3 .) Any 3D Vector can be broken into components :
v = (X, Y , 2)

Parallel andPerpendicular Vectors

· 2 vectors are perpendicular if their dot Product is equal to 0
.

· Dot product : a : b = aidi tazbe tastes
Op

a . b = la1lb) cos

· 2 vectors are Parallell if they are scalar multiples of each other

This also implies
,
their dot product is not zero.

(1 ,
3
, 2) + (3 , 9

, 6) w = 38 : parallell.
Y i

Finding angles between 2 vectors :

a . d = 1a)(6) cos

Cos o=
- = cos(a)



Magnitude and Direction

· Magnitude : Kl = Five+v

· unit vector : Normalize a vector to unit length=
Applications :

· The Velocity of a moving object is a vector whose

magnitude is the speed of the object and direction = direction.

· velocity includes direction
, speed is magnitude

space
for example

6 p730

Example
- plane Example

sokm/hr
hiso 600 km/hr ·
S

so cosys = 2552

so sinus = 2512
-

v + m = 60 + 35 . 4 %

= 633 . 4i + 35.
4 ;

- 636 . 4km/ tan
35i47 #(- 0 = tan)

.
4)L

63

0 = 3
.

20

magnitud = 635 . 42 + 33 . 42 =636. 4



Lecture 6

· Direction is the angle relative to coordinate axes (i , j , K) .

· Adding/subtraction: +W = (Y +w , Vetwe
, Ustws)

· scalar multiplication : changes direction
, if sign flipped.

· unit rector =
· Vector

·When objects more at constant velocity ,
its displacement rector

is always parallel to its Velocity Vector.

· Acceleration is specified by magnitude and Direction

· Force is another example of aVector

Examples



Lecture 7

Dot Products and planes key properties :

Geometrically : a .5 = 19116/ cost
w = w.

(.) = F .
w+

->

Algebraicly :=
abtarbet asts

v . V = IV/12

Planes in 3D

Equation of a plane :

a(X - Xo) + b(y -y0) + c(z - 20) = 0

where (X0
, Yo, 20) is a point on the Plane and n = (a ,

6
, c) is normal Vector

or

ax + by +cz = d

Examples



Lecture 8 Notes

Projections
· Decomposing into parallel and perpendicular components relative to a Vector I

·[parallel = 18.)8 ·perp
= E-Eparacel

· The projection of V onto v
,

is the component of V in the direction of 8.

· Projection of V onto 8 = (v)
· The projection is avector.

Work and Force Note on planes
· If wind force F is at 300 to unit rector :

· Two planes are the same if

= parallel = 11FlI Cos 300 .
their equations are scalar multiples

· work done by force F through displacement : of each other.

w = F. = 1111 cose · Two planes are parallel
,

if they have

the same normal vector .
· positive work occurs ifo*

· Negative work occurs if E #
· Two planes ,

intersect at a live,

if normal Vectors are different

· Area of parallelogram: Base . Height

= IVII I wll Sin &
· Two planes are perpendicular

,
if their

normals are perpendicular.



Lecture 9 Notes

Cross Product
-

· Algebraic Def:x=v2 V3

WI WI wa

·Properties :

-Antisymmetry xw = - (wix)

- Perpendicularity? (x) =

Distributive x ( +w= x = +xv>

Area of Parallelogram : Area = 11Exwll

volume of Paralleliped volume = 1a .(x2)

Plane Equation using Cross Product :

Given : p
,

Q
,

R
->

n = PTqxQR

a(x- x) + b(y - y0) + c(z - 20) = 0



Lecture 10 Notes Fundamental Theorem

Definition : Exx of Calculus

The integral represents the area between ↓f(x)dx = F(b) -F(a)

the curve and the X axis.

F(x) such that F'(x) = f(x)

Riemann Sum : Approximates area by dividing
the intervals into smaller parts. Indefinite Integral

(x = +

The definite integral of a contious function

over a finite interval (a , b) is the limit Definite Integral
I

of Riemann Sums : - x2 =
+x= (xi)xi

= - o

= -

Geometric : If f(x) 10
, gives area under the curve.

If f(x)10
, gives the are under the X axis.

Properties of Definite Integrals

1) constants
Even : f(x) = f(-x)

+ (x)dx = (cox = c(b - a)

2) Even Odd : f( - x) =
=f(x)

↑xd=x

f(- x) =f(x)

3) odd
f(- x) = - f(x)

Nf(x) =



Integration by Parts Double Integrals

Vodv = vV-Nvdu Def : Extends the idea of area to volume.

For a function f(x, 4) defined on a region R,

the double calculates the Volume under

Double the surface.
Integral

U,A

· -

%x + y)dxd

EX

1) solve inner integral with respect to X
,

xd 2) Outer integral respect to %.

- The double integral represents the area

of a sub rectangle bounded by 2 axis,
Represents the Combined Area or Volume over R

- Taking the integral with respect to

2 different variables gives us anAnother way to write double integrals :
a rea

( + (x, 4)dA =(
%

((x
,y)0x)d For rectangular regions

, you can swap

the order of integration.

Special Case :

Area of R= dA= A
One integral gives : 2 dimensional a rea

Extra use Cases : Two integrals gives : 3 dimensional volume

Mass = 10(x ,Y)dA
Three integrals gives :

4 dimensional hypervolume

probability
of Landing =(p(x, y)dA
inside Rectangle R

Reminder Continuity
· A function is continous on R if :

- It is defined for every point on R

- No jumps,
holes or ifinite behaviour

- Limits approach same point on both sides



Lecture 11 Notes

Review : a single variable integral,(x) x

finds the area underneath the curve #(2) from

X = a to x = 6 .

Important Properties for single Integrals

1) Linearity :

1(x) + g(x1)dx =Nxx+
2) Homogeneity

Safe = -(x)x
whereI is a constant.

3) Additivity :

xxxchex

Definition of Double Integral :

For a function f(x, y) over a rectangular Probability
region R : a[X16 and C1yEd .

We have If P(X, y) is the PDF
, then

R divided into small rectangle. Each has double integral gives probability
the Area given6y: DA = 1x . By

of random event falling in R
.

Simplified Double Integrals = (RP(x, y)dA

By using iterated integrals :

( , y)da = 10 ((ydx)d Note :Use U substitution for terms
C

like (ax+ 6)"
First integrate with respect to X

Then integrate with respect to y. 1) Find U = ax +6

Find du = a

Isolate for dX

Note : order of integration does not matter
.

2) Change limits accordingly

3) Integrate using power rule

4) Plug in limits



Lecture 12

Double Integrals over Non-Rectangular Regions

For Rectangular regions R
,

the limits are constants.

Non-rectangular regions have limits that vary based

on X or y.

Extended Function : ( (x) da= Fi, y)dA

Where Fi(X, y) = F(X, y) inside R and O outside

Example : Triangle plate Example : Bounded Metal plate

vertices at 10, 0)
,

(1, 0) and (0
, 2) -Plate is bounded by y = x and y =*

with density function 8(X, 4)
with density &(x,y) = 1 + x y

Plate is bounded by : T = 2- 2x Mass= x dy d

or

g x = 1 - 3 1 + xydy = y+x2

-= -2x + 2
= x + x - x+

n ('x + E - x +
y runs from y = 0 to y = z - 2x

O

=
Because the vertical strip starts

at (x, 0) ends with the point (X, 2-2x)

= (z + j)- (- + m) - o

2 - 2x =
(G(x, 4)dy

O

Then for each X is between o,

Therefore
, Mass = /12(x,4)6y8x

For Iterated Integrals
· limits for outer integral

must be constants

· limits for inner integral's

must involve only the variable

used in outer integration



Example S : Reversing the order of Integration
- City has semicircular region

of radius 3 km .
Find distance - Reversing canSimplify integrals

from points in City to Ocean

Circle :
2

+ y2 = 9
Ex : Joe 196x

Average Distance =FreaCidA 2

Area of a half circle:
I =+ dxdy

x + y2 = a + y=T -x

Extended Function
Since there's a Strip for every

a from3 to 3 - When we want to integrate a function

We get :
over an irregular region R

,
we fit R into

· A=gryix
a rectangular region R1 .

ra=" RI
f , (x, y) extends f(x, 9) to the

V jdy= R whole rectangle RI but turns off R

O

(9 -xx fi(x, y) =

f(x
,y)t R

0 R

= ((9 -x)dx Basically an equivalent integral that isolates

= 9x - x3) = 18
volume over R

.
Lets us extend the function

5 over an easier Shape RI .

Simple Rectangular Regions

· A region R
,

is rectangular if X and g are bounded independently :

Ex : G(x, 4) : 02x = 3
,

184243

U(x ,4)dA = 14 (x,y)dydx



How to Solve Non-Rectangular Region Problems

Def : A region R is non rectangular
,

if X and

y bounds depend on each other.

Double integral becomes: x, 9) dA=x
, 41dyd

1 sketch the region R and identify bounds

② Decide on an order of integration :

vertical slices : - X is fixed
- y varies with respect to x

dyd

Horizontal Slices : -I is fixed
- X varies with respect to y

oxdy

③ Set up integral/solve as iterated integral



Lecture 13

Double Integrals in Polar Coordinates

· For circular or radial regions
, using

Polar Coordinates (r, 0) instead of Cartesian (x, Y)
simplifies the Setup.

· r is the distance from the origin

· O is the angle from the positive x ax is

ConvertingFrom Cartesian to Polar Coordinates :

X = rose
, y = using andy=*

converting Formula : f(x, %) = F(rcose , Using) = F (r, g)

Or <0 and 002

Integral's in Polar
Coordinates

To integrate a function #(x , g) over a region R
,
which

we convert f(x, 4) to(r) :

B 6

~a frcosousing
This extra term is called the Jacobian and

accounts for the change in area from Cartesion to P
. (

Jacobian

Factor that corrects for how stretched/compressed space becomes when

changing Coordinates.

must be used when converting coordinate systems.



Example :

T
For

CircularringRioWith

solution :

convert F(X, 9) into polar form F(x,9) = to

Us dude= drdo
(

- In Polar Coordinates Circular regions Simply,

become rectangles.

Triple Integrals
- Triple integrals extend the idea of double integrals,

to three dimensions
, allowing us to calculate

volumes
, masses or averages over 3D regions.

+(2, 9 ,2) x, y ,2 dxd

Riemann Sum for volumes -
can choose any order of integration.

- Break's down 3D region into

small boxes :

AV= 1x1y12

- Sum the values f in each box,

then take limit as approaches o

Rules for Triple Integrals

· The outer integral has constant limits
· The middle integral , can involve only the variable (that is in the outer integral,
· The inner integral integral can involve the two variables (those on outer 2 integrals



How to solve volume/Triple integral Questions

① Visualize the bounds in the coordinate Plane

② For triple integrals
,

set a variable to 0 and see if the variable

depends on the other variable.

③ Set Bounds carefully (the last integral should be a

constant

How to solve converting integrals to Polar coordinates

① vizualize given bounds and their shape

0 Replace any
X = rcoso

, y = Using
,
r= x* + y2

③ Jacobian : rordo

⑦ Find radius from origin to boundary, O angular Span



Example : Mass of Cube : Example : Volume of Building

For a cube with density : E(x, %, 2) = 1 + xyz Given a buildings slanted roof with

To find the mass of the piece , we do :
an enuation z = 12- * - I

Mass of Piece = Density Volume =(x, Y,
2) AV

volume=-- X-ty dedyx

Take the Sum of the masses 11 -Byas limit of SV-> 0.
⑧

12

Mass=V=J +xyz)dxdydz
= 122- *xz-tyz lo

16

= (199 - 3x - zydy
= (4(1 + xyz)dx

6

O

X + x 2
= 144y - 3xy-
= 2304 - 48x -192

= 4 + 892 8

4 Y 2304 - 48X- 1928x

84 + 8yzdy O

O

=

yy + 4yz)" = 16 + 64262
I 2304x - 48x - 1924

O
= 15360 m

16 + 64282
= 162 + 322.
= 5769m

Polar Coordinates - Cartesian Relations

=Nty20 = tan") *) (depending on avandrant
add +

,
+

, 2

accordingly

polar coordinates can be expressed infinitly many ways by adding 2 or

Changing direction.

If r = negative, line goes opposite way from angle .

If v = positive
,

line goes from X axis to line .

Polar coordinates make it easier to work with circles



Lecture 14 Notes

Polar Coordinates (2D)
Each Point (x, y) in 2D is described by (r,

e).
Polar coordinates : (r, d)

r is the distance from the origin y 1

o is the angle from positive X axis
.

· (X, y)

r
conversions between Cartesian and Polar :

X = rcoso
, y= using,

2
+y=r (e

7X

They simplify integrals for regions with circular Symmetry.

Converting Rectangular to Polar

(2
,

- h) -> (5
,

0) x = rcoso
, y = Using

X = rCOSE

y = r sing

r =x+ yz o = tan" (E) -> tun" (2)
- 3 = r cost

r=+ 2 0 = 63 . 435
Y r

n = rsing

r = 25 (255
,

63 .
435%

-

-3 o = tan(2 ) r=+4

t = tan (5)
V=

Cylindrical Coordinates 0 = 530180 - 53 = 1278

- Cylindrical Coordinates (r
,

0
,
2) extend polar

coordinates into 3D by adding a Vertical 2 Coordinate

3 Basically Polar Coordinates

Cartesian to Cylindrical: in 3 Dimensions .

X = rcos where:

y = r sin or

z = 2 01 0125

r = x+ yz
- -zX

Fundamental Surfaces
(C is a constant G

r = C : A cylinder around the zaxis

⑧

O = C : A half plane through the z axis ·o
(2 is fixed ·

z = c : A horizontal plane



Triple Integrals in Cylindrical Coordinates
To integrate over Cylindrical regions W

, we use

↓ f(x, y
, 2)dv = /( fircoso,sino

, 2) . V . dr - de . dz

2 r . or do

~°1
. zr dr=O

Tr

O45
. 240 grams

Spherical Coordinates (3D)
-Spherical Coordinates (P,

$
,
8) describe points by: Psind is the Jacobian

· p : Distance from the origin
· 0 : Angle from Positive 2 axis (elevation angle)
· 0 : Angle from positive axis in Xy Plane (like Polar Coordinates)

conversions from Cartesian toSpherical :
↓

X = P sin & cos t is always angle
from positive X axis.

y = p Sin SinO

2 = PCOS &

with p=2 + y2 + 22 p=
x+y +z2=

r2+2

r = psin &

Rectangle : (x, 4)
Relations Polar : (r

, 0)
X = rcoso = psind cost Cylindrical : (V , , 2)①

y = rsin - = psing cos
Spherical : (p

,
$

,
%)

z = plos &

X = p Sing cos

y = psing Sin &

2 = pcos &

P=+ z



Example : Volume of Water in Hemisphere

Hemisphere : x2 + y2 + 22 =
@ -

"
In Cylindrical Coordinates a

this becomes r= 2 +

r2 + 22 =
at

setting limits :

- water goes up to depth h
, z goes from o to h.

-o goes from O to 2

-rat each height goes from o toatz ?

v =fo
=I . ror . dz . do

O T

Nirdr =
O

↓" Ela2-24dz = (az-)O

do= (ah- do

=- (ath-
Example 2 : Mass of solid

Bounded by 2=y2 and z =3

with a density function O(x, y .
2) = 2

=y2 and d= ridded

The Cone z
=y becomes z =r

Limits : 0 rES

o 125 We adve . rozdrdo
r ! 243

zrdz=u =

- =
2

=
M =1 . 2 x = 63. 6176



Lecture IS

Cylindrical Coordinates

For a point (x, %, 2) in Cartesian Coordinates,
Cylindrical Coordinates are (r

,
0

,
2).

· r
,

the distance from the origin in the xy plane
Z

·

P(r ,
0

, z)

· o
,

the angle from positive a axis

· z
, same as 2 in C .

C Y
&

conversions : X

X = rcose

y = r Sin O

z = 2

Spherical Coordinates (3D) P30

- Spherical Coordinates (P,
$

,
) describe points by : 00 +

· p : Distance from the origin Celevation angle goes

· 0 : Angle from Positive 2 axis (elevation angle) 3 max 1809

· 0 : Angle from positive axis in Xy Plane (like Polar Coordinates)

conversions from Cartesian toSpherical :

X = P sin & cos

y = psin Sind

2 = PCOS &

with p=2 + yz + z

The volume element OV in Spherical coordinates

becomes : OV = p'sindPd do



Converting Coordinate Systems

Cylindrical <Rectangle
P(r ,

0
, 2) -> p(X, y ,2)

X = rcose y = r Sing z = z

Rectangular -> Cylindrical

P(x , y ,2) -> P(r, 0
, 2)

r2 = x2+yz o = tan" (2 ) z = z

Cartesian - Spherical

P(X , y
, 2) => P(p , b , 8)

P =n+2+y2 + z2

X = psing cos o

y = PSing sin O P= x+ y2+ z2 = r2+ 22

z = P cos &

Cylindrical -> Spherical

p =N+2

p = tan" ( =)

- = G

Spherical -> Cylindrical

r =
psin & * = rose = Psind Cost

z = pcos & Y : Using = Psind Sing

z = 2 = PCOS &
0 = 0



Example : Integration in Cylindrical Coordinates

Find the integral :

↳ 2xyzdxdydz

where W is a Cylinder of radius I and height I

r= x2+y 21
,

0 = z)
.

we know : X = rcos -
, y = Using

,
z = 2

2xyz = 2 . (rcose) · (sing) - z = Zuzcosesine

using 2 cossing = Sin 20

we get:xyz = r z sin 20

Default limits : 3sinze door
----
·

1

we know :

·
X

~ sin20d0 = 0
-

: We conclude I = 0

Example : Integration in Spherical Coordinates

-use Spherical coordinates to derive the formula

for the volume of a ball of radius a

In general we:

f(x, y , z) = F
, (p,

4
,

0)

↓ (x , y
,
2)8x1962 =(, (p, $,8)sind dpd a

For Question :

O Epa,
0012f and Ope

volume = (idu=singopde

/prop =1
O

/sin $20 = Ecosp) = 2

O

=2-> Volume



Trig Identities
cost o + Sin20 = /

cos20 = coso-sino

sinto =cos(
Sinze = 2 sino case

10) F(X, Y
,

2) = x
2 + y2 +z

1) convert to (r ,
0

, 2)

x = rcose

Y = Using

z = 2

x2+ y2 = r2

This gives us = r2+ z2

+ z . rordoz

En

+ zrd=
O

= 64 + 82

64toj=
64. /'82(2 = 8 = 5 - -

- I

= 64. = Si



Lecture 16 Notes

Differentiation Of Single-Variable Functions

3
To be a differentiable function

means the derivative exists at

Def : The derivative f'Ca) of a function f(x) at X = a every point in the fomain.

lim
is given by:(a) =

x -- So bassically a valid slope.

Linear Approximations

A differentiable function Can be approx. by its tangent Gives a linear
7line near a point f(x)[f(a) + o'(a) (X-a) approximation

Convexity and concavity

f(x) is concave up if &"(x)20 W Shape

f(x) is concave down if"(x) <O 1 Shape

Inflection Points - If (C, f(c)) is a point of inflection of

the graph of F
,

then "(c) = 0 or

↓ "does not exist at C .

Differentiation of MultivariableFunctions

· For a function z = f(x, y) , partial derivatives describe how z

changes asX varies or y varies
,

holding the other constant.

Partial Derivatives
Examples of Partial Derivatives

1
.) f(x

, y) = y ? 23x
X:cast6),

fx = e3X . 3 . yz = y2ze3x
7:)=4 ,9)- fy = 2y . e3x

Notation = Oxt 2) z = (3xy +2x)=

Note : Partial Derivatives represent =Sxyy
+

2) Note ta
the rate of change along a variable.

3)g(x, y) = ex + 39
· Sin(x, y)

Gradient : Made up of all partial
9x = extin(x , y) + 24

+3)
- (os(x, y) -

y

derivatives .



langent Plane and Local Linearization

· For a differentiable f(x, 9) near (a, 6)

f(x
, y) = f(a, b) + fx(a, b)(x -a) + fy(a , b)(y -6)

Tangent Plane Earvation : z = f(a, b) + Ex (a,b)(x-a) + +y(a ,b)(y - b)

The tangent line is the same concept in 2 dimensions
of farvation

of tangent

Tangent line to function
, y = f(x) at point X = a

, torches point a and

has same slope at that point.

y - f(a) = +'(a)(x -a)

Example :

1) Favation for tangent Plane to z = sin(y)
at the Point (5,

0
,

2) .

2 = Ex(n, b) (x -a) + Fy(a ,b)(y - b) ++(a, b)

fx = cosky) (2xy) -> fx(S, 0) = 0
x = 5

, y = 0

fy = cos(x(y) . x2 -> fy(s, 0) = zS

z = 0 - (x -s) + 2s - (y - 0) + 2

z = 2Sy + 2
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Partial Derivatives measure the rate of Change of f along
the Xaxis or the y axis.

Ex (a, b)=uth
, 6) -

F(a , b)
,
fy(a , b) =Limuth)- E,

Directional Derivatives
Def : The directional derivative fula , 6)

,
gives the

rate of Change ofF at (a
, b) in the direction of

Unit Vector v = (vi
, 02)

If v = i or u =j ,
then fo simplifies to Fx or fy.

For any non unit vector use

Example : For F(x, y) = z2 +
2 at (1

, 0) in direction of v= i +j Dur =(
unit rector : E=(i +j)->Find Unit rector

at (a
, 6)

Directional derivative : If = 2X
, zy (2 ,

0) - Li,
Fel

2 ,
0

Gradient Vector = E = 2

The gradient vector of f at (a, b) denoted -f (a , 6)
is :

- f(a , b) = fx(a,b)i + Fy(a, b)j

The gradient Vector points in the direction

of the Steepest ascent of f and its magnitude. -> Slowest means opposite

direction.
11 JF(a, 6) 11 gives the rate of that increase.

Relationship between Gradient and Directional Derivative

The directional derivative : fu (a ,b) = Jt(a , 6) :

Note: o increases fastest in the direction ofIf

F decreases fastest opposite direction to of

F does not change in directions perpendicular to If .
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Gradient Vector in 2D

· The gradient of a function f(x, Y) at

a point (a , b) is a rector .

#f (a , b) = Ex (a , b)i + fy(a, b)j

key Takeaway : The gradient points in the

direction of the steepest increase of f.

Directional Derivatives in 2D

· The directional derivative of f(x, 4) at (a, b) in the

direction of unit Vector U = vi + Uz ; measures the

rate of change of f in that direction.
is a finite number,

&
tells you how fast

fu(a , b) = 2 f(a , 6) . j F is Changing in the

direction j

Geometrically : fu(a , 6) is maximized when U is aligned with of

Max Rate ofChange : 11 Ifa,61

Min Rate of Change :
- 11Jf(a, 6) /1 (opposite Direction

Tangent Lines to Level Curves

· A level curve is where f(x , y) = C for a constant

· The gradient Tra, b) is perpendicular to the level curve at (a , 6).

· The equation of the tangent line to the level crive at (a , b) is :

fx(a , b)(x -a) + fy(a , b)(y - b) = 0

Note : Gradient Vector is perpendicular to level surfaces .

Equation of tangent becomes gradient with points

plugged in times normal : (x-a) (y-6) (2- c)



Gradients and Directional Derivatives in 3D

· For f(x, y , 2) the gradient is :

7f(a , 6 , 2) = Ex (a ,
b

,c)i + fy(a, b
, c)j + fz(a,

b
, z)k

· Directional Derivative :

fr(a , 6, c) = Jf (a, b
,c) .

Tangent Planes to Level Surfaces (3D version , indentical to 2D)

· A level surface is where f(x, y , 2) = C for a constant C.

· The gradient If(a , 6
, 1) is Perpendicular to the surface at (a , 6 ,

c).

· The equation of the tangent plane at 196, c) is :

fx(a, b
, c)(x-a) + fy(a ,

b ,c)(y - b) + fz(a
, b ,)(z-c) = 0

Example : Tangent Line toCircle

Given : F(x , y) = X + y2
,

level crive #(x , Y) = 1 is a circle

solve JF(x , Y) = Ex + FY

8 f(x , y) =
2xi +zy)

At (X0 , %0) , The tangentline is : 2x0(X-X0) + Zyo(y - y0) = 0

Example: Finding Directional Derivative of 3xy"-2222 in the direction Y = (2, 3
,

6).

1) fu(X, y,
2) = ?

fu(x , y, z) = Jf(x , Y,
2) - : Example #W #8 Q6

f(x , y) = x2y and v =( , -3) & (2
, 6)

Jf(x, Y
,2) = Ex (*, Y , 2) . I + Fy(x, Y

, 2) . j + F2(x
, y, 2) K fu = Jf(x, y).

)

f(x,4, 2) = 3xy - 2xz = D = (
, -5)

fx = 3y3 - 22
v = (2 ,

3
, 6) 2)fx = 2x - y

fy = 3x(3yz) = 9xy fy = 22

fz =
- 2x(22) = - 4xz

v = (26) 3) fu = 2xy . 3 + x2(-)
= &xy + - 3x

= By- 222) - E + axy(z) + ( - 4xz)(t)
* = (E .

5
,

3) 5

4) Plug in Point : (2
, 6)

fu = Gy-4+xy -x
= 8

Plug in Point (3
,

1
, -2)

= 53



Lecture 19 Notes :

Parameterized Curves in ID

· A curve is parametrized by two functions : X(t) and y(t) -> Point : (x(t) , Y(t)
Note : X and y depend on another var E.

Example of Circle : x(t) = Rcos(wt) ,
y(t) = Rsin(wt)

properties: The Parameterized crive lands on the circle because X'ry=R

· t represents time as it goes on
, the curve is traced in

counter Clockwise Motion Y(t) = RSin(wt) or Clockwise y(t) = -RSin(wt)

Periodic Motion :

· The time to complete one full rotation is given by : T=
· Frequency (rotations per second = =

Parametrized Curves in 3D

· Adding third dimension

r(t) = (x(t) ,
y(t) , 2(t)) = X(t)i + y(t)j + z(t)k

Example X (t) = RCos(wt)
,
y(t) = Rsin(wt)

,

z(t) = E
Helix :

The Xy trace a circle
,

while I (t) increases linearly .

Parametric Equations for Lines

· A line passing through point P = (20
, 30, 20) with direction Vector v = (a , b

, 1)

can be parameterized as :

X = Xo + at
, y = Yo + bt

,
z = zo + et

In Vector Form :

r(t) = ro + tv

where ro
= Xoi + yo ; + zok ↑

Point direction
Vector



Example : Line Passing between 2 points

P = (2 ,
- 1

,
3) and Q = 1-1 ,

3
, 4)

Direction rector : Pa = (-3
,

6 , 1)

Parametric Equations : r(t) = (2 ,
+, 3)+6 .1)
-
Point Direction

x(t) = 2 - 3t VectorEy(t) =
- 1 +6t for t from 0 - 1

z(H) = 3 + t

Example : Intersection of Line and Sphere

Find where the line X = E
, y = It

,
z = It

intersects the Sphere Xy2 + z2 = 100

Sub : X = t
, y = It

,
z = It into Sphere EQ

t2 + (2t)2 + (1 + +) = 100

-+ 27 -99 = 0

t=
- 4

.
23 E= 3

. 90

: The line intersects the plane at 2 points

(t1
, It

,
( + +1) = ( = 4

.
23

,

- 8. 46
,

-3
. 23)

(tz
,
It , 1 ttz) = <3

. 90
,

7 .
80

,
4 . 90)

3. Collision of Particles
· r , (t) = (t ,

1 + 27
,

3 - 2t)
,

rz(t) = ( - 2 - 2t
,

1 - 2t
,

( + t)

To check collision :

ri(t) = re(t)

Set up 3 Earations :

0t =
- z - 2t

1 +2z = 1 -
2zt 3=

3 -2t = 1 + t

The t does not satisfy

all eavations -

: They do not collide



Check for Intersection

Set r i (t) = r2(s)

(1 + 2t
,

3 - t
,

- 1 + 4t) = (3 + s
,

- 1 + 25
,

7 + 3)
3 zavations :

1 + 2 t = 3 +S , 3 - t = - 1 + 25
,

-9t = 7 + 3

S = 1 +2t - 3 = It - 2

Sub S = 2t-2 into

3 - z =- 1 + 2(2 + -2)

3 - t = - 1 + 4t - u = >3 - z = - S + 4t = 7 St = 8 = 7t = 8
Sub : t = 5 into s = 2t-2

S = 2(b) - 2 = S = 1 - 2 = 3 = 5

t = G and s = - into - 1 + ht = 7 + 35

- 1 + 4(8) = 1 +3(5)
- 1 + 3 = 1 + 48

2 =

The lines intersect

Parametric Equation of Circles

· A circle of radius R Centered at (Xo, Yo) in

the X-y Plane is given by :

1 = Xo + Rcost
+ (0-25]

y = yo + RSint

Xo
, yo is just a point
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Parameterized Crives and Motion

· A parameterized crive is defined by a Position Vector :

r(t) = (X(t)
,

y(t)
,

2 (t)) dependent on parameter -.

This represents the motion of an object where + is time ,
and r(t) gives the Position at t.

Velocity and Acceleration

Velocity (v(t) : Defined as & representing the IROC of position.

· Tangent to the crive at r(t) : direction of motion.

· Speed = 11 VCt) I

Acceleration (a(t)
· Defined as , representing the rate of changa

· For circular motion , act) points towards the circles Center (Centripetal)

Tangent Lines
· The parametric earvation of a tangent line to r(t) at to:

r(to) + tv (to)

Examples :

Helix : r(t) = cost i + Sintj + tk

Circular Motion :

·Position : r( + ) = (Rcost
, Rsint)

· velocity : v(t) = (- Rsint
, Rcost) tangent to circle

· Acceleration : act) = -u(t) perpendicular to Velocity

Crive length
· The length of a curve C

, given by r(t) = (X(t) , Y(t)
, 2(H) for a [tE6 is :

Length of C =/0
Ellipse x = acost

, y = b sint

Circle : X = rcost
, y = Usint ,

C = ze



Vector Valued Functions

· out puts a Vector

↑ (t) = < PL , OE), RE

scalar valued components

Some Practise 4) Tangent Line for 3D curve :

1) r(t) = t 2i + +3j + 2tk r(t) = Sinti + costj + zk

a) Tangent at t = T r(to) + tv (to)a) Find Velocity/acceleration rectors T

v= = 2t + 3 v = (2t ,32
, 2) r() =

(++)v= cost - sint

r() = (Eli - (E) i + k

a= = 6t + 2 + z(bt = (2, 6
Tangent : r() + t v (E)I

t =- 5

6) Tangent line at t =/

r(to) + tv (to) 3
. length or curve

r(1) = (2
,

1
, 2) r(t) = (t2, t3)

,
02 + a

v() = (2
,

3
, 2) IIV(H1=+(

r(t) = (1 + 1 +2) + +(2 + 3 + 2) 11V(t))) = (2+ )2 + (3te)
2) circular motion

=+ a +
4

U = S
,

Parametriced by r(t) = Scosti + Ssint ; use U-sub

↓ (472 +94)
=a) -Sint + scost O

dr 6. Uniform Circular motion

=
- Scost-ssint

r(t) = 4costi + usint ;

b) r(t) = (Scost
, Ssint),

alt) = - Su(t) a) llv(t)11 = 74sint) +cost =

Recognizing alt) is
- : Speed is constantmade up of

r(t)
. proves it is pointing to the center. 6) act) = - costi - usinti = -v(t)

a(t) . v(t) = 0

c) IIVCH1 = VESsintcost) =

3) Ellipse length

Circumfrence : X = 3 Cost
,

y = 2Sint
1 + t = 4 - S t = 3 - S

for 0 +EZ*

2 + 2t = 6 - 3
2 + z(3 - s) = 6 -3

Ir(t)l1=+ (E) 3 - z = 3 + 25
2 + 6 - 25 = 6 -35

S = 2

dX = - 3 sint 3 - t = 3 + 4

⑤t = 2 cost 3 -t= 9

2
- t = 6

C =
1 - 6 = 4 - 2 t =- 6

% - 9 Sin't + 4 cost ot - S = 2i. No
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· The length of a curve c
, parameterized as

v(t) = x(t)i + y(t)j + z(t)k for tin [a , b)
can be found by integrating the speed .

Length of C= lV()dE = 1 1(
speed is the magnitude of the velocity Vector

M
= () +1) + (8)

Distance formula for curve

Example

Ellipsecircumfrence !

Length =St+ 6cost It

Vector Fields > Example
· A Vector field assigns a Vector v = F(r) to Gravitational Field : F(r)=M

each pointr in space ,
it describes Quantities

The force points towars origin,
and

such as :
decrease with the square of U.

- Velocity of Fluid flow F(r) = - yi + xj
- Force fields (gravity

, electricity , magnetism) At each Point
,

F(r) is perp to

v
, represents circular flow around origin

& the trace
of the ParticleFlow Lines affected by

Vector field ...
· Flow lines represent the path traced by
particles in a vector field. i

Satisfies : r'(t) = F(r(t)
where rCt) is the position at timet

F(U(t)) is the Velocity Vector at that point.



Finding Flow Lines

· Break F(r) into components
Note : Flow Lines represent the motion a particle travels

F(r) = F,
(x , y)i + Fz(X, y) j While it is in the Vector field.

solve the system of differential

Equations :
Vector field assigns a Vector to

every point

x (H) = F((x(t)
, y(t)) in a region .

y'(t) = Fz(x(t) , Y(t)
TO Find Flow / Flow Line

Example
1) Break down Vector field formula

F(r) = 3i + 4j

Flow line passing through (1 , 2) at t = 0 : 2) Find x(t) , y'(t)

x(t) = 3t + 1
, y(t) = 4t + z

3) Integrate with respect to their var's.

Eliminating- gives US : X = 1
,

y =

Example
-

Circular Flow :

F(r) =- yi + xj

Differential equations : x'(t) = - y(t)
,

y'(t) = X(t)

solution : x(t) = a cost
,

y (t) = a sint
,

describes

circles e entered at the origin.

v(x, y) = - yi + xj
-

This equation describes circular motion

More on Vector Fields

· 2D : F(r) = F , (x , y) ; + Fz(x, y)j

· 3D : F(r) = Fi (x
, y ,

2) + Fz(x , Y
, 2) j + Fs(x, y

,
z)k

Examples

· velocity field

· Force Field

· Gradient Vector fields : Forms a Vector field that points in direction of

Steepest increase of f.
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Flow Lines :

Vector Fields v(X, y) = i + xj

· A Vector field assigns a rector
Find Path for object at (-2, 2)

,

t =o

v(X, y) to every point (x, ) in a region. 1) x(t) = 1 y'(t) = x(t)

8 = y'(t) = t - 2

Def :

x(t) = t -2 y(t) =2 t 2 - 2 + + 2

r(t) = (X(t) , y(t) passes through y(0) = 2

every point of a region : y(t) = 2) + - 2)

r'(t) = (x'(t)
, y'(t)) is a velocity Flow line : Y =E x2 , parabla

Vector
, tangent to the crive.

Passing through (-2, 2)

Velocity Vector field : v(x, y) = (vi(X, y), vz(x,y)
system of to for X(t) and Y(t) :

x'(t) = v
, (X(t) , y(t)

y'(t) = vz(X(t) , y(t)

Flow Lines
satisfies the system of differential Equations :

x'(+ ) = v, (x(t) ,
y(t))

,
y'(t) = ve(X(t)

,
y(t)

with initial conditions :

X(to) = X0
,

y(to) = Yo

To solve flow line questions :

① x'(t) = x(t) Set up

= x

Isolate
② dX

=
dt

*

③ ( =/ It Integrate

In (x)
= t Find X

,
then plug

in values.

x =
et:
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· A line integral calculates the area

· A Vector field F assigns a vector to every point
under a surface along a particular path

· A curveC specifies a path through the field
within that surface

· The line integral combines Vector field with

the curve C.

Oriented Curves
· A curve C is oriented

,
if it has

a direction of travel (finite Start lend)

· same curve in reverse is - (

Work and Line Integrals

work by a Force along straight line :

w = F - ) = 11F11 . 1011 - CoSE

For a constant force F
, along displacement d

where o is the angle between F and d

When F varies along a curve C :

· Break curve into small displacements

Ari = ri+-ri

Total work : ~F . dr
Calculating Line Integrals

For a curre C,

r(t) = (X(t) , y(t) , z(t))
,

az t -b

Line Integral Formula :

(F . x = /(t) - r'(t)dt
erivative

F(r(t)) : Sub the parameterized
curve into F.



Example : work Along Quarter Circle

Find &F . dr where F = (x+y) i + yj, C
C

is the quarter circle in the first Quadrant

of radius 1
,

Oriented counterclockwise

1
.) Parameterize

r(t) = costi + sintj ,0

2) Find r(t) = (sinti)+ (20sti)

3) subbing r(t) into F :

F(r(t)) = (x+ y)i + yj = (cost+sint(i + (sint) ;

4) Dot Product F(r(t) : r'Ct) :

= (lost + sint) (-sint) + (sint) (cost)
=

= cost Sint-sint + sintcost = -sint

5) Integral + Solve
T

- Frdr = -sintdt

-cos(t)
O

= - E (t-Si
=-E = -
EFdr=

Types of Line Integrals
① work done by a force: (treat as normal line integral)

② Line integrals over piecewise paths (solve separatiy for each line segment

then add them)

③ closed curve
, the line integral is 0. If its conservative
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· Like integrals compute Quantities like work done

by a Vector field F along a curve C.

Conceptually
· A Vector field F(x, %, 2) assigns a vector to each point

· A curve C
,

defines the path
· The line integral ,

adds up the contribution of F along theCurve

Formula :

F . dr =F(u(H) - r(e)dt
C

key Properties of Line Integrals

1. Reversing Orientation :

J
c

For = -For
C

2 .
Additivity :

S F . dr =/ For t For

3 .

closed :

- For a closed curve C
,

this can be

said as the circulation of F around C.

Geometrically/physical
· Line integrals often represent work done,

by a Force F
, along curve

· only the component of F
,

tangent to the
curve contributes to the work

· circulation around a curve
,

measures Vector

Field

· Note: When the Vector field is perpendicular

to the diameter
,

the work done is 0.

Setting up Bounds
For line segments

t = 0 - Start
,

t = 1-end point

For curves
-

semicircles use+ E(0. *]
Full Circle use + (0

,

23

If curve is reversed J=



Example

/F . dr
,

where F = (x+ y)i + y) and C is from P(1 , 0) to (0
, 2) Pa = (1 , 2)

1) r(t)= (x(t) , y(t) Parameterization

r(t) = (1 - t)i + 2tj r(t) = Point + direction Vector

r(t) = (1
, 0) + t (- 1

, 2)
2)r'(t) =

- i + 2j
= (1

,
0) + (t , zt)

X = 1 - t

3) F(r(t)) = ((1 -1) + 2t)i + (2t) ; y = 2t

4) F(r(t) · o'(t) = ((1-z) + 2z)(- 1) + (2 + ((z)

=- 1 + t + 4t = St -

3 .) Integrate over t

/F . +x =1'(t - 1)dt
C

O

= St
= (E - 1) - o

= 3

Example 2 : Work along Parabola

↑ For where F = (xty) i + y ; and C is Parabola : y = z(l-x2) from p(1 , 0) to Q10, 2)
C

1) Parameterize :
X = t

y = z(1 - E2)
,

0 = + 1)

2) r(t) = (t + 2(1-t))i + 2(1- +2))

r(t) = ti + z(1 - t2) ; < r(t) = (X(t) , y(t)
r'(t) = i - 4tj

3) Sub into F

F(r(t)) = ( + + 2) -z)i + 2)1- zY;

= 873 - 2t2 - 7t + 2

4) Integrate :

-F . d =X' - 2 + 03- 2+
2

+ 2

O

=- +2)
=
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Gradient Vector Fields

· A gradient Vector field is derived from the

gradient of a scalar function f(x, Y , 2) :

F =Di+ k

· f(x, y, 2) is called the potential function of F.

Line Integrals of Gradient Vector Fields

· For a gradient Vector field F = If over a curve C :

Fundamental theorem
(F . dr = f(G) - f(P) 3 ofCalculus
C

for line integrals

Where :

· p and a are the Starting/ending points of C .

· The integral is dependent only on P and &
,

not the path C.

key property :

Gradient Vector fields are path-independent , meaning the result is the same

for any smooth curve (between P and Q.

Conservative Vector Field

A Vector field is :Conservative

1 . ) It is the gradient of some Potential function F(x , % , 2) ,
F = If

2
.) The line integral /F . dr is path independent

Vector Field isConservative ?

is F(x , Y) = (2xy + y(i + (x2 + 2xy); is conservative

1. Check:
F , (x, y) = zxy + y2

,
so

= 2x +

Fz(x, y) = x * + 2xy So :

= 2x+

So L ,
F is conservative



Find the Potential Function
Find Potential function f(x, ) for F(x, y) = (2xy + y2)i + (x2 + 2xy) j

1) solve = F
, (x, y) = 2xy+

① Integrate first term with respect
· Integrate with respect to X.

f(x,y) = x 2 y + xyz + g(y)
to X

, then add a (ly)· Then integrate
second term with respect to y.

where g(y) is a function of y alone

2) L = F2(x, 4) =+2 ② Then put together.

Differentiate #(x, 4) with respect to y :

= x+ 2xy +

Set Fe(x
, y) = x 2 + 2xy

j'(y) = 0 = 7 g(y) = C

Potential Function : #(x, y) = xy + Ry + C

Line Integral Using Fundamental Theorem

[F . dr
,

where F = If,9) = x2y + xy ? and C is from p(1 , 0) to a10
, 2)

meaning if f is a gradient
1 . ) Apply Theorem :

E
Basically : If F = To

(F - dr = F(q) - f(P) field. The line integral only depends
on the start and end points.

2) Find F(P) and E(Q)

F(P) = (1
, 0) = 1(0) + (1) . 02 = 0

Plug in to f(x , Y)
f(a) = 02.2 + 0 . 22 = 0

3) Find

(F . dr = (a) - f(p) = 0 - 0 = 0

Note : When a rector field is path independent,
we can define

the potential energy ,
which only depends on the starting/endpoints.
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Gradient Vector Fields

A gradien Vector Field F is derived from

the gradient of a scalar potential function f(x, Y, 2) :

F = Of=+

· If F is a gradient Vector field, the line integral
is path independent : (F . d = f(a) - F(P)

where P anda are start/end points.

More on Path Independence
path Independence- line integral only depends on endpoints.

Circular Test : The line integral around any closed curve must vanish :

XF . dr = o

Curl Test : For E in IR?:

Curl F=-
· If Curl F =0

,
F is a gradient field

· If Curl FEO , F is not gradient field

Ex: Testing Vector field Conservative

Det : F(x, y) = Exyi + xyj is a gradient field.

1) Find partials
F , (x , Y) = 2xy EFz(X, y) = xY

2) Curl : curl F =C- y -2x

Since FEO . This is not a gradient Vector field.



Greens Theorem
Greens theorem helps calculate the area around
a closed Curr c

, to the double integral over the

enclosed Region.
Line integrals : /Port ady

For= da Spdx + way

Ex : Using Greens Theorem

f
,

x0x - x2yzby

t

SPOX-Ody LetPexeg

↓
I

Ex-odd
= I' - 2xy =2x -2)

=

-2x -j - [- 2x.)
=

-+

%
=T5

Example 2
-

X = 3 cost

9 = 3 Sin+

↓ Pox + ady

V
~ Scost + 3 int



Lecture 27

· A line integral computes work done by a force field along a curve.

· Force Field F = F , i + F2j + F3k

· A curve C is parameterized as :

r(t) = X (t)i + y(t) ; + zCE)k
,

at = 6

where r(al = p Start

r(6) = Q end



How to Solve Line Integral Questions

1
.) Determine if it's a scalar field or

Vector field.

2) Parameterize curve
,

use direction Vector

to help parameterize.

33) compute dr/ds (dr is the derivative of the parameterized position vector)

4
.) Substitute into line integrals :

SF - dr =/ F(x(t)
, y(t), 2(t). .

5. Determine bounds
,

from parameter t that defines the curve.

Evaluate Integral

Example
-

/F . dr where F = (2x + y)i + (x - y))
C

C is line from P(2, 1) to Q (0 , 3)

1) Parameterize : p = ( - 2
, 2)

= Point + - direction Vector

= (2 , 1) + t(- 2
, 2)

X = z - It

y = 1 + 2t

2) r(t) = (x(z)
, y(t)

r(+) = ((2 - 2 + + 1 +2t)
r'(+)=- zi + 2j

3) F(r(t)) = (2C2 -2t) + (1 +2t))i + ((z - 2 + ) - (1 + 2 +))j
= (S - 2t)i + ( - 4t))

4) I F(Ct)) . rCt)
O

= 1 (S - 2t) · ( - 2) + (1-4t) · 2

o
C

- 10 + yt + 2 - 8t

= - 8 - 4t
I

=- 8t - 4t2) = - 0 - 2 = - 10

Zo



Homework 
Questions



Week 1 : Homework Questions

1) P1 = (1
,

2
, 3) d = (x2- xx2 + (yz -3)z2 -2 2) YI plane ,

X = 0

P2 = (3
,

2
, 1)

To find the closest point to the Y2

plane we just see which pointsX value

P3 = (1
,

1
,

0) is closest to 0.

: Point B is closest ,

1) Distance between Pl, P2

1=312 + 02 + 13 -12
. The P2

,
P3

B = (0
. 9

, 0
,

3
. 2) -) Lies on 2 plane

↳ Farthest from Xy plane
.

d = 5
are clojest

to each

2) Dist between PI
,

P3
other,

3) midpoint u =(,)
u=+ 1 + 32 M = ( 1

, 36
= To

m = (2,
4

. S
, 3)

3) Dist between P2 , P3

d = 22 + p + 1

d = T

4) A Sphere lowest point : (2
, 3

,
-1)

Centre Point : (2 , 3
, 7)

Radius is 7-1-1) = 8

: Highestpt is 7 + 8 = 15
z = 15

(2
, 3

, 15)

3) Y = C
A vertical plane Perp to the

: Y = 3 Y axis will always have a

Constant value.

(2
, 3, 4) + y = 3

6)
a) c = f(d

, m) = 40d +0. 15 m

6) f(5, 300) = 40(s) + 0 . 1S(300) =$245



Week 2 : Homework Questions

4) f(x, y) = y3 + xy .
Draw graphs cross sections

S

1) # Ea of Circle :

a) x = -
,

x = 0
,

X - 1 6) y =- 1
, y = 0

, y=
x2 + z2 = r

f( +, y) = y3 - y f(x, -1) = - 1 - X

Because y is remaining the same for all

+ (0
, y) = y3 f(x, 0) = O

values · It is defined by the circles
f(1 , y) = y3+ 3 f(x, 1) = 1 + x

x + 22 = 7 3) Countour Diagrams describe the height

2) Radius = 3
or2 value of a given X, 7.

centre = (0,
5

, 0) f(x ,y) =
1 - xy = C

General Equation of Sphere : x+ y+ 22= 5 radius -C

(x - Xok + (y - yo) + (2 - 20) = r &

Sub values

(x - 0 + (y - z)2 + (2 - 02 = 3
6) f(x

,Y) = xy

x2 + (y -5 + z = a
f(x, y) = xy = C is the graph of

hyperbola y = 2 if c = 0

3) z = x2+ y2 General Equation = The values of C get closer

- Vertex (1 , 3
,

5) as you move farther away.

- parallel to X axis

-

opening towards negative x
7) f(x , y) =x-y= (x -y)(x+y)

If X = 0
, (- y)( + y) =y

M

Standard Formula = z = x
*

+ y It y : 0
, (x)( - x) = -x

By default parabaloid opens up in the z direction
x -y = 0 or x + y = 0 2

y = + Xor y =X
To make it parallel to X we switch sides.

Perpendicular lines
, give 4 angles

z = xi + y

has Vertex at 10,
0
, 0)

, opens in positive z direction
8) Linear function : meto 2 = C + mx +hy

To open it along X we do x = y2 + z f Intersa Plane : a = (4, 0
, 0) 0 = C + 4 -m+ 0 . n

0 = c + 4m

To open it toward negative x values we
6 = (0 ,

3
, 0)

yet x =
- (y2 +2) 1) negative x

c = (0
,

0
, 2) 0 = c + 3m + 0

o = c + 3n

C = 2

Now shifting the Vertex f Vertex c = - um c = -3m

(x - 1) = (y - 3) - (2 - 52 Shift
2=M =

Final EQ : X = 1 - (y - 3)2 - (2 - 92
z = 2 - Ex - 24



9) z = C + my +my c, m
,

n ?

graph intersects the xz plane (y =0)
in the line z = 3x +1 and 42 in z= y + 4

2 = 3x + 4 C + ma = 3x + 4
,

C = 4
,

m =

z = y +4 c + y = 4 + hy = a + y
,

ne

xz : (1
, 0

, 1)
Thus

, z = 3x + y + 4

x2 : (0
,

1 , 1)

10) f(x)= does not have

a limit as (x, y) -> (0
,

0)

It does not have a limit due to

asymptotic behaviour · lim F(x
, 4) = ImX

, y -30

continuity means limx
, y to f(x, 9)

.



Week 3 : Homework Questions 4) Plane : Sx -y + 7 z = 21

1) (= (2 , 4
,
- 3) Parallel to plane means

a) so
P = (1

,
0 ,

- 1) same normal Vector
72 = 2) (0 ,

0
, 3)b) - y = 21 (0

,
- 21

,0)z
= 3ax + by +cz +d= 0 -> plug into this default y =

- z)

2(1) + n(0) - 3(- 1) = 0
formula

2 + 0 + 3 + d = 0 C)1)+, 2) . (x
,92

3 + d = 0 SX - 1y + 7z = 0
d = - S

d) n = (5
,

- 1
, 7) 3(1) - 1(5) + 7(0) = c

EQ: 2x + 4y -32 - 3 = 0

2) Findingo between Vectors
3) a = (1 ,

- 3
,

- 1) ,
6 = ) 1

,
1
, 2)

,

c = ( - 2
,

- 1
,

1)
,

d = 7- 1
,

- 1
, 1)

it j + k and i-j - k (1
,

1
,

1)
a) a . c =0 ? 6 . 6 =0 ?

(1 ,
-

,
- (

Cos 0 =
U . V (1

,
- 3

,
- ) .) - 2

,

- 1
,

1) = 0 (1 ,
1 , 2) - (1-1) = 0

⑲ IVI/VI
a b = 19/16) cost

0 = 0
- 1 - 1 + 2 =0

↑ 0 =O

/ COS 0 =

- I 6) None of the pairs are scalable to3

o = co5')")
O =col give you the same out Put.

0 = 109 . 47 2) Less than E ,
means the dot product

3) Give a unit vector
is positive

C . =4 : . C , d

a) v = zi + 3 ;
b) (2 , 3) . (x , y) = 0 a -d = 1 .: a,

e

v = (2 , 3)
2x + 3y = 0

v =(i) Guessing : x = -3
, y = 2

6) More than E ,
means the dot product

is negative.
2) - 3) + 3(2) = 0

- 6 + 6 = 0 a . b = - 4 6 . C = - 1

0 = 0

( - 3
,
2) - v = (-)

6) = (3,
2

,
- 6) 7)a = (1

, 0 , 0) a = ( - 1
, 1

, 0)
= a paralel + a perp 6 = (0 ,

1
, 0) 62 = (0

,

- 1
, 4

j = ( ,
- 4

,
1) c = (0 ,

0
, 1)

To find a parallel ,
the projection

a x6
of a on tod gives the parallel components * 10 - 110

0 - 110 - 14
a parallel-a

n
=

(1
,

1
, 1) ax +by +Cz + d =0

, 1 + 0 +o + d = 0

d = - 1

.. EQ : x + y + z - 1 = 0

-(2 ,
- 4

, 1) cost=
=,)

a parallel = ad
a a paratel = a perp

(3,
2

,
-6) - (-)
=,)
=(,) +(,)



8)
1 A = 11vxwIl

↑ xvolumeheight area

u . (rxw)= det =i2 +

I'l Jet(A) = o
A = 543

345

A parallelepiped may have volume o
, iff

a belongs to the plane spanned by vectors 6 and C

a) v = (2 , 9 ,
2)

Intersection of the Planes :

2x - 3y + Sz = 2

4x + y - 3z = 7

z - 35 2 - 35
y 1 - 341

- 5

nixn= = (4 , 26, 14)

it is perpendicular to every

Vector lying on the plane.

The line of intersection lies in

both planes
, meaning the line of

intersection must be perpendicular to

both planes.

10) Perpendicular to 2 planes

x - y + z = S

2x + y - zz = 7

+ - 111 - 14

2 + 2 z1
- 221 - 2

1 + 2
m = ( 1

,
4

, 3)

ax + by +z + d =0

1 (d) + u(0) + (0)(3) =

0 = 0

d = 0

: EQ : X + Hy + 32 = 0



Week 4 : Homework Questions

I
- I

-
a) /xdy The function #(x, y) = 1

,
is

positive everywhere. Constant positive function.

6) Rexdxdy The function would be Se
,

if x is

Z

neg ,
the integral would still be positive.

And in R , X >

c) / by Odd function in X
, meaning

f(x , y) = f)- X
, y)

Because B includes both positive
and negative values of X and is

symmetric about y axis
, they will

Cancel out. Integral = 0

d) ((y3 + y3)dxde D is symmetric about the

x axis/y axis. 43 and as are odd

functions of 1. This means integral 0.

e) ((y" + y5)dxdy In B , Y 0
,

which means

it is less than 0 for all

y
3

+ y5
. Negative

f) Ne-y *xdy. D is symetric to y

and they are odd functions

9) (4-338xde y-y3 is always negative

in B and 1y31 < 14/

:. Negative

Note :

· If the region is positive or negative

across the entire region
,

the integral will be

positive or negative.

·odd : f(-x) = - f(x)

If the region is symmetric around y axis and #(x
, Y) is old in X.

.
Integral =

If the region is symmetric around X axis and #(x
, Y) is old in 7 .

Integral =



2) f and g are continuous

on a region R.

(f - 94A = (dA --9

False
,

Counter example,
if R is

a rectangle with area 2 and take

f(x, y) = g(x, y) = 1 Then SgdA is going

to mean Arear) = 2
,

but REA9dA
= Area (R) . Area(R) = 4

3a) I'd'ge
↓ 'Yeix = y.
= (eb-1)dy
=N'(e -Dy = e -3)

= (e - 1) - ( - 0)
= e -2

6) Sindy
O

3 : Sin X

using xdy = xy
= 0

I
O

= X . Sinx-X : O

= X . Sin X Suun-Judo
v = X

J Ex . sinx dx du = 1

-x du

= costosxx dresinx dx

O v = -cosX

=

- () cos()+sin()
=

O + 1

=I



X is bounded by land y

Week S : Homework Questions
4) Joy' etxdy Y is bounded by 0,

=
-2

T y =x -

O
O Y=eyex ·
Next y = cy

wellx2 -
= X . e

b ? I u = xh I

du = 2x

Mexy = exy) = ex
=~x .ex

dx = 1 X
O

I I

-ex?x) u = xh
= - edu= e =

du = 2xdX
= O

O dx = Edu
7 is bounded from 0-1

=Meu = te? = ((e)- 1) 3x X is bounded from ry-1

x = Ty

y = x2
I 2

X

2 .) ) Sinx dy x # J dyx -O O

* sinxdy = Sinx -y? ↓*E= . yY
O

X = N'x2(2 +x3)
=
xv = 2 + x

= 2x · Sinz - XSin z -> Sin x (2x-x)(x) j du = 3

S
I

↓ X sin(x)6x = By parts : Noor = ureudo ·.
ux=0

I

V = Y

= x(cosx) -X-cosXX du = 1 -(u)tdueS
dx = du

=- cosx . x + Sinx 1
, JV = Sinx

== ScosS + cos) + Sin S-Sin
v =

- CoSX

= 5 . (v))
) xy Y is bounded by 1, 4 = (353 - 25)

X is bounded by y, My

Y is bounded by 0-3
- 4

3x= · 6)sin() d. by X is bounded by y2-9

12= 3

·

=
y = x2

- I fre sincey x e
=yay (ry)3= y

F VX

7 = 0

X = y2

9

↓ Sysin(dy = y2. sin(x2) y=x

O Z O

= X . Sin(x2)
=288-- Nov= uv-Urdu

/"X.sin() Ox

O

Z ,
(x = du

:* X . (-cosx
*) f-cos(x dv = sinx2

v = -
cos

+sin



y is founded by 0-1

) Oxy X is bounded by e3-e 10) f(x
, y) = x2e

and R is triangle bounded by X =3
x = 1

nx dydx
Y= 1 - 7 Y = X

Y =--> x = 7
InX M x =Y=x y = 2x

Mindy =x 3) y = 0

=
e

X = eY

(2xdx = x)" = (e2)y = mx x = 3

I
I

8) a) Below : -
z = x+ y

? First way : X bounded by X = 0 and X = 3

Above : -> X
, y plane or z= - -

I bounded by X and 2X

+ exe d Lex by ex

a

V'x +y -8x = x + yx) Y - 1
second way :

- I

= 5 + y2 + 3 + y usereta
=N'z + 2y2 dy = = y +2

g
= E + 3 +z - I

3 Lex by ex

6) The region above the surface and below

z = 2
,

together with volume of regionI ,

gives us. V = 23 -> 8
= Fe

The volume under that is V= 8- = x2e*22x - x 2 eXx
*

v = 1

23 x?
.ex

BP : Jud= urude
3

O u = ex
a)
(((x + y)dA8 du = 2x . ex

fu = x

X is bounded by X = 1 - y ,
X =y -

V = E

7 is bounded by 1 and

(13
+

(2x2+ y)bxdy
1 - y

= (
*

(2x7+y)dx = 2 + xy(3
+

1 - y 1 - Y

= (14-1 + (y -1)(2)] - (2) + (-y)(3)
3

2/zy3 - y + y - zdy =24- I

=



week 6 : Homework Questions

2) f(x, y, 2) = e
X - 3 - z

1) F(x) = 2x + y + z = 4

corners at10
,

0
, 0) ,

(a,
0

, 0)
,

(0
,

6
, 0)

,
10, 0

, 2)
z = 4 - 2x -Y

The plane intersets the Xy Plane at 2x +y = 4 Yardv =Nadey
This will be what bounds the region in the

first Quadrant v'e*
c?d =(e)

2x + y =4 intersects X at 2x24
X = 2

,
0 = (1 - e) X.

Su 4 - 2x - ydydX
Y at 0 , 424-24 %-e9e(y =

- !
4 - 2X 4 - 2X

=

(n - 2x - ydy = my -zxy- · (repre = -eg

= 4(4- 2x) - 2x(4 - 2x) -14-2x)(4
- 2x)

= (2 ( - 2x)2(x = 16 - 16x + ux
= (utdr = (1-)(1-b)(1 - ey

O

= 16x-1x+y Note : You can factor out variables
=

E) - 0 + 4)
if they are independent of each other.

=

16

3

3) Bounded by xy plane: x + y = 2 -7 x = 2, X= 2 - y

when X and y = 2 -> y = 2

Bounded by x2 Plane :
X + z = 2 y = 0

z = 2 -X

Bounded by 72 Plane :
y + z = 2

2 = 0

z = 2 - x -y

1 . ) x axis = (2,
0

, 0)

y axis = (0,
2

, 0)
2 axis = (0 , 0

, 2)

↓
2x2y

- ???62630x
O

2 - X
2-T

V(2 - x -y(0y6x =(2 - xy
-zox

O O
G

= _x=



4) ( Since +y2)JA
,

where R is 3)dede
the disk of radius 2 centered at origin

sinn) da rord From the limits of integration we see

this is the left half of the disk x+y21 .

↓ sinnt dr v= r2 roseordu = zu dr
g

V "Sinu.
= r d

I

O

= "sinu du = ~ rror =
I o 3 Er

O

- I-cos(v) !
"

=
-E cos(u) - Coscol

=( case

To

3
= -(1-cos(4) - 2

= sin= F (l - cos(4)) Z

6) No dyox -Polar coordinatea Jexydady to polar coordinate.

X is bounded by 0
,

%6

- Y is bounded by -X
,

X X is bounded by y anda
Y is bounded by o and E

( r
,

0 = ? Seeing the linesF X = rCOSO
Y = X and y = - X

- -----
y = XYi

Y =r Sine

We See o = E and · x = M-y
- T= I ----

x2 = 4-y
xy = - y2

we know OIrCoSO -n = y

r from o to X = peos

So y = rsin

rdr d
r = x2+y2

-

E O

T rcost = My

for - rose . Using . r . dr . do
O

Tr

= Stand S'r case sine or
T

O

= 3 -- 3 = 6 ~Por= 4

8) a) Cylindrical : (r,
0
, 2)

g
Tr

Spherical : (P
, 0,

8) I
X

& cos sine do =

O

y = X creates 450 with
Y cososing = Esin (20)

V= 20

Positive x axis
=~sin(20) do du = 2

: Ea = 0 = 450 Tr do=

6) x2 + y2 + z2= 1 in Cylindrical Coordinates
=** sinculdu= sinculdoG

radius I
,

centered at origin = (-cos(u] =
r2 + 22 = 1

= 4.4 = 1

For Top half 220

2 = Frz



8c) The cone2
in Cylindrical Coordinates

r2 = x2+y
z = r

r=yz

80) The comey in Spherical coordinates

z = pcosd and r= PSin &

so z = X becomes

pos = psinG

cost = sin

tan 0 = 1 su :

0 = T

T

8) The Plane 2 = 10 in Spherical coordinates

Spherical : (P
,

O
, 0)

Plane z = 10 - z = 10 z = P cos &
X= psinG cost

PLoS = 10
y = p Sin sine

P = 10
cost

The Earation in Spherical Coordinates is P=&

10)f(x, y, z) = x
4
+yz+ z

where o r = 4, 2
80) The plane z = 4 in Spherical Coordinates

Spherical : (p
,

0 ,
8) " nor docz

-

1 + 0
2 = 4 I

2 = PcoS$
+zvor4 = Pcos &
O

* solving

p= = out822 do d = (64t822
9) Evaluate Triple integral of f(x, % , 2) = Sin(x2 + y2) E

in cylindrical coordinates over cylinder w height 4. = -= E
and= 1 Centered at 2 =1.

Vi (64 + 822)dz
Form : # (0,

0
, 2) z is bounded by -1 and

Moz = 0. = 8=
X = r cos o

r is bounded by 0 and

02= x2 +y2 - is O to 25
= (128 +1) = 20

r=+ y2 height of 4 Starting at 1

means-1 to 3

(sinutrord e

= d'(int3rdr= cos)! do =

O

=- - 1) do = - (cos - 1)
O

= (8z =
- 4= (cos -1) = 4 = (1 - cos)

- I



Week 7 : Homework Questions

3) a) The cone z = /x+y 6) The plane z = 10

Spherical coordinates : (p,
$

, 0) z = PCOS &

10 = PCOS &
z = Pcosd r = p sing
r =x+ yz P=z = p

pos = psinG

cost = sin

tan 0 = 1 su :

0 = T

T

4) #(p,
0

, $) = sind
,

over the region o 12
, 07

,

18PE2 .

sind psine ded de

singa
sin' = 12d

O

=so
= (0- Esin20= -1) de

=E
5) f(x, y ,

2) = [ity2+ 22) sin oaradiv of 5
, Centered at origin

should take form : pesino ded I do

p2= x2+ y2+ z f(x, y , 2) = + + psind do = ising do = p-cosP= rcossin & - S
O

where prepresents E 2 +
Z

the distance from origin = 1 + jedo = 2

/up2singdpdod
=Y de = 2 + jpdp = 2z = 2

= P

P goes from o to

O goes from I to e

o goes from
o to 2T



6) fo dV For to of the ball of radius 1 in the

Octant X 20
, 430

,
2 O .

a) (X, Y , 2) -> Sphere can only reach as far a x =

f(x , y , z) = x+y2 +z2 = 1

T is bounded by y= 1 -z2-x

y = F-x

z is bounded by 2=2-*

Basically ,
choose X to be bounded by the radius,

then isolate for y in the ea, since it relies on X,

then isolate for z which is a f(x) of Xandy .
· F

O

( + / x2 + y2+ 22dzdydx

iy- xz

6) Cylindrical Coordinates : (v
,

0
, 2)

ris given as x2 + y2 +z2=1

r = 1

Since the sphere is in the first
Octant andI must be negative-

> Because X70
, 40

in the first octant

#② is bounded by 0 and z
z Should still be bounded by 0 , -My

#

I'jo↑ riz de dr

00-Mr2

2) For Spherical coordinate : (P
,

d
,

0)

X = P cos sind r = 1

# = P sind sin

z = pcos Tips
-

↑ will be bounded from o to 1 as its Use Direct limits for Cartesian

the distance from the
origin. X

, y , z coordinates.

& will be bounded by and Cylindrical : Convert circular parts
O will be o to ,

Since first Quadrant
to r and O and set limits for 2

Spherical : use p for radial distance

Bindd
Pangle from 2 axis and o for rotation

around z axis .

radiuse / means goes 0-1 and P-o-1

Foro look for Quadrants



7) Come z=+y

topped by sphere of radius

I Centered at origin

2

a) Cartesian : (x, 9 , 2)
X is bounded by the intersection

-

of theCone and sphere.
& X

L

x2 + y + (x+y) = 1

x2 +y+x2 + y2 = 1 = 2(x2 + y2)
S

= 1 =x2+ y = t
The cone and sphere intersect

in a circle of radius E2 in X-y Plane

so -Ex
Y is bounded by FFEYE J-x
z is founded by upper surface = Nxy2

and lower surface = 2=y

so ZE Xxy
"-xy

rSu dzdyd
·

6) Cylindrical Coordinates : (V,
E

, 2)
r is the radius

, in this case r goes
O to

O is the angle from 2 axis
, 0-25

2 is the height at a given Point

z = r -bounded by 0
,

or

The Sphere becomes +z = 1 or z = Fr
z goes from r to Xr2

I

F raz do dr

C) Spherical Coordinates (P , $,
0)

print de↑ is going from o to 1 as its distance

of origin to radius

↓ is the angle formed with 2 axis
,

Since the

Cone angle = ,
0

O is o to 25 because we cover

the full circles of Sphere



8) Un Or
,

for the come=y - -F-x*

Cartesian Coordinates : (x
, 9 , 2)

⑧ I
z is bounded by I = to and +
3 is bounded by -=+2 = x +y= E-x to-*

X is bounded by
Looking at cross section of circle with radius &E.

Cylindrical Coordinates : (v ,
0 , 2)
↓

2 is the same at z = re
and r

the wholecircle rdr dodz
② goes from o to If cause it covers

r goes from z = r
,

so o to ↓
E

Spherical coordinates : (p
,
$

, 8)
P is the distance from origin to point, = Pos() = =

↓ is the angle formed with I axis

which should be T
#

O is gonna be o-ze

10) volume of the region inside z=2)

sin e
below thePlane z =1

In Cylindrical coordinates
,

come has

a) volume of the solid can equation 2 = -5. r
.

When 2-1
,

we have

-

⑧ be represented as a triple v = E .

so

integral in Spherical Coordinate.

Y

X

Spherical Coordinate : x"+y + z2= volume- rdz dr de

↑ is the distance from o to point

so o zog

O is going toto
= 25fron

O

O is going to 0 to 25
= 2 *(3)-2 -*)

Find =

T F

Ja sing 60 = - cost I I
E T

= o+

= 1. .
g



Homework #8
(a) Partial Derivatives 2) f(x)

=t
Y

f(x) = X - e

f(x)= x .
(xy) Ex = [-)-) =-

re
fa =-

6) f(x , 4) = x2y and V= (4
, -3)

Fy = X .e
. (xy) . x fu =f .

)

==2,
3) z = ye* at P(1 , 1)

If =Ex
, fy)

= f(( , 1) & fx(x - a) + fy(y - b)
fx = 2x - y fu(2

, 6) = fa (2 , 6) · - + Fy(2 , 6) . (3)
fy = x

2

fx = ye(t) = e = 24 . 4 + 4(3)
= 8fy = 1 . e + y(e) - ()

7) f(x , y) = e
*

tan(y) + 2xyfy = e
* (1 - j) at the Point (0,/1)

Tangent Ea : e
* (x - 1) + e

= (1-)(y - 1) a)(1
,

- 1) -
= c[(x- 1) = ( - z)(y -1))a(1 , 1)

fu = (fx(x, y) + fy(X, y)) .

fx = eX . tan(y) + 4Xy
= e((0) + (0)) f y = 2T . Sec(y) + 2x+(y)

+ 2x

= e . X = 2X
Ex (0 . ) = 1 The directional derivative

fy(0,) + 2 is fu = E - E =E
4) z = Sin(xy) at X = 2 and y = 35/4

f = z + fx(x - a) + fy(y - b) 6) (1 , 53) - 8==
fx = 20s(xy)(y) =(t,)
fy = (os(xy)(X)

=+=
= Sin(xy) + ycos(xy)(X - 2) + xcos(xy)(y -3)

z = f(2,) + fx (2
, 3)(x - 2) + Fy(z, )(y- 3)

2 =- 1 + o(x - z) + o(y - 3)
z =

- 1

5) z = (n(x
+

+ 1) + y 2 at (0 , 3)

2x= = ((n(x2+ 1) +y)+ (x - 0) + 2y(y - 3)

= 9 + 0 + b(y - 3)
Zy = 2y

=
9 + 6y - 18

= 6y - 9



8) f(x, y) = x2y3
.

At the Point (1 , 2) 9) (1 ,
1
, 2) lies on xh-y2+ z = 4

a) Vector in max ROC 11 Jf(a, 6) 1

Jf(a, b) =fx(a, b) + fy(a, b) >
Yes, it does lie on the given surface.

(1 , + , 1) + (x, y
,
z)S. zx - y + z = 0

fx = 2xy -
- 16 JF =

- 16i + 12j 3
- ( + 1) - 2

fy = 3y2x2 - 12

EQ Tp :
3 - 1 - 2 = 0

6) Min ROC : ·Jt = 16:-12 ; o = 0

Ex = 2x Ex(-1 ,
1
, 2) = - 2 Thus

,
gradient is

c)( - 16 + 12j) . (x , y) = 0

= -2 Fy(- ,
1

, 2) = 1-2 ,
- 2 , 4)

. They are
- 16x + 12y = 0

= zzfz( - 1
,

1
,

2) = 4 by default peop to
- 16(12) + 12((6) = 0

g O level surfaces .
.= (12, 16)

- 2(X + 1) - 2(y - 1) + y(2 - 2) = 0

10) f(x
, y , 2) = x2+ yz - xyz

grad F = J f(xyz)
fx = 2x - yz

grad f = < (2x - yz)i + (2y -xz)j - (xy)k7
fy = 2y - xz

fz =
- xy After plugging in (2

, 3
, 1)

6) fx(2, 3
, 1) = 11 grad f (2

, 3
,

1) = i + 4j - 6k

Fy(2 ,
3 , 1) = 4

#2/2 ,
3

, 1) = - 6 EQ : (x - 2) + y(y - 3) -6(z - 1) = 0

x + 4y - 62 = 8



Homework a questions 2) 2 = 2x- 3y + 7
, passing through the P(1 ,

1
, 6)

line perp to n = (2 ,

-3 , -1) · (X , 7 ,
2) =

The normal rector to thePlane is already
1) Find parametric Ea of the line passing Perpendicular

through (3
,

-2, 2) and intersecting y axis &y = z
X = X

Point (0 ,
2

, 0) E
2 = 6 - t

1) Find direction Vector 3) x = S + it j = (7
, 3

,
-2)

A = ( 3
,

- 2
, 2) ,

B = (0,
2 ,0) y = 4 + 3t p = (S, 4

,

-3)
z =- 3 - 2t

BE = (3
,

- 4
,

2)
Parallell to plane 2x-3y + 32 = 3 ?

2) write in Parametric form: must share same normal Vector

E
X = 3t n = (2

,

- 3
, 5)

3 = - 4t +2

z = 2t
The following line is not parallell to the

Plane due to different direction rectors.

3) r = 3 in y2 Plane Centered

at Point (0 ,
0

,
2)

X = r cost 6) v
, (t) = ((3 - 3t)

,
( + z)

, (2t))
has Earations : X = 0 y = r Sint

re(t) = ((2 +6t)
,

(2 - 2t) ,
(2 -y+)y = 3 cost

z = 3 Sint = C - 3
,

1
, 2) Factor of 2

To more it of Center 10
,
0
, 2)

d2 = (6 ,

-2
,

- 4) : same direction
Vector

we get : x = 0 -: Parallel

y = 3 cost Point on r , (o) = (S
,

1
, 0)

check if exists on other line
z = 3 Sint + 2

We know 276t

e-
2- 4) C

: Because the point exists on both lines
, they

are the same line .

7) Length of curre .

4) D = 3
,

Parallel to g axis ,
d = 2 , Parallel to zaxis

7)· Centered at 10 , 1 , -2)

General Elipse Eavation in ID :

x = cos(et)
↓ y = Sin(et) =

= -sinCet
Parametric form :

X = a costcos(et) y = 6 SintI

=/(sinet + Coset)
2 coctslint) costsin

O X = O

y = a cost
=N'T = (1) = et) = e -

D = 5
,

a = 3
z = 6 sint

O
d = 2

,
6 = 1

then :

lies in Y2 Plane

6) The length of the arc of the unit

costcircle from thePoints Cost ,
sin to cose

,
since Eare angles between angles 0 = 1

,
0 = e

Length is e-1 .



8) Length of a curve

r(t) = (t + Int + E)
2

↑ (2(2 + (+)
2

+ (2t)2
I

12 (n + + + 4t2)E

2/ (E2 + 4 +2) 22 . 94 - 1 . 461

L

2

- 1 . 4

9) To find Vectors Point toward

the origin and have constant length, 10) (Flow of a Vector field) V = Xi - yj

Flow line passing throughitaa) F(x, y)=i r utward

a) 70 x'(t) = x(t) Set x'It) equal to

y'(t) = - y(t) Set y'll equal to

b) F(x , Y) = Yi- Xj
② solve x(t) = X(t)

2
= It = ((x) = + = XLt

A vector perpendicular to (2 , y) can

be (-y
, X) . = dinly)=

x'(t) = x(t)
③ Apply x (1) = 1

, y(1) = 1

= Isolate variable Cl = e
,

cz = e

X and t
x(t) = e . et = et

/ -ot Integrate y(t) = eit =
e

1 - t
-

in(x) = t + C
solve for X b) x(t) y(t) = et1 . e +

= 1

x = et .

e Ry = 1
.

Describes a hyperbola

As t +> 0 ,
X -> 0

, y -> 0

x(t) = 3x(t)

= Set c) X (t) · y(t) = C

C > 0 : Hyperbolas in Ol and as

/ = Jedt C10 : Hyperbolas in 82 anda 4

Ink) = 3t

3t + C

X = 2



Homework 10 Questions 4)
radius = I

Centered at (2 , 0)

↳(3
,
0

Ea : xi +y2+ z = 12

1) f(x, y) = (3
, y + 5) Line from 10, 0) to 10, 3)

x2 + yz = 12

(c (3i + (y + S)j) dr E
X(t) = 2 + cost

J (xi + yj)dr
y(t) = Sin(t)

1) Parameterize :
te[0 , 15]

A = 10
, 0) AB = (0

, 3) =- sin(t)
B = (0, 3)

by (sS(t)
r(t) = (x(t)

, y(t) dt
=

X(t) = 0 + 0E -> X(t) = 0

z[0 , 1] F . dr= ((2 +cost) + (sintic) · (-sin(t) + cos(t)

y(t) = 0 + 3 y(t) = 3E =
- Isin(t) - SinCt(cos(t) + Sint cost

== Isin(t) - 1 +
T

Tr2) Plug into integral J - 2 sin(t) ==[sin(t) = - 2 -cos(t)[
r(t) = (X(t)

, y(t) O
g O

r(t) = (0
, 3t) -> 0'(t) = 3

=- 4

F. dr = (3 + (3t + s)) . (0 + 3) Ot 3) C is the line segment from (4, 00) - A

these 3 lines , 4 points (4 , 3
,
0) - B

= 0 + 9t + 15 10 , 3
,

0) - C

r 9t + 15dt = 9 + 1st) = 3 (0
,

3,
5) - D

G
1) parametrize each line segment on its own

2) C-line from (1
, 0 , 0) to (5

,
0

,
0

V(2x + 39) . dr 1) Line AB : AB = 10 ,
3
, 0)

1) parameterize
AB = (4

,
0
, %) r .

(t) = (x(t) , y(t) ,
z(t)

x(t) = 4
x(t) = 1 +4t = 4d y(t) =

3t

y(t) = 0 2(t) = 0

2(t) = 0 = te[0, 1] r ,
(t) = (4: + 3 t i + 0k) Oc <

r : (t) = 3

F . dr = (2(1 + 4t) + 3(0)) · (4 + 0)

= (2 + 0t + 0) 4 + 0
2)

Line BC : B2 = ( - 4
,

0
, 0

= 8 + 32t X(t) =
4 - 4t

Y(t) =
3

↓ '32t + 8 It = 2 8t = 2 z(t) = 0
ot4

& re(t) = (4 - 4ti + 3j + ok)

3) C is line from (3 ,
1) to 10

, 0)
3) Lince D : <D = (0 ,

0
,

3)

-(2y2i + xi) - du 3 d x(t)= 0

y(t) = 3 02 t <

1) parameterize curve z(t) = St

A = (3 , 1) B = (0
, 0) rz = (0i + 3j + Stk)

B = (3 , 1)
L

T↓4: + (3+)) - (i + 2)

Continue on next
Plug inB ↓

r(t) = (x(t) ,
y(t)) =/672 + 37

=
23 +3 page

x(z) = 0 + 37 O

=
Y(t) = 0 + It

Flip sign if

t [0 ,
1] YOU dO BA



5) continued 7) F = grad (Sin(xy) + e2)

r ,
(t) = (4: + 3 t i + 0k) Oc <

re(t) = (4 - 4ti + 3j + ok) Oct - 1 Using FTOLI , only the starting and ending

r3 = (0i + 3j + Stk) oct points matter.

(F dr = f(5,
5)

, 2) - f(0
,

0
, 0)

rdre C
= Sin To te-1

*

((y)2+ 3t)i + (3t(j .

20 . 3
, %)

O

S'3 . (3t = st =
81t41) = 0I

O 10

= (n-ue+ 3)i + (3)3j) - ) - 4
,

0
. 0)

= (76 + 128t- 64E =
- 76t +18E -GE

O

=-o

102 + 3) + 13335 - 10 ,
0

. 3)

O

Vo = a

G

Final answer :F ForFor
=-

=

6) F = grad(x2+ y4)
using the FTOLI

,

Since F is the

gradient of f(x , y) = x+ yY

(F dr = f (Start) - f(end)

(F - dr = f(0, 2) - f(z,
0) = 16 - 4 = 12

circle in first avadrant
,

X + 2 = 4
.

Radius is

2
, Points (2

, 01 and (0 , 2)



8) +=i ...n
-

Task : Find functionf st. Of = F

#=y,2) -> Must be conservative (Curl1E) =0)

=>>x HAP
->

F conservative ;

DAY fexiste

We know then that :

x dy

= ↑ = xy
f(x , y) = ) 2xy dy

= Cy
t

why ? Potentia f(x,) =It
= x(y + h(y)

9) F it grad f = 2xgi +(x2 + 893) ;

① To find a potential function ,
we must

check if the function is conservative

- = ((xy
,

x2 +8y)

- +
= 2X

=
f(x

, y) = (2xy(x = zxy = x
y +C(y)

f(x , y) = (x2+8y3dy = x2y + 2y
= x2y + zy + k

10) f(x, y
,
2) = x + 2y + 32 11) F = 3x2 + 4y3

F = JE
, where f(x, y) = x 3+ y4

ScF dr
,

4 line segments The Path C is the top half of the unit circle from 11 , 0) to

( - 1
,

0).
(4

,
0

, 07 to (4 ,
3
,

0) to (0, 3
,
0) to (0,

3
, 3)

F = =f 1) Apply FTOLI

1) Because F = If

Using Fundamental (F . dr = f (end)- f(starz)

Theorem of Line Integrals C

/F . dr = f(endpoints) - #(Start points)
f( - 1 , 0) = - 1

C f(1 , 0) = 1

Start : (4
,

0
, 0) -> Evaluate # (4

, 0, 0) JF .
dr = - 1 -

End : 10 ,
0 , 3) -> Evaluate + (0

,
0

, 5) C

Y F dr = -2

f(4
,

0 , 0) = 42 + 2(0)3 + 3(0)4 = 16

+ (0 ,
0 , 3) = 02 + 2(0)3 + 3(5)" = 1875

-F . dr = 1875 - 16

/F . dr = 1859
C


